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ON THE A-DAEHEE POLYNOMIALS WITH <7- PARAMETER 

JIN- WOO PARK 



Abstract. In this paper, we consider the generalization of Daehee polynomi- 
als with ^-parameter and investigate some properties of those polynomials. 



1. Introduction 



Let p be a fixed prime number. Throughout this paper, Z p , Q p , and C p will 
respectively denote the ring of p-adic rational integers, the field of p-adic rational 
numbers and the completions of algebraic closure of Q p . The p-adic norm is defined 

IpIp = $■ 

When one talks of ^-extension, q is variously considered as an indeterminate, a 
complex q £ C, or p-adic number q £ C p . If q £ C, one normally assumes that 
| <7 1 <1. If q £ C p , then we assume that | q — l| p < p^p^ 1 so that q x = exp(a;logg) 
for each x £ Z p . Throughout this paper, we use the notation : 

1 - n x 

Note that lim 9 _).i[a;] g = x for each x £ Z p . 

Let UD(Z p ) be the space of uniformly differentiable functions on Z p . For / £ 
UD{fL p ), the p-adic invariant integral on Z p is defined by Kim as follows : 



I (/) = [ f (x) dp 0 (x) 

JZr, 



1 



P n -1 



= lim f( x ), (see [4, 5, 6]). (1.1) 

n —¥ 00 T)' l z J 
* x =0 



Let /1 be the translation of / with /1 (x) = f (x + 1) . Then, by (1.1), we get 

df(x) 



I (fi) = 1(f) + no) , where f (0) = 



dx 



(1.2) 



a ?— 0 



As it is well-known fact, the Stirling number of the first kind is defined by 

n 

(; x) n = x (x — 1) • • • (x — n + 1) = ^ 5 1 ! (n, l) x l , (1.3) 



1=0 



and the Stirling number of the second kind is given by the generating function to 
be 



(e* - l) m = m\ ^2 S 2 (l, m) 



l—m 



iv 



(1.4) 



(see [1, 10]). 



1991 Mathematics Subject Classification. 05A19, 11B65, 11B83. 

Key words and phrases. Bernoulli polynomials, Daehee polynomials with ^-parameter, p-adic 
invariant integral. 
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JIN- WOO PARK 



Unsigned Stirling numbers of the first kind is given by 

n 

x— = x(x + 1) • • • (a; + n — 1) = ^ |Si(n, l) \x l . 

1=0 

Note that if we replace x to —x in (1.3), then 

n 

(-*)n =(-l)^ = Y, S l(«. 

1 = 0 
n 

=(-l) n Y\Si(n,l)\x l . 

1=0 

Hence Si(n, l) = |5i(n, 0l(-l) n_ '- 

For r£ N, the Bernoulli polynomials of order r are defined by the generating 
function to be 

/ f \ r 00 f n 

(-F3 T = (see [7, 8, 11]). (1.7) 

' ' n = 0 

(r) (r) / 

When x = 0, Bh = Bn (0) are called the Bernoulli numbers of order r, and in the 
special case, r = 1, Bn\x) = B n {x) are called the ordinary Bernoulli polynomials. 
For n £ N, let T p be the p-adic locally constant space defined by 

T p = U C p n = lim C p n , 

n> 1 n—± oo 

where C p r, = |w|w p " = 1} is the cyclic group of order p n . 

We assume that q is an indeterminate in C p with |1 — q\ p < p - ? 31 . Then we 
define the g-analogue of falling factorial sequence as follows : 

(x) n ,q = x{x - q)(x - 2q) ■ ■ ■ (x - (n - 1 )q), ( n > 1), (x)o, g = 1- 

Note that 

n 

lim(a;) n g = (x) n = V' Si(n, l)x l . 

q — y 1 z — ' 

1=0 

Recently, D. S. Kim and T. Kim introduced the Daehee polynomials as follows : 



(1.5) 



(1.6) 



D n (x) = [ (x + y) n dno(y), { n > 0), (see [2, 5, 9]). (1.8) 

When x = 0, D n = D n (0) are called the n’s Daehee numbers. From (1.8), we can 
derive the generating function to be 



| Hog(l + t) 



(1 + t) x = Y D n{x)^, (see [2]). 



71=0 



(1.9) 



In addition, D. S. Kim et. al. consider the Daehee polynomials with q-parameter 
which is defined by the generating function to be 



OO 



Dn.q 

71=0 



t n 

n! 



(1 + <&)« 



log(l + qt) 

q({i + qt)* - 1 ) 



(see [3]). 



( 1 . 10 ) 



When x = 0, D. n q = D n q ( 0) are called the Daehee numbers with q-parameter. 
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In the viewpoint of generalization of the Daehee polynomials with g-parameter, 
we consider the A -Daehee polynomials with q-parameter are defined to be 



j n 

E Ai,g(A|x)^y 

n—0 



(1 + qt)° 



Alog(l + qt) 

g ((! + #)« -l) 



( 1 . 11 ) 



When x = 0, D nA { A) = D„ jg (A|0) are called the A -Daehee numbers with q- 
parameter. In particular, the case A = 1 is the Daehee polynomials with q- 
parameter. 

In this paper, we give a p-adic integral representation of the A- Daehee polyno- 
mials with g-parameter, which are called the Witt-type formula for the A-Daehee 
polynomials with g-parameter. We can derive some interesting properties related 
to the A-Daehee polynomials with g-parameter. 



2. Witt- type formula for the b-th A-Daehee polynomials with 

g-PARAMETER 

In this section, we assume that t, q £ C p with \t\ p < |g| pP ^ 1 and A € Z p . First, 
we consider the following integral representation associated with falling factorial 
sequences : 

/ (x + \y) n , q dpo(y), where n 6 Z + = N U {0} . (2-1) 

J Z p 

By (2.1), 



Y / (x + \y)n,q dp -0 (y) — = Y qn 



n—0 u ^ v 



n—0 



=£< 

n=0 



x + XA dM*-, 

n\ 



/ x+\ y \ 



< n / 

J 7 .- \ n 



\d/j.o(y)t r 






= / (1 + qt) “ dp 0 (y) 



(2.2) 



where t £ C p with \t\ p < \q\ p p p^ 1 . For t € C p with \t\ p < \q\ p p , we get 

[ (1 + qt)^dpo(y) =(1 + qt)« Alog ( 1 + g ^ 

q l (1 + qt) 1 — lj 

°°^ -j-71 

= £ D n,q{M x )~ ] - 

n—0 

By (2.2) and (2.3), we obtain the following theorem. 

Theorem 2.1. For n > 0, we have 



Dn, q ( X\x) = (x + Xy) n ,qdp-o{y). 

JZ-n 



(2.3) 
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In (2.3), by replacing t by - (e* — 1), we have 



D n q (X\x) (e — 1) x t q 

> : = ei 

Z—/ n n r?.t 






n— 0 



A 4 - 

e i * — 1 



■ 5 >( s ) 



71 = 0 



ar\ A n t n 



q n n\ ’ 



and 



E 

n— 0 



-Dn,g(A|;c) 1 / t , n ^n,qr(A|x) 



j” n! 






n— 0 ’ 

oo / m 



Ara,q(A|a;) c , N, I t n 
n— 0 \m— 0 ^ / 



By (2.4) and (2.5), we obtain the following corollary. 
Corollary 2.2. for n > 0, we have 



Sn (|) = £ ^m, g (A|x)^- ro A-"S 2 (n,m). 

771=0 



By the Theorem 2.1, 

D n , q ( X\x) = (x + Xy) nt qdfj,o(y) 
J h p 

' x + Xy 



=q 



dno{y) 



n i r 

=q n ^2—S 1 (n,l) / (x + Xy) l dp 0 (y). 
1=0 ^ “' Z !> 



By (1.2), we can derive easily that 

J ^ V 77=0 

r -f-l 

= E / ( x + x v ) ld h - o { y ) j ^ 

1 = 0 ^ Z P 

and so 

Bn (j) = [ {j +y ) d ^o(2/), (« > 0). 

J Z p 

By (1.6), (2.7) and (2.8), we obtain the following corollary. 
Corollary 2.3. For n > 0, we have 

n 

D n>q (X\x) = £y- , S’i(n ) Z)A , B, Q 
1=0 
n 

= Y J \Si(!,n)\{-q) n - l X l B l ( £). 



(2.4) 



(2.5) 



( 2 . 6 ) 



(2.7) 



(2.8) 



;=o 
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From now on, we consider A -Daehee polynomials of order k(£ N) with q-parameter. 
A-Daeliee polynomials of order k with g-parameter are defined by the multivariant 
p-adic invariant integral on : 

D nl(M x ) = I ■[ (MaiiH \-x k )+x) n d/ioixi) ■ ■ ■ dfio(x k ) (2.9) 

J z p J z p 

where n is an nonnegative integer and k £ N. In the special case, x — 0, ( A) = 

D^l(X\0) are called the A -Daehee numbers of order k with q-parameter. 

From (2.9), we can derive the generating function of D^ q {x) as follows: 



E^( A w-t 



n= 0 17 



A(aiH i-Xk)+x 



dp 0 (xi) ■ ■ ■ dp. 0 (x k )t n 



= (1 + qt) q 



A(a 1 -| \-x k )+x 

(1 + qt) q dpo{xi) ■ ■ ■ dpo(xk) 



A(a 1 H h^fc) 

(1 +qt) q dp 0 (xi) ■ ■ ■ dp 0 (x k ) 



= (1 + qt) q 



Alog(l + qt) 
q((l + qt) q -1 



Note that, by (2.9), 
D™( X\x) 
n y - Si(n,m) 

* / ^ n m 



-/ •••/ (A(a:i d h x k ) +x) m dp, 0 (xi) ■ ■ -dn 0 (x k ). 

J Zp J Zp 

f ■■■[ e^+ - +x ^ t dMxi)---dp 0 (x k ) 

J z„ J z„ 



e l — 1 






we can derive easily 

B n\ X ) = [ " ’ [ {x\-\ 1 

J Zp J 

Thus, by (2.11) and (2.12), we have 



x k + x) n dp. 0 (xi) • • • dn 0 (x k ). 



D^ q (\\x) =q n J2 m B^ (0 

m—0 ** 

n 

= '£q n - m S 1 (n,m)BWQ 

m = 0 
n 

= £ \Si{n,m)\{-q) n - m B^ (^) . 
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In (2.10), by replacing t by A(e 4 — 1), we get 



J2 D nK X I*) 



n— 0 



(e* - ir 

q n n\ 



=e« 



A t 
Q 



A j. 

e«* — 1 



= E*’ 

n = 0 



B ( n ] (f) t n 



(2.14) 



n\ 



and 



Dn) q (\\x) 1 , t _ js n _ (A|aj 



n— 0 



q' L n\ 



^2S 2 (l,n) 

n—0 ^ l—n 

oo / m n (fc) 



t L 



| £*n,g(A|x) ^ 1 - 

= E E 77 ^ 2 (m,n) ) — . 



(2.15) 



v Q 

m — 0 \n— 0 ^ 

By (2.13), (2.14) and (2.15), we obtain the following theorem. 
Theorem 2.4. for n > 0 and k £ N, we have 



n 

D { n k l(X\x) = J2 q n - m Si{n,rn)BW Q 

m = 0 
n 

Ej Si(n,m)\(-qr- m B^{^), 



7Tl=0 



and 



n 

B{ n ] (£) = A"" J] D^ g (X\x)q n - m S 2 (n,m). 



m = 0 



Now, we consider the X-Daehee polynomials of the second kind with q-parameter 
as follows : 



D n ,t,q(X\x) = / (-Xy + x) n , q dp, 0 (y), (n > 0). 



(2.16) 



In the special case, x = 0, D n q (X) = D n q { A 1 0) are called the X-Daehee numbers of 
the second kind with q-parameter. 

By (2.16), we have 

" —Xy + x' 



D n , q {X\x) = q n 



dno(y), 



(2.17) 



and so we can derive the generating function of D„ i? (r) by (1.1) as follows : 



E B> n ,q{X\x) — E 9 * 



n—0 



n—0 

oo 



—A y + x 

q 

— Xy+x > 



dno{y)~ 



°° r / —Xy+x \ 

= E« / ( ) d ^(y)t 

n=0 Jz r V n / 



-Ay+s 



(2.18) 



= / (l + «0 9 c?Mo(y) 

•/Zp 

= (i + ,()T i Alog(1 + <,!) 



g ((l + gi)« -1 
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From (1.3), (1.6) and (2.17), we get 



Dn,q( A|x) =q 



-A y + x 
q 



=q 



dyo{y) 

v—* Si (n, l) . , . 

E — x T J -(-\y + x) l dfj, 0 (y) 

q L 

^ p 1=0 

= ^TS 1 (n,l)(-X) 1 f (y-j) dy-o(y)q n l 

1=0 dZp 

n 

= Y,Si{n,l){~X) l B l ( j)q n ? 

i = o 

n 

=(-!)" E \Si(n,l)\X l Bi (~l) Q n ~ l - 

1=0 

By replacing qt to e* — 1 in the equation (2.18), we have 
o° A f 

y^S„.,(A|i)- (e* - l)“ =-[-r — 

r - 1 ! 



n—0 



n—0 



and, by (1.4), 



oo / n 



D nt q(A\x)^ (e* - l) n = D m , q {A\x)S 2 {n,m) j *— 

n—0 * n—0 \m=0 J 

Note that , by (1.10), it is easy to show that B n (—x) = (— 1 ) n B n {x + 1). 
from (2.19), (2.20) and (2.21), we have the following theorem. 

Theorem 2.5. For n > 0, we have 



D 



jn—l 



*, a (A|*)=E>(n,0(-A ) l B l (-£)<?” 

1=0 

n 



1=0 



and 



n 

A n B n (l + l)=q n Yl D m , q (\\x)S 2 (n,m). 



m = 0 



By Theorem 2.5, we obtain the following corollary. 

Corollary 2.6. For n > 0, 



n l 



Dn,q{ A|x) = q n EE D m ,q{A\x)Si (n, l)S 2 {l, to). 



1=0 m = 0 



(2.19) 



(2.20) 

( 2 . 21 ) 

Thus, 



( 2 . 22 ) 
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Now, we observe that 






Dn,q{X |*r) 



n\ 



=(—!)' 



x±\y\ 



Jdno(y) 



_ x+Xy 



+ n — 1 



n / „ 1 

= E ( 

L ' \ 71 — m 



m= 1 



duo (y) 

-x-Xy n 



9 

m 



d^oiv) 



_ E f n _ 1 ^ 9 _ x ) 



m = 1 



and, by the similar method to (2.23), we have 
l Dn,q(M X ) 



9" n (-l) n 



ni 



= E 



n- 1^ D n q (A | -x) ^_ r 



n — m 



ml 



Hence, by (2.23) and (2.24), we obtain the following theorem. 



Theorem 2.7. For n > 1, we have 



and 



<T n (-l) 

g -n(_i)„^n, 9 



-^n,q (^|*^) 



n! 



= E 



?J- l\ £>m, g (A| -x) 



n — m 



ml 



Dn,q(M X ) _ 



n\ 



n~ 1\ Dn,q(M ~ X) 

n — ml ml 



(2.23) 



(2.24) 



Now, we consider higher-order X-Daehee polynomials of second kind with q- 
parameter. Higher-order A-Daehee polynomials of second kind with ^-parameter 
are defined by the multivariant p-adic invariant integral on : 



^L(A|z) = 



(-A(xi H h x k ) + x) n}q dp 0 (xi) ■ ■ ■ dp, 0 (x k ) (2.25) 



where n is an nonnegative integer and k € N. In the special case, x = 0, Dn) q { A) = 
Dn?q{ A|0) are called the higher-order X-Daehee numbers of second kind with q- 
parameter. 

From (2.25), we can derive the generating function of Dn} q {X\x) as follows: 






n— 0 



=E«" 

n = 0 



— A(a;H hx fc )+a 



Q 

n 



dno(xi) ■ ■ ■ dp, 0 (x k )t n 



— A(x 1 H \-x k ) + x 

(1 + qt) q dfi 0 (xi) ■ ■ ■ dpL 0 (x k ) 



(2.26) 



= (1 + ^)^ ' Alog(l + gf) 



q((l + qt)« -l 
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By (2.25), 
D^{ A|a) 



=«" E 



S\{n, m) 



/ •••/ (— A(a;i H P x k ) + x) m d^o{xi) ■ ■ ■ d/j, 0 (x k ) 

iib ^ J ’ffjp Zp 

=q n ^ s i ( r ^ W ) (-A) m f ■■■ ( (x\ H ba; fc -y) d/j,o(xi) ■ ■ ■ dfj,o(x k ) 



£ ^(-a)”bS> (- 

m— 0 ^ 

n 

{-IT Y, q n ~ m A m |S 1 (n,m)|i4 fe) (-f) • 



m=0 



(2.27) 



From (1.10), we know that Bn\—x ) = (— l) n Bn\k + x). Hence, by (2.27), we 
obtain the following theorem. 

Theorem 2.8. For n > 0, we have 



71 

= X) 5 1 (n,m) g "- m (-A) m H« (-£) 

m— 0 

n 

=(—!)” E(-A)”V _m |5i(n,m)|BW (V 

m— 0 

In (2.26), by replacing t by l(e 4 — 1), we get 



E 5 ^( a i*) 



( e< ~ X )" =e f (*+**) 



At 



n— 0 



q n n\ 



e i — 1 



=E 



A n B ( n k) (f + k) r 



(2.28) 



n=0 



n! 



and 



°° n( fc ) i 



y Ai,g(A|a;) 1 / t 

Z7 n 






n— 0 



n— 0 



9 



l—n 



v- / .A S<*>(A|X) \ t"> 

= E L— SMb' 

m— 0 \n— 0 ^ / 



(2.29) 



By (2.28) and (2.29), we obtain the following theorem. 
Theorem 2.9. For n > 0 and fc £ N, we ftatie 



n 

Bi n k) + fc) = A"" ^2 D^ q (\\x)q n - m S 2 {n,m). 



m = 0 



By Theorem 2.8 and Theorem 2.9, we obtain the following corollary. 
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Corollary 2.10. For n > 0, we have 

n m 

D { n,li A|x) = JZ ^D { ^{\\x)q n - 1 Sx{n,m)S 2 {m,l). 

m—0 1=0 
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Stability of ternary quadratic derivation on ternary Banach algebras: revisited 

Choonkil Park 

Research Institute for Natural Sciences, Hanyang University, Seoul 133-791, Korea 

Abstract. In [6], Shagholi et al. defined ternary quadratic derivations on ternary Banach algebras and proved the Hyers- 
Ulam stability of ternary quadratic derivations on ternary Banach algebras. But the definition is not well-defined and so 
the proofs of the main results are wrong. 

In this paper, we correct the definition of ternary quadratic derivation and the proofs of the main results. 



1. Introduction 

The study of stability problems for functional equations is related to a question of Ulam [7] concerning the stability of 
group homomorphisms and affirmatively answered for Banach spaces by Hyers [3]. Subsequently, the result of Hyers was 
generalized by Aoki [1] for additive mappings and by Th. M. Rassias [4] for linear mappings by considering an unbounded 
Cauchy difference. 

The functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y) (1.1) 

is called a quadratic functional equation. In particular, every solution of the quadratic equation (1.1) is said to be a 
quadratic mapping. The Hyers-Ulam stability problem for the quadratic functional equation (1.1) was proved by Skof for 
mappings / : A B, where A is a normed space and B is a Banach space (see [5]). 

In [6] , Shagholi et al. defined a ternary quadratic derivation D from a ternary Banach algebra A into a ternary Banach 
algebra B such that 

D[x, y, z ] = [D{x),y 2 , z 2 ] + [x 2 , D(y), z 2 ] + [x 2 ,y 2 , D{z)\ 

for all x,y, z £ A. But x 2 , y 2 , z 2 are not defined and the brackets of the right side are not defined, since A is not an algebra 
and D(x) £ B and y 2 ,z 2 £ A. So we correct them as follows. 

Definition 1.1. Let A be an algebra and ternary Banach algebra with norm || • ||. A mapping D : A — > A is called a 
ternary quadratic derivation if 

(1) D is a quadratic mapping, 

(2) D[x, y, z] = [D( x), y 2 , z 2 ] + [x 2 , D(y), z 2 ] + [x 2 , y 2 , D(z)\ for all x,y,z£ A. 

In this paper, the proofs of the main results given in [6] are corrected. 

2. Stability of ternary quadratic derivations 
L et A be an algebra and ternary Banach algebra with norm || • ||. 

Theorem 2.1. Let f : A — » A be a mapping for which there exists a function <j> : A x A x A — » [0, oo) such that 

°° 1 

4>{x, y, z) := ^2 23 V’ <oo (2.1) 

3=0 

\\f(x + y) + f{x — y) — 2f(x) — 2f(y)\\ < <j>(x,y, 0), (2.2) 

II f([x,y,z]) - [f(x),y 2 ,z 2 ] - [x 2 ,f(y),z 2 ] - [x 2 ,y 2 , f(z)})\\ < <j>{x,y,z) (2.3) 

for all x,y,z £ A. Then there exists a unique ternary quadratic derivation D : A — » A such that 

\\f(x) - D(x)\\ < ^4>(x,x,0), (2.4) 

for all x £ A. 



°2010 Mathematics Subject Classification: 39B52, 13N15, 47B47. 
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Proof. Putting x = y = 0 in (2.2), we get /( 0) = 0. If we replace y in (2.2) by x and multiply both sides of (2.2) by j, we 
get 

11^ -/<*)!< *2^ (2.5) 

for all x £ A. Now we use the Rassias’ method on inequality (2.5) (see [2]). One can use induction on n to show that 



I®? 1 -/<*>! 



for all x £ A and all nonnegative integers n. Hence 



/( 2 n+m x) /( 2 m x) < 1 n+ y, 1 </>(2 j x,2 j x,0) 

II 2 2(n+m) 2 2m _ 4 4 j 

j=m 

for all nonnegative integers n and m with n>m and all x G A. It follows from (2.1) that the sequence {^ 2 ^} is Cauchy. 
Due to the completeness of A, this sequence is convergent. So one can define the mapping D : A A by 

D(x) := lim (2.7) 

for all x £ A. Replacing x,y by 2 n x,2 n y, respectively, in (2.2) and multiplying both sides of (2.2) by we get 

II D(x + y) + D(x - y) - 2 D(x) - 2D(y)\\ 

= lim A;\\f( 2n ( x + y)) + f( 2 n ( x -y))- 2 f( 2 nx )- 2 f( 2 n y)\\ 

n— >oo 2^' L 

< iim *(r x r yi0) =Q 

n—too 2 2n 

for all x,y £ A and all nonnegative integers n. So 

D(x + y) + D(x — y) = 2 D(x) + 2 D(y) 
for all x,y £ A. Moreover, it follows from (2.6) and (2.7) that 

Il/(a0 - D (x)\\ < j<i>(x,x, 0) 

for all x £ A. It follows from (2.3) we get 

II D([x,y,z]) - [D(x),y 2 , z 2 ] - [x 2 ,D{y),z 2 ] - [x 2 , y 2 , D(z)]\\ 

< lim ±\\m n x,2 n V,2 n z]) ~ [/(2"x), (2"j/) 2 , (2 n z) 2 } - [(2 n x) 2 , f(2 n y), (2 n z) 2 } - [(2 n x) 2 , (2 n y) 2 , f(2 n z)}\\ 

n— >oo 4° 

C hm MWVM < lim < t > (2 n x,2 n y ,2 n z) _ Q 

n—*o o 4 3n n—¥ oo 4 n 

for all x,y,z € A. So 

D[ x, y, z] = [D(x),y 2 , z 2 ] + [x 2 , D(y), z 2 ] + [x 2 ,y 2 , D{z )] 

for all x,y,z € A. 

Now, let D' : A — > A be another ternary quadratic derivation satisfying (2.4). Then we have 
I \D(x) - D\x ) || = ^\\D(2 n x) - Z?'(2 n ®)|| 

< (||£>(2"x) - /(2 n *)||s + ||/(2"x) - D'(2 n x)\\) 

< i^<t> < Xx,2 n x,0) 

which tends to zero as n — > oo for all x E A. So we can conclude that D(x) = D'(x) for all x £ A. This proves the uniqueness 
of D. Thus, the mapping D : A — > A is a unique ternary quadratic derivation satisfying (2.4). □ 

Theorem 2.2. Let f : A A be a mapping for which there exists a function <j> : A x A x A — > [0, oo) satisfying (2.2), (2.3) 
and 

OO 

E 43 Y(5.|.|)<oo (2.8) 
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for all x,y,z £ A. Then there exists a unique ternary quadratic derivation D : A — » A such that 
for all x £ A. Here, 



\\f( x )-D(x)\\<^,^,0), 



(2.9) 



<t>(x,y,z) := 4° (f>( — , — , ^j ) 9 

3=0 



for all x,y,z £ A. 

Proof. It follows from (2.5) that 



ll/(*) — 4/(f)|| <0(|,|,O) 



for all x £ A. 

By the same reasoning as in the proof od Theorem 2.1, one can define a quadartic unique mapping D : A — > A by 



D(x) := lim 2 2 "/(f ) 

n— >oo Z 

for all x £ A. It follows from (2.8) and (2.10) that 

II D{[x,y,z]) - [ D(x),y 2 ,z 2 ] - [x 2 , D(y), z 2 ] - [x 2 ,y 2 , D(z)}\\ 

< f , f ]) - [ /(J), (f ) 2 , (f ) 2 ] - [(f) 2 , /(f), (f ) 2 ] - [(f) 2 , (f ) 2 , /(f) 

< lim 4 3r V( — ) = 0 

— n— >oo ^ V 2 n 2" 2 n 



(2.10) 



for all x,y,z £ A. So 



D[x,y,z\ = [D(x),y 2 , z 2 ] + [x 2 ,D(y),z 2 ] + [x 2 , y 2 , D(z)\ 



for all x,y,z £ A. Thus the mapping D : A — > A is a unique ternary quadratic derivation satisfying (2.9). 



□ 



From Theorems 2.1 and 2.2, we obtain the following corollary concerning the Hyers-Ulam stability of the functional 
equation (1.1). 

Corollary 2.3. Let p and 8 be nonnegative real numbers with p 76 2, and let f : A — >• A be a mapping such that 

\\f{x + y) + f(x -y)- 2 f{x) - 2/(y)|| < 6»(||a;|| p + ||2/|| p ), 

\\f{[x,y,z\) - [f{x),y 2 ,z 2 ] - [x 2 ,f{y),z 2 ] - [x 2 ,y 2 , f(z)})\\ < #(||a:|| p + ||2/|| p + ||2|| p ), 
for all x,y,z £ A. Then there exists a unique ternary quadratic derivation D : A — » A such that 



||/(x) -D(a:)|| < 



26» 



4 — 2p ' 



holds for all x £ X, where p < 2, and the inequality 



||/(x) -D(x)\\ < 



28 



2p — 4' 



holds for all x £ X, where p > 6. 
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SOME PROPERTIES OF MODULAR 5-METRIC SPACES AND ITS FIXED 

POINT RESULTS 

MELTEM ERDEN EGE AND CIHANGIR ALACAt 



Abstract. In this paper, we introduce modular 5-metric spaces and deal with their some properties. 

We also prove some fixed point theorems on complete modular 5-metric spaces. 

1. Introduction 

Fixed point theory in metric spaces begins with the Banach Contraction Principle which is published 
in 1922 [6]. Since it is simple and useful, it has become a very popular tool to solve existence problems 
in mathematical analysis. There are some authors introduced the generalization of metric spaces such 
as Gahler m, which is called 2-metric space, and Dhage m, which is called D-metric space. In 
2013, Mustafa and Sims m found that the fundamental topology properties of the metric spaces are 
incorrect. They [25: introduced a generalization of metric spaces which is called G-metric spaces. 

The concept of 5-metric spaces was firstly introduced by Sedghi et al. [28] in 2012. Sedghi and 
Dung [29 ] proved a general fixed point theorem in 5-metric spaces which is a generalization [[28] . 
Theorem 3.1]. Gupta m introduced the concepts of cyclic contraction on 5-metric space and proved 
some fixed point theorems on 5-metric spaces. Chouhan [12] proved a common unique fixed point 
theorem for expansive mappings in 5-metric space. Hieu et al. [TS] gave a fixed point theorem for a 
class of maps depending on another map on 5-metric spaces. 

The notion of modular space was firstly introduced by Nakano [26] and developed by Koshi, Shi- 
mogaki, Yamamuro (see [221130]) and others. Recently, many researchers have been interested in fixed 
point of modular space. In 2008, Chistyakov [7] introduced the notion of modular metric space gener- 
ated by E-modular and developed the theory of this space. He also defined the notion of a modular 
on an arbitrary set and the modular metric spaces in 2010 [8]. Abdou [l] studied and proved some 
new fixed points theorems for pointwise and asymptotic pointwise contraction mappings in modular 
metric spaces. Azadifer et. al. [3] introduced the notion of modular G-metric spaces and proved some 
fixed point theorems of contractive in this space. Many authors studied on modular metric spaces 

BmmiXXlUimim 

In this paper we introduce the concept of modular 5-metric spaces and their properties. Then we 
give fixed point theorems for self mappings on complete modular 5-metric spaces. 

2. Preliminaries 

Definition 2.1. [2?]. A modular on a real linear space A is a functional p : X — > [0, oo] satisfying 
the followings: 

(Al) p( 0) = 0; 

(A2) li x £ X and p(ax) = 0 for all numbers a > 0, then x = 0; 

(A3) p(—x) = p(x) for all x £ X; 

(A4) p(ax + fly) < p( x) + p(y) for all a, fl > 0 with a + fl = 1 and x, y £ X. 

Let X be a non-empty set and A £ (0, oo). We remark that the function w : (0, oo) x X x X — > [0, oo] 
is denoted by ut\(x, y) = w(A, x 1 y) for all A > 0 and x,y £ X. 

2010 Mathematics Subject Classification. 46A80, 47H10, 54E35. 

Key words and phrases, modular 5-metric space, s-contraction, fixed point. 
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Definition 2.2. J8] . Let X be a non-empty set, a function u> : (0, oo) x X x X — > [0, oo] is said to 
be a metric modular on X if satisfying, for all x,y, z £ X the following conditions hold: 

(i) y) = 0 for all A > 0 4=> x = y\ 

(ii) u\{x, y) = u\(y , x) for all A > 0; 

(hi) w x+^x, y) < u>\(x, z) + w m (jz, y) for all A, y > 0. 

Definition 2.3. [28] Let X be a non-empty set. An S-metric on X is a function S : X 3 — > [0, oo) 
that satisfies the following conditions, for each x,y,z,a £ X, 

(i) S{x,y,z) > 0; 

(ii) S(x, y, z) = 0 if and only if x = y = z\ 

(iii) S(x, y, z) < S(x, x , a) + S(y, y , a) + S(z, z, a). 

The pair (X, S) is called an S-metric space. 



3. Modular S-metric spaces 



We define a new concept combining with S-metric and modular metric space. 

Definition 3.1. Let X be a non-empty set. An modular S’-metric on X is a function 

s\ : (0, oo) x X x X x X -A- [0, oo] 
that satisfies the following conditions for all x,y,z £ X and A > 0 : 

(51) s\(x, y, z) > 0; 

(52) s\(x , y,z) = 0 if and only if x = y = z\ 

(53) s A+M+l/ (ai, y, z) < s\(x, x, a) + s^(y, y, a) + s„{z, z, a) for all A, y, v > 0 and a £ X. 

Example 3.2. (1) s\( x, y, z) = 0 if x = y = z and S\(x, y, z) = oo if x ^ y ^ z. 

(2) If S is an modular S-metric on X, we can get: 

(a) sx(x, y, z) = 0 if A > S(x, y, z) and s\(x, y,z) = oo if A < S(x, y, z). 

(b) sx(x, y, z) = 0 if A > S(x, y, z) and sx(x, y,z) = oo if A < S{x, y, z). 

& ( y z j 

(c) Sx(x,y,z ) = ’ ’ ; where ip : (0, oo) — > (0, oo) is non-decreasing function. 

ip(A) 

Lemma 3.3. If the function 0 < A -A sx(x,y,z) is continuous on (0, oo) where x,y 7 z £ X, then we 
have sx{x,x,y) = s x (y,y,x). 

Proof. There exists e > 0 such that 

sx{x,x,y) < s e {x,x,x) + s E (x,x,x) + sx~ 2 E (y,y,x). 

If we take limit as e — > 0, we get sx{x,x,y) < Sx(y,y,x). Similarly Sx(y,y,x) < sx(x,x,y). So we get 

sx(x,x,y ) < sx{y,y,x) < s x {x : x,y) 

and 

sx (x,x,y) = s x (y,y,x). 

□ 



Remark 3.4. The function sx(x,y,z) for A > 0 is non-increasing on (0, oo) where x,y,z £ X, if it is 
continuous on (0, oo). In fact if 0 < v < p < A, (S3) implies 

sx{x,x,y) < sx-^x.x, x) + s^_„(x,x,x) + s v {y,y,x) 



and we have 



from (S2). 



sx(x,x,y) < s v (y, y, x) 



From Lemma 3.3 we conclude that sx{x,x,y) < s v {x,x,y). From that inequality the function 



Sx{x,y,z) is non-increasing on (0,oo). It follows that at each point A > 0 the right limit 



s\+o{x,y, z) = lim s^x,y,z) 

fj,— >A+0 
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and the left limit 

s\-o(x,y,z) = lims X - e (x,y,z) 

£—>■0 

exist in [0, oo] and the following two inequalities hold: 

s\+o(x,y,z) < s x (x,y,z) < s X - 0 (x,y,z). 

Definition 3.5. Let s x be a modular 5-metric on X. The binary relation ~ on X defined for x, y £ X 
by 



(3.1) 



x ~ y +> lim s x (x,x,y) = 0 



A— L 



is an equivalence relation. Indeed x ~ x is clear by virtue of (52). From Lemma 
x ~ y lim s x (x,x,y) = 0 = lim s x (y, y, x) 4+ y ~ x. 



3.3 



we have 



A — 



A — y c 



If x ~ y and y ~ z, we get lim s x (x,x,y) = 0 and lim s x (y,y,z) = 0. By (53) and Lemma 

X—yoo A— >-oo 

we conclude that 

lim s 3X (x, x , z) < lim s x (x, x, y) + lim s x (x, x, y) + lim s x (y, y, z) 

A— >-oo A— >-oo A— >-oo A— >-oo 



3.3 



=0 + 0 + 0. 



It is clear that 



lim s 3X (x, x,z) = 0 <=> x ~ z 

X—yoo 

by (51). The equivalence class of the element x £ X in the quotient set X/ ~ is defined by 

X s = X s (x) = {y € X : y ~ a:}. 

For xq € X, the set X* is defined as follows: 

X* = X* {xq) = {x £ X : 3X = X(x) > 0 such that s x (x, x, x 0 ) < oo}. 

From Remark |3.4| the function 

5 : (X/ rt) x (X/ A) x (X/ A) -a [0, oo] 

given by 

S(X s (x),X s (x),X s (y)) = s x (x,x,y) 
is well-defined and satisfies the axioms of 5-metric. 

Theorem 3.6. If s x is a modular S-metric on X, then the modular set X s is an modular S-metric 
space with S-metric given by 

S°(x,x,y) = inf {A > 0 : s x {x,x,y) < A}, 

for all x, y £ X s . 

Proof. Since x ~ y, there exists Ao > 0 such that 

s X (x,x,y) < 1 



for all A > Ao by (3.1 1. Taking Ai = max{l, Ao}, we get 

s Xl (x,x,y) < 1 < Ai 

which together with the definition of S°{x,x,y) gives 

S°(x, x, y) < Ai < oo. 

Given x € X s , (52) implies that s x (x,x,x) = 0 for all A > 0, and so, S°(x,x,x) = 0. Let s x satisfy 
(52), x, y £ X s and S°(x,x,y) = 0. Then s^,{x,x,y) does not exceed y for all y > 0. Hence for any 
A > 0 and 0 < y < A, from Remark |3.4| we have s x {x, x, y) < s /1 (x, x, y) < y — > 0 as y -A +0. It follows 
that s x (x,x,y) = 0 for all A > 0. Thus axiom (52) implies x = y. 
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It is clear from (51) that S°(x,x,y) > 0. Now we show the triangle inequality: 

S°(x,x,y) < 2S°(x,x,z) + S°(y,y,z) 

for some z £ X s . In fact by the definition of 5° for any A > S°(x,x,z) and y > S°(y,y,z), we find 
s x (x,x,z) < A and s M (y,y,z) < y. As a result, we get 

s 2 \+ m (x, x, y) < 2 s x (x, x , z) + s^(y, y, z) < 2A + y 

by the axiom (53). It follows from the definition of 5° that S°(x,x,y) < 2A + y and it remains to 
pass limit as A — > 5°( x, x, z) and y — > S°(y, y,z ). □ 



Theorem 3.7. Let s x be a modular S -metric on a set X and 

5 1 (x, x, y ) = inf{A + s x (x, x, y) : A > 0} 

be defined for all x : y £ X s . Then S 1 is an S-metric on X s such that 5° < 5 1 < 25°. 



Proof. Since, for x,y £ X s , the value s x (x,x,y) is finite due to for A > 0 large enough, then the 
set {A + s\(x,x,y) : A > 0} C R + is non-empty and bounded from below, therefore S 1 (x,x,y) £ R + . 
Since s x (x,x,x) = 0, then from the definition of 5 1 , S 1 (x,x,x) = inf{A + s x (x,x,x) : A > 0} = 0. 

o 

Let s\ satisfy (52), x,y £ X s and S 1 (x,x, y) = 0. The equality x = y will follow from (52) if we show 
that s\(x,x,y) = 0 for all A > 0. On the contrary, suppose that s\ 0 (x,x,y) > 0 for some Ao > 0. 
Then for A > Aq we find A + s\(x, x, y) > Ao, and if 0 < A < Aq, then 



0 < s\ 0 (x, x, y) < s\(x,x,y) < A + s\(x,x,y) 



from Remark 3.4 Thus, A + s\(x, x, y) > Ai = min{Ao, s\ 0 (x , x, y)} for all A > 0. By the definition of 
5 1 , S 1 {x,x,y) > Ai > 0, which contradicts the assumption. 

Now let us show that triangle inequality: S 1 (x,x,y ) < 2 S x (x,x,z) + S 1 (y,y,z). For any e > 0 we 
find A = A(e) > 0 and y = y(e) > 0 such that 

\ + s x (x,x, z) < S l {x,x,z) +e and y + s M (y, y, z) < 5 1 (y, y, z) + e 
from the definition of 5 1 . Applying axiom (53), 

S 1 (x,x,y) <(2A + y) + s 2 \+^{x,x 1 y) < 2A + y + 2 s x (x,x,z) + Sfj.(y,y,z) 

<2 5 1 (x, x, z) + 2e + S 1 (y , y, z) 



and it remains to take into account the arbitrariness of e > 0. 

Let us prove that metrics 5° and 5 1 are equivalent on X 8 . In order to obtain the left-hand side 
inequality, suppose that A > 0 is arbitrary. If s x (x,x,y) < A, then the definition of 5° implies 
S°(x, x, y ) < A. If s x (x , x , y) > A, then S°(x, x, y) < s x (x, x, y). Setting y = s x (x, x, y) we find y > A. 
Thus it follows from Remark 13.41 that 



s n(x,x,y) < s x (x,x,y) = y. 

Hence 

S°(x,x,y) < y = s x (x,x,y). 

Therefore for any A > 0 we have 

S°(x,x,y) < max{A, s x (x, x, y)} < A + s x (x, x, y). 

Taking the infimum over all A > 0, we get the inequality 

S°(x,x,y) < S 1 (x, x, y) 

To obtain the right-hand side inequality, we note that given A > 0 such that S°(x,x,y) < A by the 
definition of 5°. We get s x (x,x,y) < A. So S 1 (x,x,y) < A + s x (x, x, y) < 2A. Passing to the limit as 
A — » S°(x,x,y), we get 

S 1 (x,x,y) < 2 S°(x,x,y). 

□ 
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Theorem 3.8. Let s x be a modular S-metric on a set X, x,y £ X s and A > 0. We have 

(a) If S°(x, x , y) < A, then s x (x, x, y) < S°(x, x, y) < A. 

(b) If s\(x,x,y) = A, then S°(x,x,y) = A. 

(c) If A = S°(x, x, y) > 0, then s A+ oO> x, y) < A < s X -o{x, x, y). 

(d) If the function y — » s M (x, x, y ) is continuous from the right on (0, oo), then along with (a) — (c) 
we have: 

S°{x,x,y) < A s x {x,x,y) < A. 

(e) If the function y — ► s /Jj (x,x,y) is continuous from the left on (0, oo), then along with (a) — (c) 
we have: 

S°(x,x,y) < A s\{x,x,y) < A. 

(f ) If the function y — > s^x, x , y) is continuous on (0, oo), then along with (a) — (e) we have: 



S°(x,x,y) = A 4=> s x (x,x,y ) = A. 



Proof, (a) For any y > 0 such that S°(x,x,y) < y < A by the definition of S° and Remark 3.4 we 
have Sn(x,x,y) < y and s x (x,x,y) < s^(x,x,y). Hence s x (x,x,y) < y and it remains to pass to the 
limit as y — > S°(x,x,y). 

( b ) By the definition, S°(x,x,y) < A and item (a) implies S°(x,x,y) = A. 

(c) For any y> A = S°(x,x,y), the definition of S° implies s^x^x^y) < y and so 



s x+0 {x,x,y) = lim s^(x,x,y)< lim y = A. 

— >-A+0 /ii — >-A+0 



For any 0 < y < A we find s^(x, x,y) > y and so 

s X - 0 (x,x,y)= lim s^x, x, y) > lim y = A. 

/a— >■ A— 0 fi — >\— 0 



(d) The sufficient condition follows from the definition of S°. Let us prove the reverse implication. 
If S°(x,x,y) < A, then by virtue of item (a), s x (x,x,y) < A and if S°(x,x,y) = A, then 



s\{x,x,y) = s x+0 {x,xyy) < A 

which is a consequence of the continuity from the right of the function y — ► s^{x,x,y) and item (c). 

(e) By item (a), it suffices to prove the sufficient condition. The definition of S° gives S°(x, x, y) < A 
but if S°(x,x,y) = A, then by item (c) we would have 



s x {x, x, y) = s X - 0 (x, x, y) > A 



which contradicts the assumption. 

(/) Sufficient condition follows from (6). For the reverse asertion the two inequalities 

s x (x,x,y) < A < s x (x,x,y) 

follows from (c). □ 



Definition 3.9. Let s x be a modular S'-metric on a set X. 

(1) A sequence (x n ) C X* converges to x £ X* if s x (x n ,x n ,x) — t 0 as n — t oo. That is, for 
each e > 0, there exists no £ N such that for all n > no we have s x (x n ,x n ,x) < e. We write 
x n — ► x. 

(2) A sequence (x n ) C X* is a s-Cauchy if s x (x n ,x n ,x m ) — >■ 0 as m,n oo. That is, for each 
e > 0, there exists u 0 eN such that for all n > no we have s x (x n , x n , x m ) < e. 

(3) The modular S-metric space X* is s-complete if every s-Cauchy is a s-convergent in X*. 

Lemma 3.10. Let s x be a modular S-metric on a set X. If x n — »• x and y n — > y, then 

s x (x n ,x ni y n ) -Y s x (x,x,y). 
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Proof. Since x n — > x and y n — > y , then for each e > 0 there exist n 4 , ri 2 £ N such that 

Vn>ni, s x (x n ,x n ,x) < e 
Vn>n 2 , s\(y n ,y n ,y) < e. 

Without loss of generality we can assume 

£• 

Vn >m, sg(x n , x n , x) < e(<5) = - 

£ 

Vn >n 2 ,ss(y n ,yn,y) < s{S) = -■ 

If we set no = max{ni,n 2 }, therefore for every n > no we get 

(x n ,X n ,I/ n ) — 2sfi(x n: X ni X^ T S\— 2 s(y n , y n , x) 

<2s s {x n , x n , x) + 2 s 5 (y n , y n , y) + s A _ 45 (x, x, y) 

for A > S > 0 by triangle inequality. If we take S — > 0, we have 

£ £ 

s\(x n ,x n ,y n ) <- + -+ s\(x,x,y) 
s\{x n , x n , y n ) <e + s\(x, x , y) 

s\(x n , x n , y n ) - s\{x, x, y) < e. 

On the other hand we get 

s\(x,x,y ) <2 ss(x,x,x n ) + s\- 2S {y,y,x n ) 

<2 s s (x,x,x n ) + 2 ss(y,y,y„) + s^ 4S (x n ,x n ,y n ). 

From Lemma |3.3| and taking the limit as <5 0 we have: 

£ £ 

s x (x,x,y ) <- + - + s\{x n ,x n ,y n ) 
s\(x n , x n , y n ) 

s A (x,x,y) - s\(x n ,x n ,y n ) < e. 

So we get from that inequalities |s A (x n , y n ) — s A (x,x,y)| < e, that is, s\(x n ,x n ,y n ) S\(x,x,y). 

'□ 

4. Fixed Point Theorems 

In this section we introduce some fixed point theorems on modular S'-metric space. 

Definition 4.1. Let s A be a modular S-metric on a set X. A map T : X* -A X* is said to be a 
s-contraction if there exists a constant 0 < k < 1 such that 

s\(Tx,Tx,Ty) < ks\{x,x,y) 

for all x, y £ X. 

Corollary 4.2. Let X* , Y* modular S-metric spaces and f : X* -A Y* be a map. Then / is continuous 
at x € X* if and only if f(x n ) —t f(x) where x n -A- x. 

Theorem 4.3. Let X* be a s-complete and T : X* -A X* be s-contraction. Then T has a unique fixed 
point u € X*. 

Proof. First, we show uniqueness. Suppose that there exist x, y G X* with x = Tx and y = Ty. Then 

s A (x,x,y) = s\ (: Tx,Tx,Ty ) < ks\ (x,x,y) . 

Therefore s\(x,x,y) = 0. 
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To show the existence, we select x £ X* and show that ( T n x ) is a Cauchy sequence. For n = 
0, 1, 2, • • • , we get by induction 

s\[T n x, r x, T n+1 x) <ks\(T n ~ 1 x, T n ~ 1 x, T n x) 



<k n s x (x, x,Tx). 

Taking the limit as n — > oo, we get 

lim s x (T n x,T n x,T n+1 x) = 0. 



Thus there exists e > 0 such that 



s\(T n x, T n x, T n+1 x) < e. 



Without loss of generality, we can assume that there exists E for A such that 

° J ’ m—n m—n 

m — 2 

s x (T n x, T n x, T m x) <2 s_a_ (T^x, Tix > T i+1 x) + s_x_ (T"*" 1 ®, T^x, T m x ) 

i—n 
m- 2 

<2^^ k l s a (a;, x, Tx) + k m ~ 1 s \ (x, x, Tx) 



i—n 
£ 



<2( h • • • H ) 

m — n m—n 

<2s. 



That is for to > n, 

s\(T n x, T n x, T m x) < 2s. 

This shows that ( T n x ) is a Cauchy sequence and since X* is s-complete, there exists u £ X* with 
lim T n x = u. 

n—too 

From the continuity of T, we get 

u = lim T n+1 x = lim T(T n x) = Tu. 

n—> oo n—too 

Therefore it is a fixed point of T. □ 



Let M be the family of all continuous functions of five variables M : R+ — > R + . For some k £ [0, 1), 
we consider the following conditions: 

(Cl) For all x,y,z £ R+, if y < M(x, x, 0, z, y ) with z < 2x + y, then y < kx. 

(C2) If y < M(y, 0, y, y , 0) for all y £ R + , then y = 0. 



Theorem 4.4. Let T be a self-map on s-complete X* and 

(4.1) s\(Tx,Tx,Ty) < M(sx(x,x,y),s x {Tx,Tx,x),sx{Tx,Tx,y),s 3 x(Ty,Ty,x),sx(Ty,Ty,y)) 



for all x,y,z £ X* and some M £ A 4. Then we have 

(1) If M satisfies the condition (Cl), then T has a fixed point. 

(2) If M satisfies the condition (C 2) and T has a fixed point x, then the fixed point is unique. 



Proof. 

that 



(1) For each xq G X* and n G N, we take x n +i = Tx n . 



It follows from (4.1 ) and Lemma 3.3 



^A^n-l-l ? *£n+ 15 ^n+2) = S\(Tx n i Tx n , Tx n _ |_i) 

(s\(x n ) X n , X n ), 

^3A(*^n+25 1)5 %n-\- 2 ? *^n+l)) 

— M ( S\ ( X n , X n , 3?n+l) , S\ (x n , X n , X n -\-i ) , 0, S3 A ( X n , X n , #71+2) 7 (x n _|_i , X n -\- \ , £71+2))- 
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By triangle inequality and Lemma |3.3| we have 
(4-2) S 3 A (x n , X n , Xn+2 ) ^ ^Sx(x n , X n , X n -\.\ ) T Sx(x n ^-i, X n +i, X n + 2 ) 



From (4.2 I, we see that z < 2x + y. Since M satisfies the condition (Cl), there exists k £ [0, 1) such 
that 

(4.3) s\(x n+ i,x n+ i,x n+2 ) < ks\(x n ,x n , x n +\) < ••• < k n+1 s\(x 0 , x 0 , xi). 

Taking the limit as nAoo, we get 

lira s\(x n ,x n ,x n+1 ) = 0. 

n—t oo 

Hence there exists e > 0 for A > 0 such that 

S\(,Xni X n , fP £. 

Without loss of generality, we can assume that there exists e for A > 0 such that 

o m—n m—n 

S A {%n 5 n 5 *^n+ 1 ) — 



m — n 



Thus for all n < m by using (53), Remark 3.4 and ( |4.3| ) we have 

%m) ^2s a (x n , X ni ^n+l) “b $ A (%my ^tru *^n+l) 

A {x n , X U i X n -\-\ ) + 5 A {Xn-\-l,X n +1 •> %rn) 



£ £ £ N 

<2( 1 b • • • H ) 

m—n m—n m—n 

< 2 £. 

This proves that (x n ) is s-Cauchy in the s-complete X*. Then (x n ) converges an x G X*. 

Now we prove that x is a fixed point of T. By using B we get 

s\(x n+ i,x n+ i,Tx) =s\(Tx n ,Tx n ,Tx ) 

<M(s\(x n , x n , x),sx(Tx n , Tx n , x n ),sx{Tx n , Tx n , x), s 3 x(Tx , Tx, x n ), sx(Tx, Tx , x)). 

Since M £ M., then using Lemma [3. 10| and taking the limit as n — > oo, we obtain 

s\(x,x,Tx) < M(0, 0, 0, s 3 \(Tx, Tx, x), s\(Tx, Tx, x)). 

From Remark |3.4| we can rewrite 

s 3 \(Tx,Tx,x) < s\(Tx,Tx,x). 

Then the inequality can be written as follows: 

sx(x,x,Tx) < M(0,0,0,s\(Tx,Tx,x),s\(Tx,Tx,x)). 

Since M satisfies the condition (Cl), then s\{x,x,Tx) < k. 0 = 0. This proves that x = Tx. 

(2) Let x, y be fixed points of T. We prove that x = y. It follows from ( |4. 1[ ) that 

sx(x,x,y) =sx{Tx,Tx,Ty ) 

<M(s x (x, x, y), s x (Tx,Tx, x), s x (Tx, Tx, y), s 3X (Ty,Ty, x), s x (Ty, Ty, y)) 

<M(s x (x, x, y), 0, s\(x, x, y), s 3X {y, y, x), 0). 

From Remark |3.4| and Lemma [71771] we get 

s\{x,x,y) < M(s x {x,x,y),0,sx(x,x,y),sx(x,x,y),0). 

Since M satisfies the condition (C2), 

sx{x,x,y) = 0 4=> x = y. 



□ 
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Remark 4.5. Theorem 4.3 is a corollary of Theorem 4.4 when we take M{x,y,z,s,t) = k.x for 
k £ [0, 1) and x, y, z,s,t £ M + . 

Now we will give a new corollary of Theorem |4.4| 

Corollary 4.6. Let T be a self map on s-complete X* and 

s\(Tx, Tx, Ty) < a(s x (Tx, Tx, x) + s x (Ty, Ty , y)) 
for some a £ [0, |) and all x,y £ X* . Then T has a unique fixed point in X*. 

Proof. We must show that M(x,y, z, s,t) = a(y + t) satisfies conditions (Cl) and (C 2). First, we have 

M(x,x,0,z,y) = a{x + y). 

So, if y < M (x, x,0,z, y) with z < 2x + y, then 

y <M (x, x, 0, z, y) = a{x + y) 
y <ax + ay 



V < 



1 — a 



with 



1 — a 



£ [0,1). Therefore, M satisfies condition (Cl). 



If y < M(y,0,y,y,0) = 0, then y = 0. Therefore, M satisfies the condition (C 2). 

Since 

s X (Tx , Tx,Ty) <M(s x (x, x, y), s x (Tx , Tx, x), s x (Tx, Tx, y),s x (Ty, Ty, x),s x {Ty,Ty, y)) 
=a(s x (Tx,Tx,x ) + s x (Ty,Ty,y)), 

T has a unique fixed point in A"* by Theorem 14.41 □ 



Open problems How can obtain some similar results for the papers (see hi m) in fuzzy metric 
spaces with the help of this technique? 
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Abstract 

This paper discusses the approximation by de la Vallee Poussin means V n f on the unit 
sphere. Especially, the lower bound of approximation is studied. As a main result, the strong 
converse inequality for the means is established. Namely, it is proved that there are constants 
Ci and C 2 such that Ciut (f, < \\V n f — f\\ p < C 2 W (^f, for any p-th Lebesgue 

integrable or continuous function / defined on the sphere, where uj(f,t) p is the modulus of 
smoothness of /. 

MSC(2000): 41A25, 42C10 

Keywords: sphere; de la Vallee Poussin means; approximation; modulus of smoothness; 
lower bound 



1 Introduction 

Motivated by geoscience, meteorology, and oceanography, sphere-oriented mathematics has gained 
increasing attention in recent decades. As main tools, spherical positive polynomial operators play 
prominent roles in the approximation and the interpolation on the sphere by means of orthonormal 
spherical harmonics. Several authors such as Ditzian [5], Dai and Ditzian [4], Bernes and Li [3], 
Wang and Li [16], Nikol’skii and Lizorkin [10, 8] introduced and studied some spherical versions 
of some known one-dimensional polynomial operators, for example, spherical Jackson operators 
[8], spherical de la Vallee Poussin operators [3, 16], spherical delay mean operators [13] and best 
approximation operators [5, 4, 16] etc.. 

The main aim of the present paper is to study the approximation by the de 1a, Vallee Poussin 
means on the unit sphere. 

For to formulate our results, we first give some notations. Let d > 3, be the Euclidean space 
of the points x := ( x\,x- 2 , . . . ,Xd) endowed with the scalar product x ■ x' = x j x j( x ,x' € R d ) 

and let a := <x d_1 be the unit sphere in consisting of the points x satisfying x 2 = x ■ x = 1. 

We shall denote the points of a by /i, and the elementary surface piece on a by da. If it is 
necessary, we shall write da := da(p) referring to the variable of integration. The surface area of 

d 

er d_1 is denoted by |cr d— 1 1 , and it is easy to deduce that = J a da = 

By C(a) and L p (a), 1 < p < + 00 , we denote the space of continuous, real valued functions 
and the space of (the equivalence classes of ) p-integrable functions defined on a endowed with 
the respective norms ||/||oo := nra x Me(T |/(/z)|, ||/|| p := (f a \f{p)\ p da(p)) 1/p (1 < p < 00 ). In the 
following, L p (a) will always be one of the spaces L p {a ) for 1 < p < 00 , or C(a) for p = 00 . 

Now we state some properties of spherical harmonics (see [16], [7], [9]). For integer k > 0, 
the restriction of a homogeneous harmonic polynomial of degree k on the unit sphere is called a 
spherical harmonic of degree k. The class of all spherical harmonics of degree k will be denoted 
by Hk, and the class of all spherical harmonics of degree k < n will be denoted by II((. Of course, 

*The research was supported by the National Natural Science Foundation of China (No. 61272023) 
t Corresponding author: Feilong Cao, E-mail: feilongcaoagmail.com 
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= ®£ =0 Hk, and it comprises the restriction to a of all algebraic polynomials in d variables of 
total degree not exceeding n. The dimension of Hk is given by 



d d := dim H% := 



*>i; 

1, k = o. 



and that of 11^ is Y}k=o df- 

The spherical harmonics have an intrinsic characterization. To describe this, we first introduce 
the Laplace-Beltrami operators (see [9]) to sufficiently smooth functions / defined on a , which 
is the restriction of Laplace operator A := i 011 fh e sphere a, and can be expressed as 



Df(n) := A / • Clearly, the operator D is an elliptic, (unbounded) selfadjoint operator 

on L 2 (<t), is invariant under arbitrary coordinate changes, and its spectrum comprises distinct 
eigenvalues A*, := — k(k + d — 2), k = 0, 1, ... , each having finite multiplicity. The space Hk can 
be characterized intrinsically as the eigenspace corresponding to A*,, i.e. 



H k = {'F £ C°°(a) : DT = -k{k + d- 2)^}. 



Since the AGs are distinct, and the operator is selfadjoint, the spaces Hk are mutually orthogonal; 
also, L 2 (a) = closure {® fe Hk}- Hence, if we choose an orthogonal basis {Y ki i : l = 1, . . . , d d } for 
each Hk, then the set {Y kt i : k = 0, 1, . . . , l = 1, . . . , d d } is an orthogonal basis for L 2 (a). 

The orthogonal projection Y k : L x (a) —> Hk is given by 

*fc(/;M) : = ^ 2 ^a+i J P k(v-v)fHdcr(iy), 

where 2A = d — 2, and P k are the ultraspherical (or Gegenbauer) polynomials defined by the 
generating equation (1 — 2rcos0 + r 2 ) -A = rkp> k ( cos ^)(0 < 0 < 7r). The further details for 

the ultraspherical polynomials can be found in [15]. 

For an arbitrary number 9, 0 < 6 < 7r, we define the spherical translation operator of the 
function / £ L p (a) with a step 9 by the aid of the following equation (see [12], [2]): 

Seif) ■= S e (f;n) := 1 d _ 2 [ f(v)da{u), (1.1) 

\a d ~ 2 \sin d 2 9 J fj,-i/=cos 0 

where |cr d ^ 2 | means the {d — 2)-dimensional surface area of the unit sphere of M d_1 . Here we 
integrate over the family of points v £ a whose spherical distance from the given point /r £ a 
(i.e. the length of minor arc between /i and v on the great circle passing through them) is equal 
to 9. Thus Sg(f',n) can be interpreted as the mean value of the function / on the surface of 
( d — 2)-dimensional sphere with radius sind. 

The properties of spherical translation operator (1.1) are well known; see e.g., [2]. In particular, 
it can be expressed as the following series 

Seif;^) = P pAQ^ y fc(/ ;/x ) := X] Qk( cos 9)Yh(f; n) 

fc=0 fc ^ ' fc= o 

where Q^{cos9) := , and for any / £ L p (a ), \\S g (f)\\ p < \\f\\ p , lim^ 0 II Sgf - f\\ p = 0. 

We usually apply the translation operator to define spherical modulus of smoothness of a function 
/ £ L p (a), i.e. (see [16]) u(f,t) p := sup 0<e<t ||/ — S$f\\ p . Clearly, the modulus is meaningful to 
describe the approximation degree and the smoothness of functions on a, which has been widely 
used in the study of approximation on sphere. 

We also need a K-functional on sphere a defined by (see [5], [16]) 

K(f-,t) p := inf { ||/ - g\\ p + t 2 \\Dg\\ p : g,Dg £ L p (a)} . 0 <t<t 0 . (1.2) 

For the modulus of smoothness and .ff -functional, the following equivalent relationship has been 
proved (see [5]) 

u(f,t) P & K{f,t) p . (1.3) 
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Here and in the following, a ss b means that there are positive constants C\ and C 2 such that 
C\ < a < C 2 &. We denote by Ci(i = 1,2,...) the positive constants independent of / and n, 
and by C(a) the positive constants depending only on a. Their value will be different at different 
occurrences, even within the same formula. 

Define the kernel of de la Vallee Poussin as 

1 / t\ 2n 

v n (t) = 7 — (cos-) > (!- 4 ) 

i n ,d v 

where the constant I n . t d satisfies / v n (iiv)d(j(v) = \cr d ~ 2 \, and f-iv is the spherical distance between 
the points /1 and v, i.e. the length of minor arc of great circle crossing fi and v. Then the 
convolution resulted by the kernel is 

VnifiH) = (/ * v n )(n) = . * f f{v)v n (iw)dcr(is), f € T 1 (cr), (1.5) 

I & | Ja 

which is called de la Vallee Poussin means on the sphere. 

The means were introduced by de la Vallee Poussin in 1908 for one dimensional Fourier series 
and were generalized to ultraspherical and Jacobi series by Kogbeliantz and Bavinck in 1925 and 
1972, respectively (see also [16]). In 1993, Berens and Li [3] established the relation between 
the means and the best spherical polynomial approximation on the sphere, and discussed their 
approximation behavior by various of smoothness. Especially, they proved (see also [16]) the 
relation: 

max || V k f - , f € L p (a). (1.6) 

k>n \ y/nJ p 

Motivated by [1] and [ 6 ], we will improve the above result. Indeed, we will prove 

l|r„/-/u P ^(/.T) i) 

for any / G L p (a), 1 < p < + 00 . 



2 The kernel of de la Vallee Poussin 



In the definition of de la Vallee-Poussin kernel v n given by (1.4), the constants /„ t d is requested to 
satisfy f a v n (nv)da(v) = |cr d-2 |, which implies that v n (9) sin 2A QdO = 1(2A = d — 2). 

By computation, we have I Hi d = 2 2A r ^ A+ r'(^ 2 A+i) +1 ^ 2 ^ > w h ere T(A) is Gamma function. So, 

v ( t ) = r(n + 2A + 1) fcos-V" 

" U 2 2A T(A + l/2)r(n + A + 1/2) \ 2 ) ' 

Since v n (t) are even trigonometric polynomials with degree n, V n (f, /-i) are spherical polynomials 
with degree n. So we also call (1.5) spherical de la Vallee Poussin polynomial operators. 

We can translate de la Vallee Poussin means given by (1.5) into the multiplier form: 



W;Ai) = 5>StW,M) 



(2.1) 



where 



k - 0 



, ,, I n!(n+2A)l ()<;.< 

( A ) ._ J (n-k)\(n+k+ 2A)!’ U - ^ — 



U). 



n,k 



k > n. 



Since the means can be rewritten as 



/* 7T /»7T / 00 

V n (f-,n) = / v n (0)Se(f; n) sin 2X Odd = / v n (0) V 

Jo Jo \k=0 

= E(T 



00 dA 



Pk (cos 0) 

P k X ( 1 ) 



Y k(f;o) sin“ A Odd 



k = 0 



Pk( i) 
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it is sufficient to prove Jg v n (9) P p> C ° 1 S ^' > sin 2A 9 dd = > 0). Indeed, when k = 1, one has 

J Vn ^ Pl p\l)' > Sin2A = J Vn ^ ( 1 _ 2sin2 Sin2A 



2 2A ( r ( e\ 2{n+x) . ,, e r / e\ 2{n+x) 



L n,d \J 0 



COS 



sin 2A -d0 — 2 / ( cos 



2 2A+1 / 1 






n.d 



l 



l 



( A+-,n + A+ - ) — A+l+-,n + A+ - 
n!(n + 2A)! 



1 



sin 2 ( A+1 ) -d9 
2 , 



1 



- = m (A) 

n + 2A + l (n- l)!(n+ 1 + 2A)! n>1 ’ 

where B(a,b) is Beta function. 

Now, we suppose for k <n that fj v n (9) Pk p\°i^ sin 2A 9dd = oj^ X \. Then for k + 1 we first recall 
the relation (see page 81 of [15]) 

(k + l)P fc A +1 (z) - 2(A + k)xP x (x) + (2A + k - l)Pti(x) = 0 (k> 1), 



i.e., 



Pi 



’fc + i(cos 9) = (2(A + k) cos 9 P^ (cos 9) — (2A + k — l)P^_ 1 (cos0)) . 

rC 1 



Then, 



f v , P*(CO8 0) ,, „ 1 

/ v n (0) — -w — — sin“ A 9d9 = — r — - — - 

Jo P£ + 1 (!) P A +1 (l)(fc + l) 

— (2\ + k — 1) J v n (9)P^_ 1 (cos9) sin 2A 0d$j := 



2(A + k) f v n (9) cos9P£(cos9) sin 2A 9d9 

Jo 

1 



P A ,(!)(* + 1) 



(2(A + k)J2 — Ji ) . 



By the assumption, we obtain 



J\ = (2A + k — l)P x _i(l) ^ MO) P * p l (C ™ 0) sin 2A 9d9 = 

Jo r k-i\ L > 



(2A + k — l)!n!(n + 2A) ! 



T(2A)(fc - l)!(n - k + l)!(n + jfc - 1 + 2A)! ' 



For J 2 we have 
1 



Ji — 



— J ^cos ^ ^2 cos 2 ^ - 1^ P £( cos 0) sin 2A 



2 /, 



n+MpA (1 ) f\ n+l{ e)M^l s in 2X 9de~P x (l) [* v n (9) 
,d Jo “k ID Jo 



p k x ( 1) V 0 ^ PVD 

:= J 21 — J22, 

which implies from the assumption that J 22 = r kij^ 2 \) (w-fc)i(n+fc+ 2 A)i > an< ^ 

2T(n + 1 + A + l/2)T(n + 2A + 1) T(k + 2A) (n + l)!(n + 1 + 2A)! 



P fc A (cOS0) . 2 A ana 
K sm 2A 9d9 



J 21 = 



T(n + A + l/2)T(n + 1 + 2A + 1) fc!T(2A) (n + 1 - k)\(n + 1 + k + 2A)! ‘ 



Therefore, 



J 2 = 



T(k + 2A) n!(n + 2A) ! 

/c!T(2A) (n + 1 — k)\(n + 1 + k + 2 A) ! 



(n(n + 1) + k( 2A + k)) . 



So, 




v n (9) 



P A + i(cos6>) 

P fc A +i(l) 



sin 2A 9d9 



n!(n + 2A) ! 

(n — k — l)!(n + k + 1 + 2A) ! 



= u> 



(A) 

n,k + 1 * 
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On the other hand, it is clear that for k > n, = 0. Hence, de la Vallee Poussin means 
V n (f; fi) have the form of multiplier expression given in (2.1). 

Now we give some properties for the de la Vallee Poussin kernel v n . 

Lemma 2.1. Let v n (t) be the kernel of de la Vallee Poussin defined by (1.4), 2A = d — 2 and 
d > 3. Then there hold 



and 



f 9 x v n (d) sin 2A 9d8 < C(ci)n 2 , 

Jo 

/ 0~™v n (9) sin 2A Odd < C(d)n™, m = 1,2, 

Jo 



(2.2) 



(2.3) 



Proof. We only prove (2.2). The proof of (2.3) is similar. First, a direct computation implies 

t (2n + d-3)H _d - -i 

In,d = C{d)j, - — — — — ^ . 



(2n + 2d — 4)!! 

/ \ 2 n t (-^) 

Then, 9~ x v n (9) sin 2A Odd = 9~ x ( cos | J sin 2A dO = -pyy , where 



r(-A) _ 

'Y ^ J 



0 sin d 2 0cos 2n -dd. 

2 



So, we have 



J, 



-A) 



n,d — 



< 2 2 



J sin 2 fcos 2n+d 2 tdt = 2 2 



^ + 1 2?i + c? — 2 + 1 



= 2 2 _i r(-) 



,d,T(n+^) r(n+^) 

3d-2\ 



4 T(n+^?) 



T(n 



Therefore 



0 X Vn{0) sin 2A Odd = 



J) 



(- 2 ) 



3d— 2 > 



n 4 



_ 4 

; n 4 . 



L n,d 



<C(d)^ Y =C(d)n^. 



The proof of Lemma 2.1 is completed. □ 

Lemma 2.2. For the kernel of de la Vallee Poussin v n {t ) defined by (1.4), we have 



( d 4 v n (d) sin 2A Odd < C(d)n 2 . 
Jo 



Proof. Since 

r(4) 

’ > J 



d 4 cos 2n - sin 2A Odd = 2 d ~ 1 TT 4 ( * sin d+2 9 cos 2n+d ~ 2 Odd 

2 ,/n 



od- 2_5 (2n+d-3)!!(d+l)!! 

^ '« i OJ\ll 

I — 

C(d 



(2n+2d)H 
-Hi-3)!! - - 
(2n+2( 

(2?i + d — 3)!! 



od— 1 4 (2n+d— 3)!!(d+l)!! 
Z ^ (2n+2d)!! ’ 



if d is even; 
if d is odd 



(2n + 2d)H 



we have 



/*7T j( 4 ) 

/ 6> V (0) sin 2A Odd = =C(d) 

J 0 -*-n,d 



(2n + 2d — 4)!! 
(2n + 2d)!! 



< C(d)n 



-2 



This finishes the proof of Lemma 2.2. □ 
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3 Lower bound of approximation for de la Vallee Poussin 
means 

In this section we prove the main result of this paper, which can be stated as follows. 

Theorem 3.1. Let V n (f; g) be de la Vallee Poussin means on the sphere given by (1.5). Then 
for / S L p (a), 1 < p < +oo, there exists a constant C which is independent of / and n, such that 



w / 



1 



<c\\v n f-f\\ 



p- 



In order to prove the result, we first prove the following lemma. 

Lemma 3.1. For any g 1 Dg,D 2 g £ L p (c r), 1 < p < oo, there exist the constants A, B and C 2 
which are are independent of n and g , such that \\V n g — g — a(n)Dg\\ p < C 2 n~ 2 \\D 2 g\\ p , where 
0 < n — «( n ) < f ■ 

Proof. Since (see (3.6) of [11]) Sg(g; g) — g(g) = fg sin~ 2A t dt f* sin 2A u S u (Dg-, g)du, we have 

nU n 

S u (Dg-,n)-Dg(fj,)= sin^'yd-y sin 2A v S u {D 2 g; g)dv. 

J 0 JO 

Observing that 

fTT f0 ft 

V n (g; fj) — g(fi) = / v n (0) sin 2A OdQ / sin ~ 2X tdt / sin 2X u S u (Dg; fi)du 

Jo Jo Jo 

fTV f0 ft 

= Dg(n) / v n (9) sin 2A 9d9 / sin ~ 2X tdt / sin 2X udu 

J 0 J 0 Jo 

+ J v n (0) sin 2A Odd J sin ~ 2X tdt J sin 2A u^S u (Dg; g) — Dg(g)jdu 
■= Dg(n)a(n) + ^f{g\g), 

where a(n) = C(d)n ~ 1 satisfies 0 < An~ l < C(d)n < Bn _1 , we obtain that from the Holder- 
Minkowski’s inequality and the contractility of translation operator 

fK f6 ft fU /»7 

||’P(/|| J , < ||D 2 5 r || p / v n (0) sin 2A Odd / sin ~ 2X tdt / sin 2X udu / sin~ 2A 7 <i 7 / sin 2A vdv 

Jo Jo Jo Jo Jo 

< C' 3 ||D 2 < 7 || P [ v n (0)0 4 sin 2A Odd. 

Jo 

Thus, from Lennna 2.2 it follows that ||'I'g , ||p < C , 4 n _2 ||D 2 (/||p. The Lemma 3.1 has been proved. 

□ 

Now we turn to the proof of Theorem 3.1. We first introduce an operator V™ given by 

^ / PTT v fji 

Vn{f\v) = Y,(j v n(@)Qk( cos 0) sin 2A Oddj Y k (f;g). 



k = 0 



Then, form the orthogonality of projection operator Y*., it follows that 



yrn +lf = 



iL{j 0 v n (0)QUcosd)sm 2X ddeyY k (^2 (J o v n (9)Q x (cos 9) sm 2X 0dd^ V a /) 



= V™(Vnf)- 

Thus, we take g = V™f and obtain that 



11/ - g\\p = 11/ - LT/llp < E II v n~ l f ~ VnfWp < m\\f - V n f \\ Pf 



fc = 1 
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where V°f = f. 

Next, we prove the estimate: \\DV™ f\\ p < ^§^Cin\\f\\ p , where A and Ci are the same as that 
in Lemma 3.1. In fact, we have 



\\DV™f\\ p < 
Since (see [1]) 



^ , p 7T . 7Tt 

J^Hk + d- 2)( v n (9) Q k (cos9) sin 2 x 9 d9j Y k (f ) 

fe =0 

Pk (cos 9) 



|Q fc (cos 6 >)| = 



pH i) 



< C 5 min 



.1 . 



we use (2.2) and obtain for k,6 > 1 and 9 < | , that 



\DV™f\\ p < C 6 



n d 2 / \ PP' 

V k{k + d- 2 )k Ai 9 r in ( / v n (9)9~ x sin 2X 9d9) Y k (f) 
k = 0 V Jo 



< C^n 4 



■ E fc 

/c— 0 



2 -^pra 



For 2 — < —1, i.e. m > , it is clear that the series ^' 2 2 m is convergence. Thus 



I W„ m /|L < C 8 n^“ 



iip- 



For < 1, then (2.3) implies that 



\\DV?f\\ p < 



, /* 7 T . 

Y^{ v n (9)9~™(9 2 k(k + d~2))™ Q k (cos9) sin 2 x 9 d9) Y k (f) 

k = 0 



< Cq 



E (/ ^ w ^“- sin 2A ^j r fc (/) 

fe =0 



< Cion 



Ew) 



/c— 0 



= ^pHI/llp, 



where A and C 2 are the same as that in Lemma 3.1. Therefore, when m > jrj, we have 



\\DV?f\\ p < ^rCin\\f\\ p . 

In the next, without loss generality, we assume m 1 > and m > 4 - rn\. According to 

Lemma 3.1 we see that 

AC 

a(n)\\DV™f\\ p < \\V™f - f\\ p + C 2 n~ 2 \\D 2 V™ f\\ p < m\\V n f - /|| p + -^n~ x \\DV^ f || p 
AC AC 

< m\\V n f - f\\ p + -^n^WDV^fW, + -^n^W - /)|| p 

AC AC C 

< m\\V n f ~ / ||p + -^\\DV?f\\p + — P 1 !! Vrf ~ /Up 

AC 

= C 12 \\V n f-f\\ p +^-\\DV™f\\ p . 

Taking a(n) = Hr' one h as 

1 2C 1 

-\\DV^f\\ p <^A\\V n f-f\\ p . 

So from the definition of K-functional it follows 

K { f H) ~ ll/ -™ + (7s) 2||OT ” m /' 1 ' 

2C 1 

< m||/ - V n f\\p + -j^Wf - V n f\\ p < Cull/ - V n f\\p, 
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which together with (1.3) implies 

< C\\f - V n f\\ p . 

This finishes the proof of Theorem 3.1. □ 

From (1.6) and Theorem 3.1, the following Corollary 3.1 follows directly. 
Corollary 3.1. For any / G L p {<j), 1 < p < oo, there holds 
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Abstract 

In this article, we take into account the stability for the following functional equation of additive-quadratic type 

fix ~y)~ f(-x + y) — 4 f(x) + /(2a:) - f{-y ) + f(y) = 0 

with the fixed point method. 

Keywords: Stability; Fixed point method; Additive-quadratic mapping. 
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1 Introduction 

Ulam [9] proposed the following question concerning the stability of homomorphisms : 

Let G\ he a group and let G 2 be a metric group with the metric d(-, •)• Given e > 0, does there exist a 6 > 0 
such that if a function h : Gi — > G 2 satisfies the inequality d(h(xy), h{x)h{y)) < S for all x,y £ G\, then there 
exists a homomorphism H : G\ — > G 2 with d{h{x), H( x)) < £ for all x € Gi? 

Hyers [5] answers the problem of Ulam under the assumption that the groups are Banach spaces. A 
generalized version of the theorem of Hyers for approximately additive mappings was given by Aoki [1] , and 
for approximately linear mappings was presented by Rassias [7] by considering an unbounded Cauchy differ- 
ence. Thereafter, many interesting results of the stability of several functional equation have been extensively 
investigated. 

On the contrary, Cadariu and Radu [2] observed that the existence of the solution for a functional equation 
and the estimation of the difference with the given mapping can be obtained from the fixed point alternative. 
This method is called a fixed point method. In particular, they [3, 4] applied this method to prove the stability 
theorems of the additive functional equation and the quadratic functional equation by using the fixed point 
method. 

Now we consider the stability of the following mixed type additive-quadratic functional equation (briefly, 
AQ-functional equation) 

f(x -y)~ f(-x + y)~ 4 f(x) + /( 2x) - f(-y) + f(y) = 0. (1.1) 

by using the fixed point method. In this case, every solution of the functional equation (1.1) is said to be an 
additive-quadratic mapping. 

a Corresponding author. 

E-mail address: ischang3cnu.ac.kr (I. -S. Chang), yanghi2Shanmail.net (Y.-H. Lee) 

The first author was supported by Basic Science Research Program through the National Research Foundation of Korea (NRF) 
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2 Stability of Eq. (1.1) and its applications 

Throughout this article, let V be a real or complex linear space and Y a Banach space. For a given mapping 
/ : V — > Y, we use the following abbreviation 

Df{x, y) := f(x - y) - f(-x + y)~ 4 f(x) T /( 2x) - f{-y) T f{y) 

for all x, y £ V. We first prove the following lemma. 

Lemma 2.1 Let f : V —> Y be a mapping with /( 0) = 0 such that Df(x,y ) = 0 for all x,y £ V\{0}. Then f 
is an additive-quadratic mapping. 

Proof. Since /( 0) = 0, we get Df( x, 0) = Df{x,x ) = 0 for all x £ T\{0}, and Df(0,y) = 0 for all y £ V. 
This completes the proof. □ 

For explicitly later use, we state the following theorem : 

Theorem 2.2 (The alternative of fixed point) ([6] or [8]) Suppose that a complete generalized metric space 
( X , d ) , which means that the metric d may assume infinite values, and a strictly contractive mapping J : X — > X 
with the Lipschitz constant 0 < L < 1 are given. Then, for each given element x £ X, either 

d(J n x, J n+1 x) = +oo, Vn £ N U {0}, 

or there exists a nonnegative integer k such that : 

(1) d(J n x, J n+1 x) < Too for all n> k; 

(2) the sequence {J n x} is convergent to a fixed point y* of J ; 

(3) y* is the unique fixed point of J inY := {y £ X, d(J k x, y) < Too} ; 

(4) d(y, y*) < (1/(1 - L))d(y,Jy) for all y £ Y. 

Now, by the use of fixed point method, we obtain the main results as follow. 

Theorem 2.3 Let ip : (W\{0}) 2 —> [0, oo) be a function with <p(x,y) = ip{—x,—y) for all x, y £ T\{0}. 
Suppose that a mapping f : V Y satisfies 



\\Df(x,y)\\ < p(x,y) 



( 2 . 1 ) 



for all x,y £ T\{0} with /( 0) = 0. If there exists a constant 0 < L < 1 such that a function tp has the property 

ip(2x,2y) <2L(p(x,y) (2.2) 

for all x,y £ T\{0}, then there exists a unique additive- quadratic mapping F :V Y such that 

V>(x,x) 



\\f(x)-F(x)\\< 2{1 _ L) 

for all x £ T\{0}. In particular, F is represented by 

7(2"*) T f(-2 n x) , f(2 n x) — f{—2 n x) 



F(x) = lim 



2 • 4” 



2 n+1 



(2.3) 



(2.4) 



for all x £ V. 

Proof. Consider the set 

S '■= {9 ■ 9 -V Y, g( 0) = 0} 
and introduce a generalized metric on S by 

d(g,h) = inf{A' £ R + : ||g(ai) — h(x ) || < Kip(x,x) for all x £ T\{0}}. 
It is easy to see that ( S , d) is a generalized complete metric space. 
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Now we define a mapping J : S — > S by 

g(2x) - g{-2x) g(2x) + g(-2x) 

Jg(x) := + 

for all x € V. Note that 

_ g{2 n x) - g(-2 n x) g(2 n x) + g(—2 n x) 

' 2 n+1 2 • 4 n 

for all n £ N and all x € V. Let g, h £ S and let K £ [0, oo] be an arbitrary constant with d(g, h) < K. From 
the definition of d , we have 

ll-^O) - Jh(x ) || =|||ff(2a;) - h( 2x)\\ + ^||£?(— 2at) - h(- 2x)\\ 

1 , 

< -Kip(2x,2x) 

< KLip(x, x) 



for all x £ V"\{0}, which implies that 

d(Jg , Jh) < Ld(g , h) 

for any g,h £ S, that is, J is a strictly contractive self-mapping of S with the Lipschitz constant L. Moreover, 
by (2.1), we see that 



11 / 0*0 - Jf{x ) || = l\\ - 3Df(x,x) + Df(-x,-x)\\ < 



for all x £ T\{0}. It means that d(f, J /) < \ < oo by the definition of d. Therefore, according to Theorem 2.2, 
the sequence { J n f} converges to the unique fixed point F : V —> Y of J in the set T = {g £ S : d(f, g) < oo}, 
which is represented by (2.4). 

Note that 

which implies (2.3). 

By the definition of F, together with (2.1) and (2.4), we find that 



\\DF(x,y)\\ = lim 

n—> oo 



< lim 



Df( 2 n x, 2 n y ) - Df(-2 n x, -, 2 n y) 



2 n+1 

Df(2 n x,2 n y) + Df(-2 n x,-2 n y) 
2 ■ 4 n 

2 n + 1 



’ n—> oo 2 * 4 71 
=0 



(<p(2 n x,2 n y) + <p(-2 n x,-2 n y)) 



for all x,y £ V\{0}. By Lemma 2.1, we have proved that DF(x,y) = 0 for all x,y £ V. This completes the 
proof. □ 

We continue our investigation with the following theorem. 

Theorem 2.4 Let tp : (fo\{0}) 2 —> [0, oo) with tp(x,y) = (p(—x,—y) for all x,y £ fo\{0}. Suppose that 
f : V — >• Y satisfies the inequality \\Df(x,y)\\ < tp(x,y) for all x,y £ fo\{0} with /( 0) = 0. If there exists 
0 < L < 1 such that the mapping ip has the property 

Lip(2x, 2 y) > 4ip(x, y) (2.5) 

for all x,y £ T\{0}, then there exists a unique additive-quadratic mapping F :V Y such that 

\\f(x)-F(x)\\<^^ (2.6) 

for all x £ T\{0}. In particular, F is given by 

™ - js. ( y -' o (io -> (~m + ? o (io + f (-m) ™ 

for all x £ V. 
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Proof. Let ( S , d) be the set as in the proof of Theorem 2.3, and we consider the mapping J : S —> S defined by 



J9{x) : = 9 (! ) - 9 H) + 2 (» (1) + 9 K)) 

for all g £ S' and all x £ V. Observe that 

and J°g{x) = g{x) for all x £ V. Let g,h £ S and let K £ [0, oo] be an arbitrary constant with d(g, h) < K. 
The definition of d yields 

\\Jg(x)-Jh(x)\\=3g(^j-h(^j + ^ ( ^) 

< 4K<p ( 2 ’ 2 ) 



for all x £ V\{0}. So we get 



< LKtp{x , x) 



d{Jg , Jh) < Ld(g , h ) 



for any g,h G S, that is, J is a strictly contractive self-mapping of S with the Lipscliitz constant L. Also we 
see that 

\\f{x)- Jf{x)\\= D/(|,|) < < jV(x,x) 

for all x G V r \{0}, which implies that d(f , J f) < j < oo. 

Therefore, according to Theorem 2.2, the sequence { J"/} converges to the unique fixed point F of J in 
the set T := {g G S : d(f,g) < oo}, which is given by (2.7). 

Since 

d(/ ’ F) - d“L d(/ ’ J/ ) - 4(rrL) 

the inequality (2.6) holds. 

From the definition of F with (2.1) and (2.5), we have 



||DF(,, 9 )|| % lim||2»-‘(D/(T,|.)_ I ,/( 

+ y( d/ (¥'¥) +d/ (-¥’ 



< lim 2 "+ i " L(±,l 
n —> oo 2 V V 2 n 2 n 






Vf-T,-Y 
V 2 n 2” 

2 n ’ 2"// 

V 2 n 2 n / 



for all x,y € y\{0}. So, by Lemma 2.1, F is an additive-quadratic mapping, which completes the proof. □ 
From now on, given a mapping / : V — > Y, we set 

Af(x, y ) :=f{x + y) - f(x) - f{y), 

Qf(x, V ) :=/( x + y) + f(x -y)- 2 f{x) - 2 f(y) 

for all x,y G V. Using Theorem 2.3 and Theorem 2.4, we will prove the stability of the additive functional 
equation Af = 0, and the quadratic functional equation Qf = 0 in the following results. 

Corollary 2.5 Let fi : V — > Y, i = 1, 2, be mappings for which there exist functions fa : (C\{0}) 2 — > 
[0, oo), i = 1,2, such that 

\\Afi(x,y)\\ < fa(x,y) (2.8) 
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for all x,y G V\{0}. // /*( 0) 
0 < L < 1 such that 



0, (j>i (x,y) = <fii(—x,—y), i = 1,2, for all x,y G ^\{0}, and there exists 

jr0i(x,y) < </>i(2x, 2y) < 2Lcj) l (x,y), (2.9) 

<h{ 2x, 2 y) < L(j) 2 ( 2x, 2 y) (2.10) 



for all x,y G V^\{0}, then there exist unique additive mappings Fi : V — > Y, i = 1, 2, such that 

(fi{x, x) + 3(j)i(x, —x) 



ll/l (*)-*! (*)ll < 



2(1 -L) 



( 2 . 11 ) 



HAM - JAMII < (2 . 12) 

for all x G F\{0}. In particular, the mappings Fi, i = 1,2, are represented by 

Fl (x)= lim (2.13) 

F 2 (x)= lim 2 n fJ^) (2.14) 

for all x G V. 

Pi'oof. We first note that 



Dfi(x, y) = Af t (x, -y) - Afi(-x, y) + A/,(x, x) + Afi(x, -x) 

for all x,y GV and i = 1, 2. Put 

Fi(x, y) := <t>i(x, -y) + <f>i(-x, y) + <j>i(x, x) + </>i(x, -x) 

for all x,y G W\{0} and i = 1,2, then tpi satisfies (2.2) and q> 2 fulfills (2.5). Therefore \\D fi{x,y)\\ < tpi(x,y) 
for all x,y G W\{0} and i = 1,2. According to Theorem 2.3, there exists a unique mapping i 7 ) : V — > Y 
satisfying (2.11), which is represented by (2.4). 

Observe that, by virtue of (2.8) and (2.9), 

= Hm /i(2 ra x) + fi(—2 n x) — fi(0) 

n— >oo 2 n+1 

= Hm -^ T ||A/ 1 (2"x,-2”x)|| 
n — >00 Z rL ' 1 

< Hm -^- I M 2n x,-2 n x) 

n— > oo Z ' 

L n 

< lim — 4>i(x, — x) = 0 

n— >oo 2 



hm 

n — >oo 



/i(2 w x) + fi{—2 n x) 
2 n+1 



and 



lim 

n— > oo 



/i(2"x) + fi(—2 n x) 
2 ■ 4 n 



2 n j J n 

< I™ </>i(x,-x) = 0 

n— > oo 2 • 4: 



for all x G W\{0} . This inequality and (2.4) guarantees (2.13). 
Moreover, we have 



Afi(2 n x, 2 n y) 
2 n 



</>i(2 n x,2 n y) 
2 n 



< i(x,y) 



for all x,y G W\{0} . Sending the limit as n — > oo in the above inequality, and using iq (0) = 0, we get 
AFi (x, y) = 0 for all x,y GV. 

On the other hand, according to Theorem 2.4, we see that there exists a unique mapping F 2 : V -A Y 
satisfying (2.12), which is given by (2.7). 
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Notice that, by (2.8) and (2.11), 



as well as 



lim 2 2n ~ 1 

n— >oo 






= lim 2 

n— >• oo 



2n— 1 



< lim 

n— >• oo 



r) 



< lim —<j) 2 (x, —x) = 0. 

n— too 2 



lim 2 

n— >oo 



n— 1 



Ml) 



/2 



— X 
2 n 



- ^ oii+T 

n— >• oo z ' 



0 2 (x, — x) = 0 



for all x £ fo\{0}. From these and (2.7), we obtain (2.14). 
Moreover, we have 







< {x,y) 



for all x, y £ P\{0}. Taking the limit as n — > oo in the above inequality, and using F 2 (0) = 0, we fee that 
AF 2 (x, y) = 0 for all x, y £ V. The proof is ended. □ 



Corollary 2.6 Let /) : V — > Y, i = 1, 2, be mappings for which there exist functions </>,; : (P\{0}) 2 — > 
[0, oo), i = 1,2, such that 

\\Qfi(x,y)\\ < <j>i(x,y) 


for all x,y £ P\{0}. // /,( 0) = 0, 4>i(x, y) = </>i(-x, -y), i = 1,2, for all x, 
0 < L < 1 such that the mapping <fii satisfies (2.9) and </> 2 satisfies (2.10) for all 
unique quadratic mappings Fi : V — > Y, i = 1,2, such that 


y £ TF\{0} , and there exists 
x,y £ P\{0}, then there exist 




(2.15) 


IIA(x) ftW|| <r(30 2 (x,x) + 5«x,-x)) 

8(1 - L) 


(2.16) 


for all x £ P\{0}. In particular, the mappings Fi,i = 1,2, are given by 




pn r /i(2"x) 


(2.17) 


F 2 (x) = lim 4 n f 2 

n—too \ Z J 


(2.18) 



for all x € V. 



Proof. Note that 

Dfi(x,y) = Qfi(x, y) - Qfi{y,-x) + fi(x,-x) + ^ Qfi{y,-y ) - ^ Qfi(y,y ) 

for all x,y £V and i = 1,2. Put ifii(x,y) := <j>i{x,y) + f>i(y,-x) +<j>i(x,-x) + \4>i{y,y) + \f>i(y,~y) for all 
x, y £ P\{0} and i = 1,2, then (resp. y> 2 ) satisfies (2.2) (resp. (2.5)). Moreover, 

\\Dfi(x,y)\\ < ipi(x,y) 



for all x, y £ P\{0} and * = 1,2. It follows from Theorem 2.3 that there exists a unique mapping F\ : V — > Y 
satisfying (2.15), which is represented by (2.4). 

Observe that 



lim 

n— too 



/ 1 (2 rt x) — fi(—2 n x) 
2 n+1 



= n lim ^ ||Q/i(2"- i x, — 2 n_i x) - QM- 2"" 1 ®, 2"“ 1 x)| 

1 



< lim — ^q-j- (<M(2" _1 x, — 2" _1 x) + 4>i(—2 n ~ 1 x, 2 n ~ 1 x)) 

n— >• oo Z ' 



=o 
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and 



lint 

n— >oo 



/ 1 (2 rt ai) — fi(—2 n x) 
2 • 4 n 



< 






for all x £ fo\{0}. Due to this fact and (2.4), we get (2.17). 
Moreover, we have 



Qh(2 n x,2 n y) 



(fi(2 n x,2 n y) L n , 

^ 4^ ^ 



for all x, y £ V\{0}. As n — > oo in the above inequality, we see that QF\(x, y) = 0 for all x,y £ V"\{0} . By 
using Fi(0) = 0, then we have 



QF\{x, 0) = 0, QFi(0,y) (|,-|) + QFi (-|,|) =0 



for all x,y £ fo\{0}. Therefore, QF\(x,y) = 0 for all x,y £ V. 

On the other hand, Theorem 2.4 guarantees that there exists a unique mapping F 2 : fo — > Y satisfying 
(2.16), which is represented by (2.7). 

Observe that 



*©-‘( t ) imm 

( 



2 n +i 

X 



) - Qh ( 

) + <l>2 (- 



2n+l ’ 

X 

2n+l ’ 2 n + 1 

X X 
2 ’ 2 



2^+1 ’ 2 n +! 
X X 



2n+l ’ 2 n +l 



)) 



for all x £ V\{0}. It leads us to get 



JrA” (a (£) - a (-£)) = »’ 2 ” (a (£) - a (-£)) = 0 



for all a; £ fo\{0}. Based on these facts and (2.7), we obtain (2.18). 
Moreover, we have 



(|,|) I < (£, |r) < 



for all x,y £ fo\{0}. Going the limit as n — > 00 in the previous inequality, and using F 2 (0) = 0, we get 
QF 2 (x, y) = 0 for all x, y £ V, which complete the proof. 

Now, we obtain the stability in the framework of normed spaces using Theorem 2.3 and Theorem 2.4. 



Corollary 2.7 Let X be a normed space and Y a Banach space. Suppose that the mapping f : X — » Y 
satisfies the inequality 

\\Df(x,y)\\<e(\\xr + \\ y \\n 

for all x,y £ X\{0} with /( 0) = 0, where 9 > 0 and p £ (— 00 , 1) U (2, 00 ). Then there exists a unique 
quadratic-additive mapping F : X — » Y such that 



||/0r)-F0r)|| <= 



26 

2 p — 4 
26 

2-2 p 



imi p 

imi p 



if V > 2, 
ifp < 1, 



for all x £ X\{0}. 

Proof. This follows from Theorem 2.3 and Theorem 2.4 by putting 

t ( x , v ) : =0(iMr+iMr) 

for all x, y £ A\{0} with L = 2 P ~ 1 < 1 if p < 1 and L = 2 2 ~ p < 1 if p > 2. 

Corollary 2.8 Let X be a normd space and Y a Banach space. Suppose that the mapping f : X —> Y satisfies 
the inequality 

\\Df(x,y)\\<e\\x\\ p \\y\\i 
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for all x,y £ X\{0} with /( 0) = 0, where 9 > 0 and p + q £ (— oo, 1) U (2, oo). Then there exists a unique 
quadratic-additive mapping F : X — » Y such that 



II fix) - F(x)|| <= 



2P+g— 4 

6\M\ p+q 

2 ( 2-2 P+1) 



ifp + Q > 2, 

ifp + q < 1 



for all x £ X\{0}. 



Proof. By considering 



<p{x,y) := fllMHIyll 9 



for all x, y £ X\{0} with L = 2 p+q 1 <l'dip + q<l and L = 2 2 p q < l di p + q > 2, then by Theorem 2.3 
and Theorem 2.4, we arrive at the conclusion of the corollary. 
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Abstract. Let ip and i/> be holomorphic self-maps of the unit polydisk D„ in the 
n-dimensional complex space C n , denote by C v and Cy the induced composition 
operators. In this paper, we estimate the essential norm of the differences of 
composition operators C v — C'y from Lipschitz space to weighted Banach space 
in the unit polydisk. 



1. Introduction 



The algebra of all holomorphic functions on domain f I will be denoted by 7£(17), 
where 17 is a bounded domain in C n , where n > 1 is a fixed integer. Let = {z = 
(zi,...,z n ) € C n , \zi\ <1, 1 < i < n} be the open unit polydisk of the complex n- 
dimensional Euclidean space C n and H( O n ) be the space of all holomorphic functions 
on D n . For z = (zi,...,z n ) and w = (wi , ..., w n ) in C n , the inner product of 2 and 
w is (z, w) = Z\Wi + ... + z n w n , where (.,.) denotes the inner product. Moreover, 
HI z 1 1| = maxj{\zj\} stands for the supremum norm on B„. 

For z, w € D, the pseudo-hyperbolic distance between z and w is defined by 



p(z,w) = | (z — w)/(l — wz)\. 

It is well known that if / € £1(0), then p(/(z), f(w)) < p(z, w). The Bergman metric 
on the unit polydisk is given by 



Hz{u,v) if(i - n 2 ) 2 ' 

The Kobayashi distance £b„ on D n is defined by 

k Bri (z, w) = - log , 

2 1 - 



where <f> z 



is the automorphism of 1 

Wi - Zi 



<t>z{w) = ( 



K given by 
Wn — Z< 



1 — ZiWi 



( 1 . 1 ) 



The work was supported in part by the National Natural Science Foundation of China (Grant 
Nos. 11371276; 11301373; 11201331). 

* Corresponding author. 

2010 Mathematics Subject Classification. Primary: 47B33; Secondary: 47B38, 32A37, 32H02. 
Key words and phrases, composition operator, Lipschitz space, weighted Banach space, polydisk. 

1 



50 



CHANG-JIN WANG et al 50-55 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



Wang and Liang:: Differences of composition operators 

Let v be a strictly positive bounded continuous function (weight) on the open unit 
polydisk B„ in C n ,n > 1. We first introduce the weighted Banach spaces of analytic 
functions of the following form: 

H™ := {/ G H(p n ); \\f\\ v = sup v(z)\f(z)\ < oo} 

endowed with the sup-nornr ||.||„. Spaces of this type appear in the study of growth 
conditions of analytic functions and have been studied in various articles, see, e.g. 
[2, 8, 10], 

For 0 < a < 1, an / G H( B„) belongs to the Lipschitz space Lip a { O n ), if 

ll/llc* = l/(0)| + sup J2\^~{z) (1 - \zi\ 2 ) x ~ a < oo. (1.2) 

zeB n I ozi 

It is easy to show that Lip a (U) n ) is a Banach space endowed with the norm ||.|| a (see, 
e.g.[13, 14]). 

Let ip = (ipi(z ), ..., Lp n {z)) and ip(z) = (ipi (z), ...,ip n (z)) be holomorphic self-maps 
of B„. The composition operator C v induced by p is defined by 

(' C<p)f{z ) = f(p(z)) 

for z G D„ and / G H( D„) (see, e.g. [3]). The essential norm of a continuous linear 
operator T is the distance from T to the set of all compact operators, that is, ||T|| e = 
inf{||T — if || : K is compact }. Notice that ||T|| e = 0 if and only if T is compact, so 
estimates on ||T|| e lead to conditions for T to be compact (see, e.g. [6, 14, ?]). In the 
past few years, many authors have been interested in studying the mapping properties 
of the differences of two composition operators, that is, an operator of the form 

T = cv-cv 

The primary motivation for this has been the desire to understand the topological 
structure of the whole set of composition operators. Most papers in this area have 
focused on the classical reflexive spaces, but some classical nonreflexive spaces in the 
unit disc in the complex plane have also recently been discussed. We refer the readers 
to the recent papers [1, 4, 5, 6, 7, 9, 12] to learn more about the propertied about the 
differences. 

Building on the above foundations we estimate the essential norm for the differences 
of composition operators induced by p> and ip acting from Lipschitz space to weighted 
Banach space in the unit poly disk O n , where ip and ip are two holomorphic self-maps 
of the unit polydisk in n-dimensional complex space C n . The paper is organized as 
following: Some lemmas are given in section 2. Section 3 is devoted to the main 
results. 

Throughout the remainder of this paper, C will denote a positive constant, the 
exact value of which will vary from one appearance to the next. 

2. Some Lemmas 

Lemma 1. Assume that f € Lip a ( B„), then 

I f(z) - /Ml < n\\f\\ a k Bn (z,w) 

for any z, w G O n . 
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Proof. Empolying the definitions in (1.1) and (1.2) we have that 



l/(*)-/(0)| = 



Mf(tz 



dt 



HE 

i=i • 



df_ 

'dCj 



( tz)dt 



± E 



1*1 1 


5/ 


(l-lte,f)l-« 





” rM 

< ii/iuE/ 

,._1 Jo 



-[Jo (i — t 2 y~ 



-T^ritz) (1 - \tZjl 2 ) 1 a dt 



-dt 



< »/ 

= 5' 
< nil 



E 

i=i • 






1-t 2 



dt 



E 10 ®! 



- Zj 



l=i 

1, 1 + llkl 

‘T log THjnn 



(2.3) 



The last inequality in (2.3) follows from the fact the map t — ► log((l + 1)/{ 1 — t)) is 
strictly increasing on [0, 1). Setting 2 = <f> w (z) and using (1.2), it’s evident that 

\f°(t> w (z) ~fo<t> w (w)\ < nii/o^n a |iog ) + !!!HH!!i - 

2 1-|||<M*)III 

Replacing / o </>„, by / o <j> w o 0" 1 , 

\f(z)-f(w)\ < n||/|| a Eog ) HllHHll! - n ll/H« /c »»( 2 > w; )- 

2 1-|||<M*)III 



This completes the proof. 



□ 



Lemma 2. For f € Lip a ( B„) and a fixed 0 < 6 < 1, define G = {z € D„ : |||z||| < <5}. 
Then 



lim sup sup \f(z) — f(rz)\ = 0. 
r ^ 1 \\f\\ a <izeG 



Proof. Using the definition in (1.2) we obtain that 
sup |/(2) - f(rz ) | 



n 

= sup E (f(rz 1 ,rz 2 ,...,rz j - 1 ,z j ,...,z n ) - f(rz 1 ,rz 2 ,...,z j+1 ,...,z n )) 
* eG 'l=i V 

< sup E | J Zj-^-(rz 1 ,...,rzj-i,tz j ,Zj +1 ,...,z n )dt 



l=i 



< (1 — r)r 



< 



(1 — r)n| 



( 1 - 5 2 ) 1 - 

This ends the proof. 



. SUp o - 

(i-iii^iip ) 1 

- ->• 0, r-> 1 



□ 
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3. Main result 

In this section we estimate the essential norm of C v — C^, : Lip a ( B„) — > H™( O n ). 
We denote Fg = {z € B„, max{|||y>( 2 ) |||. |||i/’(2) |||} < 1 — <5} and Eg = B„ — Fg for 

0 < 8 < 1. We consider the following two conditions 

Mi := max lim sup v{z)\(l - \fpi{z)\ 2 ) a \^ dz) {ipi{z))\ 

l<I<n<5-S-0 z€E/j 

M 2 := max lim sup v{z)\{l - \<pi{z)\ 2 ) a \tp Mz) {<pi(z))\. 

l</<n4->0 z£E{ 

Theorem 1. For any 0 < S < 1, denote Fg = {z € D n , max{|||^?(,z) |||. |||'0(2:) |||} < 

1 — 5}. Suppose Cep — Cty : Lip a ( D„) — > H%°( B n ) is bounded. Then 

max{Mi, M 2 } < || C v - \\ e < 2n lim sup v(z)ku n (ip(z), ip(z)). (3.4) 

s ^°z£E s 

Proof. The upper estimate. For a fixed 0 < r < 1, we have that both C rip and C r ^ 
are compact operators. For any 0 < 6 < 1, 

|| Cep C^ || e.Lipa— >J?£° C | Cep C^p C r ep 4“ C r ^p || Lip a — 

= sup || {Cep -C^J- Crep + Cr^)f\\H~ 
ll/l|a<l 

= sup sup v(z)\f{<p(z)) - f(np(z)) + f(rip(z)) - f{ip{z))\ 

||/|| a <izeB n 

< sup sup v(z)\f(cp(z)) - / (rip(z)) + f(rip(z)) - f{ip(z))\ 

\\f\\ a <lz£Fs 

+ sup sup v(z)\f(ip(z)) - f(np(z)) + f{rip{z)) - f(f>{z))\. (3.5) 

\\f\\ a <lz£Es 

Since the weight v(z) is a strictly positive bounded continuous function on the open 
unit polydisc O n and using lemma 2 and we can choose r sufficiently close to 1 such 
that the first term in (3.5) is less than any given e > 0, and we denote the second 
term in (3.5) by I. Empolying lemma 1, it follows that 

I < sup sup v(z)(\f{<p{z)) - f{ip(z))\ + \f{r<p{z)) - f(rip(z))\) 

\\f\\ a <lz£E s 

< sup sup v{z)n\\f\\ a (k® n (w(z),ip{z)) + ko n (rtp(z),rip(z))) 

\\f\\ a <i zeE s 

< 2n sup v(z)k 0n (ip(z), ip(z)), (3.6) 

z£E s 

the last inequality is obtained from ko n (r(p(z),rip(z)) < kB„(<p(z),if(z)). Firstly let- 
ting r — ► 1 and then 6 — > 0, the upper estimate yeilds. 

The lower estimate. For l = 1,2, .., n, set 

Eg = {z G D„ : vtmx.(\<pi(z)\, \*fi{z)\) > 1 - (5}. 

It is easy to see that Eg = lj/ =1 E l s . For a fixed l (1 < l < n), define 

ai = lim sup v{z){ 1 - \<pi(z)\ 2 ) a \^ l{z )(pi(z))\. 

S ^°z£E\ 

If we put S m = 1/m, then S m — J- 0 as m — > oo. For the case H^iHoo = 1 or H^Hoo = 1) 
then for large enough m with E l Sm ^ 0, there exists z m € E l s such that 

lim v(z m )( 1 - \^(z m )\ 2 ) a \p Mzm) (pi(z m ))\ = at- (3.7) 
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Since z m € E l s implies that \ipi(z m )\ > 1 — 8 m or \i/ji(z m )\ > 1 — S m , without loss of 
generality we assume that \<pi(z m )\ — ► 1. Set 

, = 1 - \<*pi(z m )\ 2 _ {ip Mzm) (z), tp Mzm) {<pi{z m ))} 

(1 - <pi{z m )ziy- a l¥ty,(* m )(w(* ro ))l 

We can easily obtain that (/ m )meN converges to zero uniformly on compact subsets of 

D„ asm->oo and sup ||/ m || a < C. Thus for any compact operator K : Lip a — > H%°, 
fee n 

we get \\Kf m \\ H oo — ► 0, m — > oo. Moreover, it is obvious that 

/m(^ m )) = (1 - fm{i>{z m )) = 0- (3.8) 

Thus using the above results, (3.7) and (3.8), it is clear that 



||C V -C$- K\\ LiPa ^ H °o > C lim sup || (C v - - K)f m \\ H *> 

m—>o o 

> Clim supdKC^ - C^fmWn^ - \\Kf m \\ H oo) 

m—too 

= C lim sup || (Cp - C^)f m \\ H oo 

m—> oo 

= Clim sup sup v(z)\f m (<p(z)) - f m (ip(z))\ 

m—> OO 2G©ri 

> Clim supv(z m )\f m (<p(z m )) - f m (ip(z m ))\ 

m—> oo 

= Clim sup u( 2 m ) |(1 - \<pi(z m )\ 2 ) a \<p^ z m){ipi{z m ))\ 

m— >■ oo 

= Cai=C lim sup u(z)(l - |<Pj( 2! )| 2 )“Iv’V>iW(¥’«( 2! ))I 

s ^°zeE‘ s 

From the above inequality we obtain that 

II Cep - C^He^ipc-^oo > C lim sup v{z)(l - \(pi(z)\ 2 ) a \(p^ z )((fii{z))\. (3.9) 

S ^°zEE‘ s 

If both Halloo < 1 and ||^||oo < 1, in this condition, when <5 is small enough, E l s is 
empty, and without loss of generality we may assume that 



lim sup v{z){ 1 - Wi{z)\ 2 ) a \^ l{z) {pi{z))\ = 0. 



5_>0 zEE' 



(3.10) 



Since the above inequality (3.9) and (3.10) holds for every 1 < l < n, thus we obtain 
that 



|| C v - C^|| e ,Lip Q ^ff~ > C max lim sup u(^)|(l - |pi(2)| 2 )"|<^,(*)( < ^(' z ))l- (3.11) 

l<l<n6^0 z£E i_ 

Now for each l = 1,2, ..., n, we define 

h = Jim sup v(z){ 1 - \<pi(z)\ 2 ) a \p Mz) (<pi(z))\. 

Then for any e > 0, there exists a Jo with 0 < Jo < 1 such that 

v{z){ 1 - \pi(z)\ 2 ) a \ip Mz) {<pi{z))\ > bt - s (3.12) 

whenever 2 £ Eg 0 and i = 1,2, ..., n. From the above definition we know that z £ E l So 
implies that z G Es 0 , then by (3.11) and (3.12) we obtain that 

II Cip C'ip\\e,Lip a —^H°° — C max (pi S’) 

l<l<n 

= c max lim sup v(z)\(l - \yi(z)\ 2 ) a \y Mz) {yi{z))\ - Ce. 

KKn^O zeEs 
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Now letting e — > 0 in the above inequality we obtain that 

\\C V -C4 

e,Lip a ^H%° > C max lim sup v{z)(l - \ipi{z)\ 2 ) a \ip Mz) {ipi{z))\. (3.13) 

l<l<n o— >-0 Z (z Es 

Using the similar proof of (3.13) we can get 

II c v - C^\\ eMPa ^ HS o > C max lim sup v(z)\{l - \ipi(z)\ 2 ) a \il) vi{z) (ipi(z))\. (3.14) 

l<l<n 6^-0 zeEs 

Combining (3.13) and (3.14), we get the lower estimate for the essential norm of the 
differences. □ 
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THE PATH COMPONENT OF THE SET OF GENERALIZED 
COMPOSITION OPERATORS ON THE BLOCH TYPE SPACES 

LIU YANG 



Abstract. In this note, we give a characterization of the path component of the set of 
generalized composition operator on Bloch type spaces. 

Keywords : Path component, composition operator, Bloch type spaces 



1. INTRODUCTION 

Let D be the unit disk of the complex plane C, and H(D) be the space of all analytic 
functions in D . / G R(D) belongs to the Bloch type space B a , if 

II/I|b“ = |/(0)| + sup (1 - \z\ 2 ) a \f(z)\ < 00 , 

z€D 

where 0 < a < oo. It is known that B a is a Banach space under the || • \\jga norm. If a — 1, 
B a is just the well-known Bloch space. More details about properties on Bloch type space 
are given in [4], [32] and [16]. 

We denote 5(D) be the set of analytic self-maps of D. Every analytic self-map (p G 5(D) 
induces a linear composition operator C v from H( D) to itself. A general and concerning 
problem in the investigation of composition operator is to characterize operator theoretic 
properties of C v in terms of function theoretic properties of ip. To learn more conclusions 
about the composition operator, see [6]. 

For p> G 5(D) and g G H( D), Li and Stevie [10] defined the generalized composition 
operator C as follows: 

Cp(f)(z) = [ f'((p(w))g(w)dw, f G H{ D). 

Jo 

The boundedness and compactness of the generalized composition operator from Zygmund 
spaces to Bloch-type spaces were considered in [10]. Lindstrom and Sanatpour [15] gave the 
characterization of the generalized composition operator between Zygmund spaces. We can 
also refer to [11-14], [21-30] for the study of the operator C ® and its generalizations. The 
composition operators between Bloch type spaces have been studied by several authors, for 
example [1-3, 5, 17, 19]. 

Recently, lots of researchers are interested in the difference of two composition operators, 
that is, an operator of the form T — — C^ t where ip,^ G 5(D). For example, Shapiro 

The work is supported by NSF of China (No. 11471202). 
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and Sundberg [20] studied the difference of composition operators on Hardy spaces. In 
[18], MacCluer, Ohno and Zhao considered it on H°°. In [7] and [8], Hosokawa and Ohno 
investigated it on Bloch spaces. The purpose of studying the difference of composition 
operators is to investigate the topological structure of the set of composition operators 
acting on a given function space. Li [9] gave the sufficient and necessary conditions for the 
boundedness and compactness of the differences of generalized composition operator on the 
Bloch space. Yang, Luo, and Zhu [31] generalized Li’s results between Bloch type spaces, 
which help us to study the topological structure of the set of generalized composition 
operators on the Bloch type spaces. In fact, we give a sufficient condition for the path 
component of the set of generalized composition operator on Bloch type spaces. 



2. NOTATIONS AND AUXILIARY RESULTS 



For w,z E D, the pseudo-hyperbolic distance between z and w is defined by 

w — z , 



p(w,z) = 



1 — wz 



Let 



u s (z, w) = (1 - s)z + sw, 4> s (ip(z),ip(z)) = (1 - s)(p(z) + sip(z), 
where s E [0, 1], w G ID) , E S'(D) and simply denote 4> s ((p(z),il;(z)) by (j> s (z). 
Let 

r(</?) = {{z n } e d : \<p(z n )\ — > i}, 
rW = {{z n }EB>:\iP(z n )\^l}. 

Obviously, T(0 S ) C T(</?) fiT(^). 

Define 

D^ 9 (z) = - ^ D^’ 9 (z) = — — ^ 

“ (1- |<d(-)l 2 )“’ a ^ K ) (1 '-'-'I 2 ' 



W( z )\ 

2\P 



x9{z), 



ni’’ h (~) — D^ ,h (z) = — ItO 

a Of n __ L/Y-AI2W i.,./„m2A 



and 



Dt s (z) = 



(1 - |' 0(^)| 2 

1 



(1 



[(1 - .s).c/(3) - .s-/;(.t)], 



h(z), 



C<pJ(z)= [ /'((l - s)<p(w) + s^(w))[(l - s)g(w) + sh(w)]dw, f E B° 



Let 



h {z) = D% 9 p((p(z),ip(z)), 

H z ) = d^pH(z),H z )), 

H z ) = dHH)- d TH)- 
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Lemma 2.1. ( [7, Lemma 4-1] ) Let z,w E D and p(z,w ) = A < 1. Then the map 
s i — y p(u s ,w) is continuous and decreasing on [0, 1]. 

Lemma 2.2. ( [31, Theorem l.J ) The following statements are equivalent: 

(1) C 9 — C’f : B° — >■ B 3 is bounded. 

(2) sup zeD \h(z)\ < oo and sup 2eD \I 3 (z)\ < oo. 

(3) sup 2gD 1 / 2 ( 2 ) | < 00 and sup 2gD \h(z)\ < 00 . 

Lemma 2.3. ([31, Theorem 4-J ) Let 0 < a, ft < 00 and (p,i[ E 5(D), g,h E //(D), if 
C ! l — C'f : B° ^ B 3 is bounded, and C^,C!f: B° —> B 13 are not compact, then C 9 — Cfj : 
B° -A BP is compact if and only if the following two conditions hold. 

(1) D(g,<p) = D(h, if) p 0, D(g,<p) C T(if). 

(2) For arbitrary { z n } C r(</?) D r(0), 

lim \Ii(z n )\ = lim \I 2 {z n )\ = lim \L 3 (z n )\ = 0. 

n— >-oo n— > 00 n— > oo 

Lemma 2.4. If t < 0 or t > 1, then l — x* < t(l — x) . 

Proof. Let f(x) = 1 — x* — f(l — x), then 

f'fx) = —txh — 1) + t, f"(x) = —t(t — l)x(£ — 2). 

Obviously, /'( 1) = 0, /"( 1) 0 0, f"{x) > 0 for t < 0, f"{x) < 0 for t > 1. □ 



Lemma 2.5. Let ip,f) be analytic self maps of the unit disk D, then 
(1) For any z E D, when a < 1, we have 




(2) For any z E D, when a > 1, we have 




Proof. (1) The lemma is trivially for s = 0 or 1. In the following, we assume 0 < s < 1. For 
arbitrary zeD, denote ( = and f • By the definition of D(f 9 (z), D%’ h (z) 

and D(/ (z), it is easy to see 

1 - hi 



D+'(z) = 



:[(1 - s)g(z) + sh(z)] 



(1-100)1 2 )‘ 

= (1 - 8) ~ l^>l 2 ) a vp*(z) + s {1 ~ mz)l2)a D^ h (z) 

[ V-i0 s o)i 2 )“ “ [ )+ (i- \Mz)\ 2 r a [ ) 

= Df’ 9 - (1 - s)C a D%’ 9 (z) - s£ a D*’ h (z) 



and 



\D™(z)-D*'(z)\ = \D2 g (z)-(l 



0 



(i-QO)l 2 ) a 

(1-|0,O)I 2 ) Q 



Dp 9 {z) 



— S 



a-inon 

(1-10,0)1 2 ) Q 




= \D™(z) - (1 - s)C a Df' 9 (z) - sCDt h (z ) | 

= \d%° o)(i - (i - on - Dt'\ 1 - (1 - on + d ** (i - o - on - 

< kro) - Dt * no - (i - on| + krila - (i - on - m 

< kro) - i/r ikl + kr no - o - on - n|. 

( 2 . 1 ) 
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| D™ - Dt‘{z ) | < \D ™ - P^IKI + \D™ 1|(1 - (1 - s)C) - s?*\. 

By simply calculating and the proving process of Proposition 4.2 in [7], we get 



0 < 



= 1 - (! - s)C - sf < p ((p{z),^(z)). 



Firstly, we consider the case 0 < a < 1. 

Since s( = s < 1, then 

s( Q < s'~° < 1. 

Now, we estimate (1 — (1 — s) ( a ) — s£ a . 

Choosing 

/(C) = 1 - (1 - a)C° - 8 ? - (1 - (1 - a)C - aO, 

then 



( 2 . 2 ) 



(2.3) 



(2.4) 



(2.5) 



/(C) = (1 — s)C(i — C“ _1 ) + s£(l - £“ _1 ) 

< (a - 1)((1 - s)C(l - C) + »«(1 - 0) (2.6) 

= (a - 1)((1 - s)C 2 - s« 2 ) - (a - 1)(1 - (1 - s)C - 



The last inequality above is obtained by Lemma 2.4. Uniting (2.5) and (2.6), we obtain 

i- ( i- S )c a -sr-(i-(i-s)c-so 

<(1 - (1 - <)a - O - (a - 1)(1 - (1 - s)C 2 - sC 2 ) - (a - 1)(1 - (1 - sQ - O (2.7) 
=(2 ^ a)( 1 - (1 ~ «)C - sC) + (a - 1)(1 - (1 - UC 2 - < 2 )- 



and 

1 - (1 - UC 2 - = 



2 „ t2 S |PWI 2 (1 - IbU)] 2 ) + (1 - «M*)l 2 (i - MUI 2 )) + s(i s)\ v {z) - b(U I 2 



> o 
( 2 . 8 ) 



(l-l'A.MI 2 ) 2 

Hence, 

1 - (1 - s)C“ - sC < (2 - a)(l - (1 - s)C - sO < (2 - a)p 2 (<p(z), ip(z)). (2.9) 

Combining (2.1), (2.4) and (2.9), we get 




This complete the proof of (1). 

Next, we are going to prove (2). 
If a — 1, then by (2.3), we have 



1 - (1 - s)C Q - sC = 1 - (1 - s)C - sC < p 2 ((p(z), ip(z)) = ap 2 (<p(z),ip(z). (2.10) 
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If a > 1, then 

1 - (1 - s)C ~ sC = 1 - s - (1 - s)C + S-SC 

= (i-s)(i-c a )+s(i-n 

<a(l-s)(l-() + s(l- 0 ) (2.11) 

= a( 1 - (1 -s)C -s£) 

< ap 2 (<p(z),if(z)). 



The hrst inequality in (2.11) above is obtained by Lemma 2.4. 

If £ < 1, using (2.1) and (2.11), we obtain 

I BTM - < |r>rW - d*-\z ) | + (2.12) 

If £ > 1, for any s G (0,1), we have |^(z)| < \4>s(z)\ < (1 — s)|<^(z)| + s\i(}(z)\ and 
< W{z)\. Then \(j> s {z)\ < \p{z)\ and = C < 1- Combing (2.1), (2.10) with 

(2.11), it is obvious that 

I ACM - Dt(z) | < |Z>«(*) - Dt’ h (z)\+a\D*- h (z)\)p 2 Mz)Mz))- (2.13) 

Due to (2.11), (2.12) and (2.13) above, we infer that 

\D^{z)-Dt{z)\ < \D^(z)-Di’ h (z)\+a(\D^(z)\ + \D^(z) |)p 2 (^), 

□ 



3. MAIN RESULTS 

Proposition 3.1. Let ip, be analytic self maps of the unit disk D , g,h E H(U>). Suppose 
that Cfp and C ^ are bounded but not compact on B° . For any s G [0,1], when C 9 — C * is 
compact on B a , then we have 

(!) D t C r^)nr(^), where = {{^ n } C D : \p{z n )\ -> 1, \D% a (z n )\ 1}. 

(2) For any {z} n C T((/?) D T(^), we have 

lim (Df' 9 (z n ) - Dff(z n )) = lim (D^ 9 (z n )p(ip(z n ), 4> s (z n )) = 0. 

n— >-oo 71— »■ oo 

Proof. (1) It is trivial. 

(2) For any { z n } C T(</?) fl T(^), it follows from Lemma 2.3 that 



lim \D‘f’ 9 (z n ) - Dff{z n )\ = lim | (yDff 9 (z n ) \p{<p{z n ), 4> s {z n )) 

n— >-oo n— >-oo 

= lim \D^’ h (z n )\p(tp(z n ),(f> s (z n )) 



n— >• oo 

= o. 



Applying Lemma 2.5, 
then by Lemma 2.1, 



lim \D% 9 (z n ) - D*°(z n )\ =0, 

n— >-oo 

l^a®UnM^Un), Ad^n)) < ^IK^Un), V’Un)) 0. 
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Equivalently, 

lim (Df' 9 (z n ) - D^ s (z n )) = lim (D% 9 (z n )p(ip(z n ), 4> s (z n )) = 0. 

71— >-00 71— >-00 

□ 

Theorem 3.2. Let be analytic self maps of the unit disk D , g,h E Suppose 

that C 9 and C ] f are bounded but not compact on B a . If C 9 — is compact on B a , then 
the following two conclusions are equivalent: 

(1) For any { z n } C r(^)\r(<£>), Df’ 9 (z n ) — * 0 as n — * oo and for any { z n } C 
D% h (z n ) -A 0 as n ->■ oo . 



(2) The map s (->• C ( j >s : [0, 1] — * C<p 3 (B a ) is continous. 

Proof. (1) ==>- (2) We only need to prove the continuity at .s — 0. 

Let 

t(s) = svp\D% 9 (z)-^D*‘(z) \ +sup\D% 9 (z)\p{ip(z)),if(z)). 

zGB> zeUJ 

Then, it is easy to see that \\C 9 — C^Jlea < t(s). By lemma 2.3 and the conditions of (1), 
we have 

lim \Df' 9 (z n ) - D%' h (z n )\ = lim \D£’ 9 (z n )\p(ip(z n ), f{z n )) 

n— >oo n—> oo 

= lim \D%’ h (z n )\p{<p(z n ),i/)(z n )) 

n—>oo 

= o 

Hence, for any e > 0, there exists r \ G (0, 1) such that for every z G T ri (< p ) = {z G D : 

bMI > r i}, 

prw - d ** wi < f, 

and 

\ D a 9 ( z )\ pi.T{z)^{z) < |. 

Applying Lemma 2.5, we obtain that 

\DV(z) - D**{z ) | < | + <*<r = (i + a)e. (3.1) 

If z 6 D\r ri (^), - D*- is uniformly convergence to 0 when s approaches to 0, then 

there exists an si very close to 0 such that for any s < s i, 

sup \Df' 9 {z) - D*°{z)\ < e. (32 s ) 

z6B\r ri 

For any s < s i, uniting (3.1) and (3.2), we get 



sup | Df’ 9 { z ) - D*’{z)\ < e. 

zG B 



(3.3) 



Hence, 



sup\D^(z)-Dt‘(z)\^0 as s — >• 0 . 

2GB 



(3.4) 
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Next, we are going to prove that 

sup \D%’ 9 (z)\p(ip(z)) , ip(z)) — » 0 as s — > 0. 

zeB 

For any {z n } C T(<£>), applying Proposition 3.1 and Lemma 2.3, we have 

lim (D%’ 9 p(<p(z n ),<fr s (z n )) = 0. 

n— >• oo 

This implies that there exists an r 2 G (0,1), such that for any z G = {z G D : 

\<P(Z)\ > r 2>, 

\D%’ 9 (z)\ p(<p(z),ip(z)) < \D%’ 9 (z)\p(<p(z),i/}(z)) <e. 

And because p((p(z),i/;(z)) uniformly converges to 0 on 0\r r2 (</?), we can find a sufficiently 
small positive number s 2 , such that for any s < s 2 , 



sup \D% 9 (z)\p(y(z),(j) s (z)) < £. 
zeB\ry 2 (v>) 

Then, 

sup \D% 9 (z)\p{ip(z), <j> a (z)) ^ 0 ass-> 0 . ( 35 ) 

z6D 

Combing (3.4) with (3.5), we obtain that t(s) converges to 0 as s approaches to 0, which 
finishes the proof of continuity. 

(2) =>• (1) Assume there is a sequence {z n } C T(^)\T(<^), such that D% ,9 (z n ) — * S ^ 0 
as n — > 00 . Let A G D and A ^ 0, define the test function f\ and g\ respectively as follows: 

1 1-|A| 2 



9\{z) = 



/a(^) 2«+ 1 «A(l-A z) c 

1 — | A| 2 A — z 



-)• 



{a + 1)2“+! v A(1 - \z) a+l aA 2 (l - Xz) a+1 
Then ||/a||b- < 1, ||^a||b«« < h 

\\C°-Ct.\\>\\(C°-Ct.)g vM \\ B . 

\ D a {Zn) — , — p{ip{Z n ),(j> s {z n )) 



> 



2 Q+1 



(3.6) 



PKi - Y.(%)l 2> " 

(1 - ip{z n )4> s (z n )) a+1 

Because z n G T(^)\r(^), then <p s (z n ) 1 and lim^oo p((p(z n ) , (f> s (z n )) ^ 0. And s hg C ^ 

is continous at 0, then by (3.6), we have 



(1 - ¥>(* n ) 0 «(* r >))“ +1 



0, n — > 00 , s — > 0. 



By the compactness of C 9 — Cfy, it is bounded. It follows from Lemma 2.1, Lemma 2.2 and 
lemma 2.5 that C 9 — C ( j >s is bounded. So 



\\C a v -C+J>\\{Cl-C+.)g v ^ B ~ 
1 



> 



2 a+1 



(\D*’ 9 {z n )\-\Di°{z n ) 



(1 — W{ z n )\ 2 ){l — \<Ps(z n )\ 2 ) 



2\a 



(1 - <p{ z n)<t>s( z n)) a+1 



(3.7) 



Letting n — > 00 and s — » 0, we have 



\\C°-Ct.\\> 



2“ +1 



> 0. 



(3.8) 
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For <p(z n ) = 0, suppose A 6 D, A / 0 and 

hx ( Z ) _ 2“+ 1 aA(l - \z) a ' 

Then h\ G B a and ||/ia||b“ < 1. If s ^ 0, then <f> s (z n ) — > s ^ 0. Choosing A 
have 



(3.9) 



<t> s (z n ), we 



II {C% - Ct.)h MlCn) ||b- > || {C% - C^ a )h Mzn) || B o 



> 



2 a+1 






- I &>(*«) | 

For r('0)\r(</?), Proposition 3.1 implies that Dfp{z n ) — >• 0. Letting n — * oo and s — * 0, 
we get 

||C«-C'*J >5>0. (3.10) 

It follows from (3.8) and (3.10) that the map s K y C ( j >a is not continuous at 0, which is a 
contradiction. So we complete the proof. □ 



Corollary 3.3. Let be two analytic self maps of the unit disk O, g, h G HfO). Suppose 
Cfp and C ^ are bounded but not compact on B° . If C 9 — C* is compact on B a , then C 9 and 
Cfy are in the same path component of B a . 
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THE GENERALIZED HYERS-ULAM STABILITY OF 
QUADRATIC FUNCTIONAL EQUATIONS ON RESTRICTED 

DOMAINS 

CHANG IL KIM AND CHANG HYEOB SHIN* 



Abstract. In this paper, we prove the generalized Hyers-Ulam stability for 
the functional equation 

f(ax + by) + abf{ x - y) = a(a + b)f{x) + b(a + b)f(y) 

for some real numbers a, b with 2a + b = 1 on a restricted domain using the 
fixed point theorem. 

Key words. Generalized Hyers-Ulam stability, Quadratic functional equation, 
Banach space, Restricted domains, Fixed point theorem 



1. Introduction 

In 1940, S. M. Ulam [15] proposed the following stability problem : 

“Let Gi be a group and G 2 a metric group with the metric d. Given a constant 
6 > 0, does there exist a constant c > 0 such that if a mapping / : Gi — > 
G 2 satisfies d(f(xy),f(x)f(y)) < c for all x,y € Gi, then there exists a unique 
homomorphism h : Gi — » G 2 with d(f(x ), h{x)) < 5 for all x € Gi?” 

In 1941, Hyers [7] answered this problem under the assumption that the groups are 
Banach spaces. Aoki [1] and Rassias [11] generalized the result of Hyers. Rassias 
[11] solved the generalized Hyers-Ulam stability of the functional inequality 

\\f(x+v)-m-m\\<<M p +\\v\\ p ) 

for some e > 0 and p with 0 < p < 1 and all x,y £ X , where / : X — > Y is 
a function between Banach spaces. A generalization of the Rassias theorem was 
obtained by Gavruta [6] by replacing the unbounded Cauchy difference by a general 
control function in the spirit of Rassis approach. 

The functional equation 

(1-1) f(x + y) + f(x-y) = 2f(x) + 2f(y) 

is called a quadratic functional equation and a solution of a quadratic functional 
equation is called quadratic. The generalized Hyers-Ulam stability problem for a 
quadratic functional equation was proved by Skof [13] for mappings / : X — > Y, 
where A is a normed space and Y is a Banach space. Cholewa [2] noticed that 
the theorem of Skof is still true if the relevant domain X is replaced by an Abelian 
group. Czerwik [3] proved the generalized Hyers-Ulam stability for a quadratic 
functional equation. 

2010 Mathematics Subject Classification. 39B52, 39B82. 
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Skof [14] was the first author to slove the Hyers-Ulam problem for additive 
mappings on a restricted domain and in 1998, Jung [8] investigated the Hyers- 
Ulam stability for additive and quadratic mappimgs on resticted domains. In 2002, 
Rassias [12] proved that if f : X — > Y satisfies the following inequality 

(1-2) II fix + y)+ fix - 2 /) - 2f{x) - 2f(y)\\ < 6 , 

then there exists a unique quadratic mapping which is approximately. Recently, 
Najati and Jung [9] showed that the functional equation 

(1.3) f(ax + by) + abf(x - y) = af(x ) + bf(y) 

is equivalent to (1.1) if a, b are non-zero real numbers with a+b = 1 and proved that 
the Hyers-Ulam stability for the functional equation (1.3) on a resticted domain if 
/ is even. Elhoucien and Youssef [5] showed the results in [9] by removing the 
Najati-Jung’s assumption that / is even. 

In this paper, we consider the functional equation 

(1.4) f[ax + by) + abf(x - y) = a(a + b)f(x) + b{a + b)f(y) 

for fixed non-zero real numbers a, b with 2a + 6 = 1, a ^ 1 and we prove the 
generalized Hyers-Ulam stability of it on a restricted domain. Throughout this 
paper, we assume that X is a norrned space and Y is a Banach space. 

2. Solutions of (1.4) 

Najati and Jung [9] showed that if an even mapping / : X — > Y satisfies (1.3), 
then / is quadratic and that if a,b are rational numbers, then / satisfies (1.3) if 
and only if / is quadratic. Elhoucien and Youssef [5] showed that if a mapping 
/ : X — ► Y satisfies (1.3), then / is additive-quadratic. In this section, we will 
show that if a mapping / : X — > Y satisfies (1.4), then / is quadratic. 

Theorem 2.1. Let f : X — > Y be a mapping satisfying (1-4)- Then f is a 
quadratic mapping. 

Proof. Letting x = y = 0 in (1.4), since 2a + b = 1, we have (a 2 + ab + b 2 — l)/(0) = 
3a(a — l)/(0) = 0. Since a ^ 0,1, /( 0) = 0. Letting y = 0 in (1.4), we have 

(2.1) f(ax) = a 2 f(x) 
for all x £ X. Letting x = 0 in (1.4), we have 

(2.2) f(by) = b(a + b)f(y) — abf(—y) 

for all y G X. Let / G (x) = _ qq ien j o satisfies (1.4), (2.1) and (2.2) and 

hence by (2.2), we have 

(2.3) fo(bx) = bf 0 (x) 
for all x £ X. By (1.4), we have 

(2.4) f 0 {ax + by) + f 0 {ax - by) = 2 a(a + b)f a (x) - ab[f 0 {x + y) + f a { x - y)] 
for all x,y £ X. Letting y = ay in (2.4), by (2.1), we have 

(2.5) a[f 0 (x + by) + f 0 (x - by)] = 2 (a + b)f a (x) - b[f Q (x + ay) + f Q (x - ay)] 
for all x,y £ X and letting x = bx in (2.5), by (2.3), we have 

(2.6) f 0 {bx + ay) + f a {bx - ay) = 2 (a + b)f a (x) - a[f Q (x + y) + f Q {x - y)\ 
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for all x,y € X. Interchanging x and y in (1.4), we have 

(2.7) f 0 (bx + ay) + f a (bx - ay) = 2 b(a + b)f a {x) + ab[f 0 (x + y) + f 0 {x - y)] 
for all x, y € X . By (2.6) and (2.7), since a{a + b) 0, we have 

fo{x + y) + f 0 (x -y)- 2f 0 (x) = 0 

for all x,y £ X and hence f a is additive. By (2.1), we have a 2 f 0 (x) = af 0 (x) and 
since a ^ 0,1, fo(x) = 0 for all x € X. 

Let f e (x) = _ Then f e : X — > Y is an even mapping satisfying (1.4) 

and so f e satisfies (2.1) and (2.2). Replacing x and y by 2a; and x + y in (1.4), we 
have 

(2.8) f e (x + by) + abf e (x - y) - a(a + b)f e (2x) - b{a + b)f e ( x + y) = 0 
for all x, y € X . Since a(a + b) 0 and f e is even, by (2.8), we have 

(2.9) f e (2x) = 4/ e (a;), f e (bx) = b 2 f(x) 
for all x € X. Letting x = bx in (2.8), by (2.9), we have 

(2.10) bf e ( x + y) + af e (bx - y) - 4o6(a + b)f e { x) - (a + b)f e {bx + y) = 0 
for all x,y € X. Interchanging x and y in (2.10), we have 

(2.11) bf e ( x + y) + af e (x - by) - 4a6(a + b)f e (y) - (a + b)f e (x + by) = 0 
for all x,y € X. Letting y = —y in (2.8), we have 

(2.12) f e (x - by) + abf e (x + y) - 4a(a + b)f e (x) - b{a + b)f e {x - y) = 0 

for all x,y € X. Since 6(1 — 2a 2 — 2ab — b 2 ) = 2ab(a + 6), by (2.8), (2.11), and 

(2.12) , we have 

fe{x + y) + f e {x - y) = 2 f e (x) + 2 f e (y) 

for all x, y £ X and so f e is quadraric. Since / = / Q + / e = / e , / is quadratic. □ 

Corollary 2.2. Let f : X — > Y be a mapping. If a,b are I'ational numbers, then 
f is quadratic if and only if f satisfies (1-4)- 

3. Stability of (1.4) 

In this section, we investigate the generalized Hyers-Ulam stability of (1.4) on 
a restricted domain. Jung [8] proved the Hyers-Ulam stability for additive and 
quadratic mappings on a resticted domain and Najati and Jung [9] proved the 
Hyers-Ulam syability of (1.3) on a resticted domain if / is an even mapping. Rahirni, 
Najati and Bae [10] investigated the generalized Hyers-Ulam syability of (1.1) with 
the bounded function S + e(||a;|| 2p + ||y|| 2p ) + ^||a;|| p ||2/|| p on a resticted domain. 

Theorem 3.1. Let <fi : X 2 — ► [0, oo) be a mapping and M a non-negative real 
number. Let f : X — > Y be a mapping with /( 0) = 0. Suppose that f satisfies the 
following inequality 

(3.1) || f(ax + by) + abf(x - y) - a(a + b)f(x) - b(a + b)f{y)\\ <6 + <j>{x, y) 

for all x,y £ X with ||a:|| + ||y|| > M and for some non-negative real number 6. 
Then we have 

(3.2) ||/(2x) - 4/ (cc) || < $(z, y) 
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for all x, y £ X with |jy|| > M, where 

®{x, y ) = {4>{2x - 2 by, x+(l- b)y ) + <j>{2x - 2 by, x - (1 + b)y) 

+ </>( 2x + 2 by, x + (1 + b)y) + <j>{ 2x + 2 by, x — (1 — b)y) 

+ |6|[0(2a; + 2 y, x + 2 y) + <f>(2x + 2 y, x) + <p(2x — 2 y, x) + </>( 2x — 2 y, x — 2 y)\ 

+ (f>(2x, x + 2 y) + 4>(2x, x — 2 y) + 4(|6| + 2)<5} x |2 a(a + 6)| _1 . 

Proof. Let x,y € X with ||a;|| + ||y|| > M. Then ||2a;|| + ||a; + y|| > ||a;|| + ||y|| > M. 
Hence by (3.1), we have 



(3.3) 



||/( 2 ! + by) + abf(x - y) - a(a + b)f{ 2x) - b(a + b)f{ x + ; 
< 6 + <f>{ 2x, x + y) 



and letting y = — y in (3.3), we have 

II fix - by) + abf (x + y) - a{a + b)f( 2x) - b(a + b)f( x - y)|| 

< <5 + <f>(2x, x — y). 

By (3.3) and (3.4), we have 

||/( 2 ! + by) - f(x - by) + bf{ x - y) - bf(x + y ) || 

<28 + <t>( 2x, x T y) + <p(2x, x — y). 

P|| 2 /|| > M and \\x + by\\ + \\y\\ > M, 



(3.5) 



Let x,y G X with ||i/|| > M. Since || 2 ! — i 
by (3.5), we have 



(3.6) 



II fix) - /( x - 2 by) + bf{ x - (1 + b)y) - bf(x + (1 - b)y) || 
< 25 + 4>{2x — 2 by, x + (1 — b)y) + <f>( 2x — 2by, x — (1 + b)y) 



and 

(3.7) 



||/( 2 ; + 2 by) - f{x) + bf{ x - (1 - b)y) - bf( x + (1 + 6)y)|| 

< 25 + 4>{2x + 2 by, x + (1 + b)y) + (f>{2x + 2 by, 2 : — (1 — b)y). 

Since || 2 ! + y\\ + ||j/|| > M and ||x — y\\ + || — y\\ > M, by (3.5), we have 

||/( 2 i + (1 + b)y) - /( x + (1 - b)y) + bf( x) - bf{ x + 2y)\\ 

< 25 + 4>(2x + 2 y, x + 2 y) + f>(2x + 2 y, x) 



(3.8) 
and 

(3.9) 
Since || 2 ! 

(3.10) 
and 

(3.11) 



||/( 2 i - (1 + b)y) - /( x - (1 - b)y) + bf( x) - bf(x - 2y)|| 

< 25 + 4>(2x — 2 y, x) + 4>{2x — 2 y, x — 2 y). 

f ||2y|| > M, by (3.3) and (3.4), we have 

||/( 2 ; + 2 by) + abf(x - 2 y) - a(a + b)f{ 2x) - b(a + b)f{ x + 2y)\\ 

< 5 + <j>{ 2x, x + 2 y). 

||/( 2 ; - 2 by) + abf(x + 2 y) - 0(0 + b)f{ 2x) - b(a + b)f(x - 2y)|| 

< 6 + 4>(2x, x — 2 y). 
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Note that 

2 a(a + b)[f( 2x) - 4/(x)] 

= - f(x - 2 by) + bf[x - (1 + b)y) - bf{x + (1 - b)y)\ 

+ [f(x + 2by) - f(x) + bf(x - (1 - b)y) - bf{x + (1 + b)y)] 

(3.12) + b[f(x + (1 + b)y) - /( x + (1 - b)y) + bf(x) - bf(x + 2 y)] 

+ b lf( x - (! + b)y) - f(x - (1 - b)y) + bf{x) - bf{x - 2y)\ 

- [f(x + 2 by) + abf(x - 2y) - a(a + b)f{ 2x) - b{a + b)f{x + 2y)\ 

- [f(x - 2 by) + abf(x + 2 y) - a(a + b)f{ 2x) - b{a + b)f{x - 2 y)\ 

for all x,y € X with ||y|| > M. By (3.6), (3.7), (3.8), (3.9), (3.10), (3.11), we have 
(3.2). □ 

We apply the fixed point method to investigate the generalized Hyers-Ulam 
stability for the functional equation (1.4). 

Definition 3.2. Let X be a set. A function d : X x X — > [0, oo] is called a 
generalized metric on X if d satisfies 

(i) d(x, y) = 0 if and only if x = y, 

(ii) d(x,y) = d(y,x) for all x,y £ X, and 

(iii) d(x, z ) < d(x, y) + d(y, z) for all x,y,z € X. 

Now, we consider the following fixed point theorem : 

Theorem 3.3. [4] Let (X, d) be a complete generalized metric space and J : X — > 
X a strictly contractive mapping with a Lipschitz constant L with 0 < L < 1 . Then 
for each element x £ X, either 

(3.13) d{J n x, J n+1 x) = oo 

for all nonnegative integers n or there is a nonnegative integer k such that 

(1) d(J n x, J n+1 x ) < oo for all n> k, 

(2) a sequence { J n x } converges to a fixed point y* of J, 

(3) y* is the unique fixed point of J in the set Y = {y £ X | d(J k x , y) < oo}, 
and 

(4) d(y, y*) < Y^pd{y, Jy) for all y £Y. 

Now, we will prove the stability of (1.4) on a restrcted domain. 

Theorem 3.4. Let (j) : X 2 — > [0, oo) be a function such that 

(3.14) f)(2x, 2 y) < L<j>{x, y) 

for all x,y £ X for some positive real number L with L < 1. Let f : X — > Y be 
a mapping with (3.1). Then there exists a unique quadratic mapping Q : X — > Y 
such that f satisfies (1-4) and 

(3-15) ||Q(x) - f{x) || < 4(1 X _ L ^ {x,y) 

for all x £ X and y £ X with ||y|| > M. 

Proof. By Theorem 3.1, the following inequality 
(3.16) \\fi x ) — 2~ 2 f(2x)\\ < 2~ 2 <&{x,y) 

holds for all x,y £ X with ||y|| > M. 
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Let = {g : X — > Y | g(0) = 0}. Define a generalized metric d on O by 
d(g,h) = inf{C G [0, oo) | \\g(x) - h(x ) || < C®(x,y),Vx,y G X with ||y|| > M}. 
We claim that (f l,d) is a complete metric space. Let {g n } be a Cauchy sequence 
in (f l,d) and e > 0. Then there is a positive integer k such that d(g n ,g m ) < e for 
all n,m > k. Pick y 0 G X with \\y 0 \\ > M and let x G X. Since || g n {x) — g m {x) || < 
e$(a:,2/o) for all n,m > k, {g n (x)} is a Cauchy sequence in Y and hence we can 

define a mapping g : X — ► Y by g(x) = lim„ >Qog n {x)- Clearly, g £ Q and 

lim„ >00 g n = g. Thus (O, d) is a complete metric space. 

Define a map J : — > Q by Jh(x ) = \h(2x) for all x G X. Let g,h G fb 

Suppose that C is a positive real number such that 

lls(s) - Hx)\\ < C<f>{x,y) 

for all x,y G X with ||y|| > M. By (3.14), we have 

II Jg(x) - Jh(x ) || = ^\\g{2x) - h(2x)\\ < |C$(2a;, 2y) < -j- CL<f>(x,y ) 
for all x,y G X with ||y|| > M and hence we have 

d(Jg,Jh ) < jd(g,h) 

for all g,h G Cl. Since 0 < L < 4, J is a strictly contractive mapping and by (3.16), 
we have 

By Theorem 3.3, { J”/} converges to the unique fixed element Q of J in Y = {h G 
| d(f,h) < oo} and (3.15) holds. Further, we have 

Q(x) = lim J” f(x) = lim 2~ 2n f(2 n x) 

n — >-oo n — >-oo 

for all x G X and we have (3.15). Moreover, Q(0) = 0, because /( 0) = 0. 

Now, we claim that Q satisafies (1.4). First, suppose that i / 0 or y / 0. 
Replacing x and y by 2 n x and 2 n y in (3.1), respectively and deviding both sides of 
(3.1) by 2 2n , we have 

l|2 _2 ”/(2”(aa; + by)) + 2~ 2n abf(2 n (x - y)) 

- o(o + b)2~ 2n f(2 n x) - b(a + b)2~ 2n f(2 n y)\\ < ± [L n <j>{x, y) + 5] 

for all x,y G X and sufficiently large positive integer n. Letting n — > oo in (3.17), 
Q satisfies (1.4). Clealy, if x = 0 and y — 0, then Q satisfies (1.4). By Theorem 
2.1, Q is quadratic. 

Assume that Q\ : X — ► Y is another quadratic mapping satisfying (1.4) and 
(3.15). Then we have 

\\Qi{x) - f(x ) || < — L ^ {x,y) 

for all x G X and y G X with \\y\\ > M and so 

d(Ql,/) - 4(T^L) <0 °- 

By (3) of Theorem 3.3, Q = Q±. □ 

Skof [13] (Jung [8], resp.) proved an asymptotic property of aditive (quadratic, 
resp.) mappings. We consider such property for (1.4). 
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Corollary 3.5. A mapping f : X — > Y satisfies (1-4) if and only if the asymptotic 
condition 

\\f(ax + by) + abf(x — y) — a(a + b)f(x) — b(a + b)f(y)\\ — > 0 as ||x|| + ||y || — > oo 
holds. 

Acknowledgements 

The first author was supported by the research fund of Dankook University in 
2014. 

References 

[1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan 
2, 64-66(1950). 

[2] P. W. Cholewa, Remarks on the stability of functional equations, Aequationes Math. 27, 
76-86(1984). 

[3] S. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh. Math. Sem. 
Univ. Hamburg. 62, 59-64(1992). 

[4] J. Diaz and B. Margolis, A fixed point theorem of the alternative for contractions on a 
generalized complete metric space, Bull. Amer. Math. Soc. 74, 305-309(1968). 

[5] E. Elhoucien and M. Youssef, On the Paper by A. Najati and S.-M. Jung: The Hyers-Ulam 
Stability of Approximately Quadratic, Journal of Nonlinear Analysis and application 2012, 
1 - 10 ( 2012 ). 

[6] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive 
mappings, J. Math. Anal. Appl. 18,4 431-436(1994). 

[7] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 
27, 222-224(1941). 

[8] S.-M. Jung, On the Hyers-Ulam stability of the functional equations that have the quadratic 
property, J. Math. Anal. Appl. 222, 126-137(1998). 

[9] A. Najati and S. M. Jung, Approximately quadratic mappings on restricted domains, J. Ineq. 
Appl. 2010, 1-10(2010). http://dx.doi.org/10.1155/2010/503458. 

[10] A. Rahimi, A. Najati, and J. H. Bae, On the Asymptoticity Aspect of Hyers-Ulam stability 
of quadratic mappings, J. Ineq. Appl. 2010, 1-14(2010). 

[11] Th. M. Rassias, On the stability of linear mapping in Banach spaces, Proc. Amer. Math. Soc. 
72, 297-300(1978). 

[12] J. M. Rassias, On the Ulam stability of mixed type mappings on restricted domains, J. Math. 
Anal. Appl. 276, 747-762(2002). 

[13] F. Skof, Proprieta locali e approssimazione di operatori, Rend. Sem. Mat. Fis. Milano 53, 
113-129(1983). 

[14] F. Skof, Suir approssinazione delle applicazioni localmente J-additive, Atti Accad. Sc. Torino 
117, 377-389(1983). 

[15] S. M. Ulam, A Collection of Mathematical Problems , Interscience Publ. New York, 1961. 
Problems in Modern Mathematics, Wiley, New York, 1964. 

Department of Mathematics Education, Dankook University, Yongin 448-701, Korea 
E-mail address: kci206@hanmail.net 

Department of Mathematics, Soongsil University, Seoul 156-743, Korea 
E-mail address: seashin@hanmail.net 



71 



CHANG IL KIM et al 65-71 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



Hesitant fuzzy soft set and its lattice structures 
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Abstract: Hesitant fuzzy set and soft set were introduced by Torra and Molodtsov, respectively. 
The two sets have been used successfully as effective mathematical tools for dealing with vagueness 
and uncertainties. By combining hesitant fuzzy set and soft set, in this paper, we propose a new 
model named hesitant fuzzy soft set, which can be regarded as an extension of many models, such 
as hesitant fuzzy set, soft set, fuzzy soft set, interval- valued fuzzy soft set and multi- fuzzy soft 
set. Some basic operations of hesitant fuzzy soft set are defined and some desirable properties of 
those operations are investigated. Furthermore, the lattice structures of hesitant fuzzy soft set are 
discussed. 

Keywords: Hesitant fuzzy set; soft set; fuzzy soft set; hesitant fuzzy soft set; lattice 

1 Introduction 

Soft set was firstly proposed by Molodtsov [1], it is a new mathematical tool for modeling 
vagueness and uncertainty. Since its appearance, soft set theory has attracted more and more 
attention from many researchers and many important results on soft set have been achieved in 
theory and application. Maji and Biswas et al. [2] defined some basic operations. Ali et al. [3, 4] 
gave some new operations on soft sets and studied some algebraic structures of soft sets. Yang and 
Guo [5] introduced some kernels and closures of soft set relations. Many authors applied soft sets 
to some algebraic structures such as groups, rings, fields and modules [6-8]. The applications of 
soft set in decision making and other areas could be found in [9-12]. 

At the same time, in order to extend the application ranges of soft set, fuzzy extension of soft 
set theory has become a hot research topic. Maji et al. [13] introduced the notions of fuzzy soft set. 
Jiang et al. [14] and Majumdar and Samanta [15] further generalized fuzzy soft set to intuitionistic 
fuzzy soft set and generalised fuzzy soft set, respectively. Yang et al. [16] proposed the concept of 
interval- valued fuzzy soft set by combining the interval- valued fuzzy set and soft set. Some other 
generalized models of soft set could be seen in [17-19] 

Recently, Torra [20] introduced hesitant fuzzy set which is a new extension of fuzzy set. It 
permits the membership degree of an element to a set to be represented as some possible values 
between 0 and 1. Presently, work on hesitant fuzzy set is making progress rapidly and lots of results 
on hesitant fuzzy set have been obtained [21-25]. The main goal of this paper is to combine the 
hesitant fuzzy set and soft set and obtain a new hybrid model named hesitant fuzzy soft set. It can 
be viewed as a hesitant fuzzy extension of the soft set or a generalization of the hesitant fuzzy set. 

The rest of this paper is structured as follows. The following section briefly reviews some basic 
notions of soft set, fuzzy soft set and hesitant fuzzy set. Two new operations on hesitant fuzzy 
element are defined, and some of their properties are investigated. In Section 3, the concept of 
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E-mail address: zhouxiaoqiang0923@163.com, liqingguoli@aliyun.com. Mailing address: College of Mathematics, 
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hesitant fuzzy soft set is first proposed by combining hesitant fuzzy set and soft set. Some operations 
on hesitant fuzzy soft set are given and some of their properties are studied. In Section 4, we discuss 
the lattice structures of hesitant fuzzy soft set. The conclusion is finally reached in Section 5. 

2 Preliminary 

Let U be an initial universe of objects and E the set of parameters in relation to objects in 
U . Parameters are often attributes, characteristics, or properties of objects. Let P(U) denote the 
power set of U and ACE. Molodtsov [1] first gave the definition of soft set as follows. 

Definition 2.1. [1] A pair ( F,A ) is called a soft set over U , where ACE and F is a set valued 

mapping given by F : A — >• P(U). 

Maji [13] introduced fuzzy soft set which is an fuzzy extension of soft set. 

Definition 2.2. [13] Let V(U) be the set of all fuzzy subsets of U. A pair (J 7 , A) is called a fuzzy 
soft set over U, where J 7 is a set valued mapping given by F : A — >• V{U). 

As a generalization form of fuzzy set, hesitant fuzzy set ( HFS ) was first introduced by Torra [20] 
as follows. 

Definition 2.3. [20] Let A be a reference set, an HFS on X is in terms of a function that when 
applied to X returns a subset of [0, 1], which can be represented as H = j hli \x €E A j, where 
hn(x) is a set of some values in [0,1], denoting the possible membership degrees of the element 
x € A to the set H. 

For convenience, Xu and Xia [21,22] called hn(x) an hesitant fuzzy element (FIFE) with respect 
to x of H . It is worth noting that the number of values of different HFEs may be different, in 
this paper, let l(hu(x)) denote the number of values of Iih(x). We arrange the values of Hh(x) in 
increasing order, and let h^\x) be the jth largest value of hn( x). 

Definition 2.4. [20] Let H = j h ' H ^ \x € xj be an HFS. Then 

(1) H is said to be an empty hesitant set, denoted by 4?, if hu(x) = 0 for all x € A; 

(2) H is said to be a full hesitant set, denoted by X, if hn(x) = 1 for all x € A; 

(3) H is said to be a complete ignorance set, denoted by VV, if hn(x) = [0, 1] for all x € A. 

Definition 2.5. [20] Let A > 0, h, hi and h 2 be three HFEs , some operations on them are given 
as follows: 

(1) hi U h 2 = U 7ie / Ui72e / l2 {?nax(7i, 72)}; 

(2) hi nh 2 = U 7l efc li726 ft 2 {mm(7i,7 2 )}; 

(3) h c = U 7S/1 {1 - 7}. 

We further define the strict union and the strict intersection for HFEs hi and h 2 , which will 
be useful in the sequel. 

Definition 2.6. Let hi and h 2 be two HFEs, h~ = mm{ 7 j| 7 i € hi] and hf = max{ji\ji € 
hi](i = 1,2). The strict union and the strict intersection of hi and I 12 are defined as follows: 

(1) hi U h 2 = U 7ie / li!i= i )2 {7i|7i > min(hf , h^ ) or 71 = 72}; 

(2) hi n h 2 = U 7ie / li! j = i ) 2{7i|7i < max(hf , hf) or 71 = 72}; 

For example, let h\ = {0.2, 0.3, 0.6, 0.8} and h 2 = {0.4, 0.5, 0.8, 0.9}, then hi U h 2 = {0.8, 0.9} 
{0.4, 0.5, 0.6, 0.8, 0.9} = hi U h 2 , hi n h 2 = {0.2, 0.3} {0.2, 0.3, 0.4, 0.5, 0.6, 0.8} = h\ n h 2 . 

In fact, all the above operations on HFEs can be suitable for HFSs. Some relationships can 
be further established for these operations on HFEs. 
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Theorem 2 . 7 . For three HFEs h,h\ and h 2 , the following is valid: 

(1) hi U h\ = (hi n h 2 ) c ; 

(2) h\ n h c 2 = (hi u h 2 ) c . 

Proof. ( 1 ) Since h\ n h 2 = U 7 ^;,i=i,2{7j|7* < max(hf,h 2 ) or 71 = 72}, then 
(hi n h 2 ) c = U li&hi) i = i, 2 {l - 7i|7i < max(hf,h 2 ) or 71 = 72} 

Since /if = U 7ie /u{l — 71} and h 2 = U 72e /j 2 {l — 72}, then 
h\Uh c 2 = {U 7ieftl {l - 71}} U {U 72eh2 {l - 72}} 

= U 7 ie ^ j)i= i j2 {l - 7*1 1 - 7 » < min(l - /if, 1 - h 2 ) or 1 - 71 = 1 - 72} 

= [J liehui=12 {l - 7j|7j < 1 - min( 1 ~ K , 1 - h 2 ) or 71 = 72} 

= U 7ie h i; j = i )2 {l - 7 * 17 * < max(hf , /if) or 71 = 72} 

□ 



Theorem 2 . 8 . For three HFEs h\,h 2 and h 3 , the following is valid: 

( 1 ) (hi U h 2 ) U /i 3 = hi U (h 2 U h 3 ); 

(2) (hi n h 2 ) n /i 3 = hi n (h 2 n /i 3 ); 

( 3 ) hi U (h 2 n h 3 ) = (hi U h 2 ) n (hi U h 3 ); 

( 4 ) hi n (h 2 U h 3 ) = (hi n h 2 ) U (hi n h 3 ). 

Proof. ( 2 ) and ( 4 ) are similar to ( 1 ) and ( 3 ), respectively, so we only prove ( 1 ) and ( 3 ). 

( 1 ) Since (hi U h 2 ) = U liehiti= i } 2 {max('yi,j 2 )}, then 

(hi U h 2 ) U h 3 = {U 7i6 fc iii= i j2 {maa;(7i,72)}} U h 3 

= \J liehi ,i=i,2fl{max(max(^i, 72 ), 73 )} 

= U 7ie/liii= i,2,3{max(7i,72,7 3 )} 

= (J liehui=lt 2, 3 {max('yi,max('i2, 73 ))} 

= hi U (h 2 U h 3 ). 

( 3 ) Since (h 2 n h 3 ) = U^ iGhui= 2 t 3 {min('y 2 ,'y 3 )}, then 

hi U (h 2 fl h 3 ) = hiU {U 7i e/i ji j=2, 3 {m*n(72) 73)}} 

= U 7ie/l< ,1=1,2, 3{?nax(7i, mm(72, 73))} 

= U 7i6 ^,i =1 , 2 ,3{™n(maa;(7i,72),max(72,73))} 

= {U 7i€fti , i =i, 2 {mox(7 1 ,T^)}} n {U 7iehj ,i =1 , 3 {max(7 1 ,73)}} 

= (hi U hi) n (hi U h 3 ) 

□ 



Theorem 2 . 9 . For three HFEs hi,h 2 and h 3 , the following is valid: 

(1) (hi n hi) nh 3 = hi n (h 2 n h 3 ); 

( 2 ) (hi U h 2 ) U h 3 = hi U (h 2 U h 3 ); 

( 3 ) (hiUh 2 )nhi = hi; 

( 4 ) (hi nh 2 )U hi = hi. 

Proof. ( 2 ) and ( 4 ) are similar to ( 1 ) and ( 3 ), respectively, so we only prove ( 1 ) and ( 3 ). 

( 1 ) Since hi n h 2 = U 7ie / li ,i = i, 2 {7i|7i < max(hf,h 2 ) or 71 = 72}, then 

(hi n h 2 ) n h 3 = {U 7ie / li ,i=i, 2 {7i|7i < max(hf , h 2 ) or 71 = 72}} n h 3 

= U 7i g/ii,i=i, 2 , 3 { 7 i| 7 i < max(max(hf ,h 2 ),hj) or 7l = 72 = 73} 
= U liehui= i ) 2 , 3 {max(hf , hf , hy) or 7l = 72 = 73} 

= U 7ie / li ,i=i,2, 3 {7i|7i < max(hf , max(h 2 , hff )) or 7l = 72 = 73} 
= hi n {U 7ie / li , i= 2,3{7il7i < max(h 2 ,h J) or 72 = 73}} 

= hi n ( h 2 n h 3 ). 
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( 3 ) Since hi U h 2 = U 7i g fei) j = i j2 { 7 i| 7 i > min(hf,h%) or 71 = 72}, 

i) If hf < h~2 , then min(hf, h^) = hf . It follows that hiUh 2 = U 7i g/ li7= i j2 {72|72 > hf or 72 = 71}. 
By Definition 2.6, we have (hi U h 2 ) n h\ = h \ . 

ii) If hi > h~2i then h^) = h%. It follows that h\Uh 2 = LL^g/^ ^=1,2(71 171 > or 71 = 72}. 

By Definition 2.6, we have (hi U h 2 ) n h\ = h\. 

□ 



3 Hesitant fuzzy soft set 



In this section, we present an extended soft set model which is called hesitant fuzzy soft set 
by combining the hesitant fuzzy set and soft set. Some operations and their properties on hesitant 
fuzzy soft set will also be discussed. 

Definition 3.1. Let HF(U ) be the class of all HFSs of the universe U , A C E . A pair ( F,A ) is 
called a hesitant fuzzy soft set (HFSS), where F : A — >• HF(U) is a mapping. 



In other words, a hesitant fuzzy soft set over U is a parameterized family of hesitant fuzzy set 
of the universe U. To illustrate this idea, let us consider the following example. 



Example 3.2. Let U = {ui,u 2 ,u 3 } be a set of mobile telephones and A = {ei,e 2 ,e3} C E be 
a set of parameters. The e * (i = 1,2,3) stands for the parameters “expensive”, “beautiful” and 
“ multifunctional ”, respectively. Let F : A — »• HF(U) be a function given as follows: 



F(e 1) 



F(e 2 ) 



F(e 3) 



0 

to 

0 

O 

^QO 


0 

QJI 

O 

^QO 


O 

O 

O 

O 

bo 


U\ 


U 2 


«3 


0 

c° 

0 

01 
0 


{0.4, 0.6, C 


0 

01 
0 


U\ 


U ‘2 


U 3 


0 

01 
0 
Jx 

ho 


0 

01 
0 

^QO 


0 

01 
O 
O 
O 
O 


U\ 


u 2 


u 3 



Then (F, A) is a hesitant fuzzy soft set. 



Remark 3.3. (1) If A has only an element, i.e. A = {e}, then hesitant fuzzy soft set becomes 
hesitant fuzzy set [20]; 

(2) If hp^ ( u ) has only one value for all e € A and u £ U, then hesitant fuzzy soft set degenerates 
to traditional fuzzy soft set [13]; 

(3) If hp^(u) is a subinterval of [0, 1] for all e € A and u € U, then hesitant fuzzy soft set reduces 
to interval- valued fuzzy soft set [17]; 

(4) For all e € A, if hp^(u) has the same number of values with respect to u € U, then hesitant 
fuzzy soft set transforms to multi-fuzzy soft set [19]. 

Definition 3.4. The complement of an HFSS ( F,A ) is denoted by (F,A) C and is defined by 
(F,A) C = (F C ,A), where F c : A — >• HF(U) is a mapping given by F c (e) = 
where hp C{e) (u ) = U 7ehjl(e) („){l “ 7>- 

Example 3.5. (continued) The complement of (F,A) is following as: 



^^\u€U 



F c (e 1) 



F c (e 2 ) 



F c (e 3 ) 



{0.2,0.3,0.8} 


O 

to 

0 


P 

to 

0 

0 


U\ 


u 2 


U 3 


{0.3,0.5,0.7} 


{0.1, 0.4, C 


1.6} {0.3, 0.5} 


U\ 


u 2 


u 3 


{0.2, 0.5} {0.: 


2, 0.5, 0.7} 


{0.1, 0.4, 0.5} 


Ul 


u 2 


u 3 
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Definition 3.6. Let ( F,A ) be an HFSS over U. Then 

(1) ( F , A) is said to be an empty hesitant soft set, denoted by &a, if hp( e )(u) = 0 for all u £ U and 
e £ Ai 

(2) ( F,A ) is said to be a full hesitant soft set, denoted by Fa, if hpr e )(u) = 1 for all u £ U and 

e £ Ay _ 

(3) (F, A) is said to be a complete hesitant soft set, denoted by YD a, if h‘F(e)( u ) = [0) 1] f or allu £ U 
and e £ A. 



Proposition 3.7. Let ACE. Then 

( 1 ) f A =I A ; 

( 2 ) T\ = 

(3) W C A = W A - 



Definition 3.8. Let ( F , A) and ( G , B) be two HFSSs over U and A, B C E. We define a mapping 
H : AU B -A HF(U ) such that for all e £ Au B / 0, 



Hie) 



’Fie), if e £ A — B, 
< G(e), if e £ B — A, 
H(e), if e £ Ad B. 



(1) If H(e) = F(e)UG(e), then (H,AUB) is called the extended union of (F,A) and (G,B), 
denoted by (F,j4)U(G, B). 

(2) If H{e) = F(e)flG(e), then (H,AuB) is called the extended intersection of (F,A) and ( G,B ), 
denoted by {F ,^A)C\{G^B) . 

(3) If H(e) = F(e)UG(e), then (H,AuB) is called the extended- strict union of (F,A ) and (G,B), 
denoted^ by [F ,A)U{G :l B) . 

(4) If H(e) = F(e) n G(e), then ( H,A U B) is called the extended- strict intersection of ( F,A ) and 
( G,B ), denoted by (F,A)r\(G,B).~ 

_ If AC B = 0, then (. F,A)\J(G,B ) = 4> 0 , (F,A)n(G,B) = $ 0 , {F,A)U(G,B) = 4> 0 and 
(F,A)n(G,B) = fy. 

Definition 3.9. Let ( F , A) and (G, B) be two HFSSs over U and A, B C E. We define a mapping 
H : in B — >• HF{U) juch that for all e £ An B / 0, 

(1) If H(e) = F(e)UG(e), then (H,AnB) is called the strict union of{F,A ) and (G,B), denoted 
by(F,A)®(G,B). 

(2) If H(e) = F(e) FG(e) , then (H,AnB) is called the strict intersection of(F,A ) and (G,B), 
denote<fby {F , A)tiH(G ,Ji) . 

(3) If H(e) = Fie) UG{e), then ( H,AnB ) is called the strict-strict union of (F,A) and (G,B), 
denotedjoy [F, H)ttl(G, B). 

(4) If Hie] = Fie) n Gie), then (H,A n B) is called the strict-strict intersection of ( F.A ) and 
(G,B), denoted by (F,A)fi(G,B). _ 

_ If A. If B = 0^ then (F, A) IJJJ (G, B) = $ 0 , (F, A) ffii (G, B) = 4> 0 , (F , A)&{G, B) = $ 0 and 
{F,A)fi\{G,B) = %. 

Proposition 3.10. Let ACE, ( F,A ) be an HFSS over ( U,E ), 6\ £ {lfil,R}, 02 £ {n,n}, 
03 £ £ltU, 1+1} and 04 € jU, U}. Then 

(1) (F,A) 0i T E = ( F,A ) 0 2 T A = (F, A); 

(2) (F, A) 0 3 1 E = (F, A) 0 4 Ta = Ia\ 

(3) (F, A) 0! $ E = ( F,A ) 0 2 $ E = 

(4) (F, A) 0 3 $ E = ( F,A ) 0 4 J» a = {F,A)- 

(5) (F,A) 0i $0 = ( F,A ) 0 3 $0 = $ 0 ; 

(6) (F,A) 0 2 $0 = (F,A) 0 4 4*0 = (F, A). 
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Theorem 3.11. Let a € {l±l, U, R, n, R, Ini, U, IUJ} B,C C E, ( F , A), (G, B ) and ( H , C) be HFSSs 
over ( U , E). Then the following holds: 

(1) (F,H) a (F,T) = (F,H); 

(2) (F, A) a (G, F) = (G, B) a (F, A); 

(3) (F,A) a (( G,B ) a ( H,C )) = ((F, A) a ( G,B )) a (F,G). 

Proof. (1) and (2) are trivial. We only prove (3). For example, let a = tfcl, the others can be proved 
analogously. 

Suppose that (F, H)0((G, F)0(F, C)) = (J±M) and IJ(F,A)&(G,B))&(H,C) = {K,N )^ thus 
M = N = AnBnC. If M = <t>, then (F, A) 0((G,F) 0(F,G)) = $</,= {(F, A) 0(G,F)) 0 (H, C). 
If M / cj), then by (2) in Theorem 2.9, we have hp^(u) U ( hQ( e \{u ) U h H ^{u)) = (hp( e )(u) U 
/i(5( e )(n)) U h H ^(u) for all e G M and u G U. It follows that F(e) U (G(e) UF(e)) = (F(e) U G(e)) U 
H(e) for all e G M. By the definition of the operation l+l, we have (F , A)h)((G , B)h)(H , C)) = 
((F,A)U(G,B))U(H,C). □ 

Remark 3.12. Theorem 3.11 shows that the operations R, Ini, U, UD, tfcl, U, R and n are idempotent, 
commutative and associative, respectively. 

Theorem 3.13. Let A, B C E , ( F,A ) and ( G,B ) be HFSSs over (■ U,E ). Then the following 
holds: 

(1) ((F,A)n(G,B)y = (F,H) C U(G,F) C ; 

(2) ((F,H)U(G,F)) C = (F,H) c n(G,F) c ; 

(3) ((F,H)R(G,F)) c = (F,H) C R(G,F) C ; 

(4) ((F,H)R(G,F)) c = (F,H) c R(G,F) c ; 

(5) ((F,AMG,B)Y = (F, H) C W(G, B) c ; 

(6) ((F,AMG,B)) C = (F,H) C R(G,F) C ; 

(7) (( F,A)n(G,B)) c = (F,H) C U(G,F) C ; 

(8) ((F,H)U(G,F)) C = (F,H) c R(G,F) c , 



Proof. We only prove (1). By using a similar technique, (2)-(8) can be proved, too. 

Suppose that (F, H)fl(G, B) = ( H , C). Then G = A U B, 

(*) if C = <j>, then A = <t> and B = <j>. Hence ((F, A)n(G, B)) c = $ 0 =(F, A) c n{G, B) c . 
( ii ) if C f, then for each e € C and u € t/, we have 






Then 






have 



h j {e) (u) = < 





if e € .A — B, 


^G(e) (f)’ 


if e £ B — A, 


n ^G(e)( U )’ 


if e € H R F. 




if e € T — F, 


^G c (e)(' U )’ 


if e € B — H, 


ihp(^){ u ) n h^ e ^{u)) c , 


. if e € T R B. 


= ( J, -D). Then D = AUB and for each 


h'F c (e)( U ^ t 


if e G T — F, 


^G c (e)( U )’ 


if e € B — A, 


^F c (e)( U ) U ^G c (e)(' U )’ 


if e G T R B. 



By Theorem 2.7, we have hp c{e) {u ) U hg c{e) (u) = Oj? (e) (V) n /tg (e) (u)) c , i.e., h J{e) (u) = hp c{e) {u) 
for all e € H and u € U. 

^Therefore, ( H,C ) and ( J,D ) are the same HFSSs. It follows that ((F, A)\~\(G, B)) c = 
(F,H) C U(G,F) C . □ 
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4 Lattice structures of hesitant fuzzy soft set 



In this section, we first recall briefly the necessary definitions and notations. For convenience, 
we give the following axioms on an algebra Q = (X, V, A): 

(1) iVi = i,iAi = i; 

(2) x\/y = y\/x,xAy = yAx', 

(3) (x V y) V z = x V (y V z), (x A y) A z = x A (y A z); 

(4) (x V y) A x = x, (x A y) V x = x; 

(5) x A (y V z) = (x A y) V (x A z), x V (y A z) = (x V y) A (x V z), 
where x, y, z € X. 

The algebra Q is called a quasilattice, if it satisfies the axioms (1),(2) and (3). If a quasilattice 
further satisfies the axiom (4), then it is called a lattice. If a quasilattice (or lattice ) further satisfies 
the axiom (5), then it is called a distributive quasilattice (or lattice ). 

For convenience, let &(U,E ) denote the set of all HFSSs over U, i.e., &(U,E ) = {(F, 4)|4 C 
E, F : A — fc HF(U)}. Then based on Theorem 3.11, we have the following property. 

Proposition 4.1. Let a G {D, fhi, (+1, n} and (3 G {U, HD, tfcl, U}, then (©(£/, F), a, (3) is a quasilattice. 

For the operations Ini and U, the distributive laws hold. 

Theorem 4.2. Let (F^A), (G, B), (. 77, C ') G 6(U,E). Then 

(1) ((F,A)to(G,B))U(H,C) = ((F,A)®(G,B))U((F,A)to(H,C)); 

(2) ((F,4)u(G,7?))ln)(77,C) = ((F,4)u(G,F))ln)((F,4)u(77,C)). 



Proof, we only prove (1). (2) can be proved by using a similar technique. Suppose that 
(F,A)m((G,B)U(H,C)) = ( J,M ) and ((F, 4)i(G, F))U((F, 4)i(F, C)) = ( K,N ). Then M = 
A n (B U C) = {A n B) U {A n C) = N.^For each e G M, it follows that e G 4 and e £ B U C. 

(i) if e G 4, e ^ B, e € C, then Jje) = P(e) D 77(e) = 7F(e). 

(if) if e G 4, e G B, e C, then J(e) = F(e) fl G(e) = K(e). 

(Hi) if e G 4, e G B, e G (7, then by (4) in Theorem 2.8, we have hp^(u) fl (hQ^(u) U hg^(u)) = 
(^F(e)( w ) ^ ^G(e)( w ) ^ (-^X e ) ^ ^H{e)( u )) f° r u E U . It follows that J(e) = F(e) fl (G(e) U 77(e)) = 
(F(e)nG(e)U(F(e)n(H,C)) = K(e). 

~Thus, ~(J, M) jmd (K,N) are the same HFSS , i.e., (F, 4)ffTi((G ? , 7?)U (77, C)) = 

((F,4)i(G,7?))u((F,4)i(77,C)). □ 

Corollary 4.3. (6(U, E), In), U) is a distributive quasilattice. 

The operations fl and LUJ have the similar properties with the operations Ini and U. 

Theorem 44. Let (F^A), (G, B), (77, C) G 6(U,E). Then 

( 1 ) ((F,A)n(G,B))®(H,C) = ((F,A)n(G,B))U((F,A)n(H,C)); 

( 2 ) ((F,4)iyj(G,77))fl(77,C) = ((F, 4)lSU(G, B))n((F, 4)lSU(77, C)). 

Corollary 4.5. (6(7/, E), In), U) is a distributive quasilattice. 



The following theorem shows that the absorption laws with respect to operations fl and tfcl hold. 



Theorem 4.6. Let (F^A), (G,B) G &(U,E). Then 

( 1 ) ((F,A)n(G,B))U(F,A) = (F,A); 

(2) ((F, 4)l+i(G, 7?))n(F, 4) = (F,A). 



Proof. We only prove (1) since (2) can be proved similarly. Suppose that (F, 4)n (G,B) = (J,M) 
and ((F, 4) n (G, B)) R (F, 4) = (K, N ). Then M = A U B, N = (4 U B) R 4 = 4, and for all 



e G 4 and u €. U, 

(i) if e(£B, then h J{e) (u) = hp {e) (u) and h R{e) (u) = h J(e) (u) n hp {e) 



( U ) — ^F(e) 



(«)• 
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(ii) if e G B, then h J{e) (u) = hp {e) (u) U /ig (e) (u) and h R{e) (u) = h J{e) (u) n hp {e) {u) = {hp {e) (u) U 
/l G(e)(“)) n h F(e)( u ^ B y ( 3 ) in Theorem 2.9, we have ( h^ e) {u ) U h^ e) (u)) n hp^{u) = hp^(u), 
i.e. h R[e) {u)~ = h P{e) (u). 

Thus (K , N ) = (F, A), i.e. ((F, A)n(G, F))0(F, A) = (F, A). □ 

Theorem 4.7. (6(U, E), PI, l+l) is a bounded lattice. 

Proof. By Theorem 3.11 and Theorem 4.6, we get that (©(G, F), n, l±J) is a lattice. It is clear that 
I e and are the maximum element and the minimum element in (©([/, F), respectively. □ 

Similar to n and l±), the operations U and FI have also the following properties. 

Theorem 4.8. Let (F^A), (G,B) G &(U,E). Then 

( 1 ) ((F,A)U(G,B))m(F,A) = (F,A); 

(2) ((F,A)f(G,F))u(F,A) = (F,A). 

Theorem 4.9. (©(£/, F), U, F) is a bounded lattice. 

Remark 4.10. It is worth noting that (©([/, F), U, n), (©(£/, E), l±), F) and (©(£/, F), a, (3) are not 
lattices, as the absorption laws do not hold necessarily, where a € {n, fhi} and j3 G {U, IUJ} . To 
illustrate this idea, we give an example below. 

Example 4.11. Let U = {u\ , u 2 , 113 } be the universe, E = {ei,e 2 ,es} the set of parameters, 
A = {ei,e 2 } and B = {e 2 ,e 3 }. The HFSSs ( F,A ) and ( G,B ) over U are given as: 



~ . f {0.2, 0.3, 0.7, 0.8} {0.5, 0.8} {0.4, 0.5, 0.6} 1 

T(ei) = { , , } , 

l u\ u 2 u 3 J 

p.s _ [ {0-3, 0.4, 0.7} {0.5, 0.7} {0.1, 0.2, 0.4, 0.7} } 

1 U\ u 2 u 3 j ’ 

f{0.5, 0.6} {0.4, 0.8, 0.9} {0.3, 0.5, 0.7, 0.8} } 

l Ui u 2 Us J 

. f {0.1, 0.3, 0.5} {0.5, 0.6, 0.8} {0.6, 0.9}} 

^(^3,) } 5 1 f * 

l Ui u 2 Us J 



(1) Let ((F,A) U (G,B))n(F,A) = ( J,M ), then M = A U B = {e 1 ,e 2 ,e 3 } + A. So ( J, M) + 
[F, A), i.e. ((F, A)U (G,B))n(F,A) ± (F, A). 

(2) Let ((F, A)W (G, F))F(F, A) = (K, N ), then N = A F B = {e 2 } + A, Therefore, (K, N ) / 
(F, A), i.e. ((F,A)0 (G,F))F(F,A) + (F, A). 

(3) If e 2 € A F B, then (^ (e2) («i) © fyg( e2 )(«i)) U ^ (e2) («i) = ({0.3, 0.4, 0.7} F 

{0.5, 0.6}) U {0.3, 0.4, 0.7} = {0.3, 0.4, 0.5, 0.6} U {0.3, 0.4, 0.7}^ = {0.3J1.4, 0.5, 0.6, 0.7} / 

{0.3, 0.4, 0.7} = hp^(ui). It follows that (F(e 2) F G(e2)) U F(e 2) / F(e 2). Consequently, 

((F, A) a (G, F)) (3 (F, A) 7^ (F, A), where a G {F, IfTl} and f 3 G {U, IUJ}. 



5 Conclusion 

Considering that soft set and its existing extension models cannot deal with the situations in 
which the evaluations of parameters have many possible values, in this paper, we have introduced 
the notion of HFSS as an new extension to the HFS or the soft set model. We have also defined 
some basic operations on the HFSS and discussed their properties. Finally, The lattice structures 
of HFSS have been studied in detail based on the proposed operations. 
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1. Introduction 

Let A be the class of functions / normalized by 

OO 

f{z) = z + ^a n z n ( 1 . 1 ) 

n = 2 

which are analytic in the open disk U = {z : z G C and \z\ < 1}. As usual, we denote by 
S the subclass of A consisting of functions which are normalized by /(0) = 0 = f'( 0) — 1 
and also univalent in HJ. Denote by T [16] the subclass of A consisting of functions of the 
form 

OO 

f(z) = z-^2 a n z n , a n >0, n = 2, 3, ... . (1.2) 

n = 2 
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Also, for functions / G A given by (1.1) and g G A given by g(z) = z + Y ^=2 b n z n , we 
define the Hadamard product (or convolution) of / and g by 

OO 



The class <S*(a) 



The class S* (a) 



(/ *g)(z) = z + ^2,a n b n z n , (zeUJ). 



n = 2 



of starlike functions of order a (0 < a < 1) may be dehned as 

'zf(zY 



S*(a) = <f eA: Si 



m 



> a, z G U > . 



and the class /C(a) of convex functions of order a (0 < a < 1) 
fC{ot) = j/ G A : Si (\ + > a, * e U 

— {/ £ •A '■ zf G 5*(o;)} 



(1.3) 



were introduced by Robertson in [14]. We also write <S*(0) = S*, where S* denotes 
the class of functions / G A that /( U) is starlike with respect to the origin. Further, 
/C (0) = /C is the well-known standard class of convex functions, ft is an established fact 
that / G JC(a) zf G S* (a). 

A function / G A is said to be in the class 3? r (A, B ), (r G C\{0}, — 1 < B < A < 1), 
if it satisfies the inequality 



/'(*) - 1 



< 1 (z G U). 



(A-B)r-B[f(z)- 1] 

The class 3? r (A, B) was introduced earlier by Dixit and Pal [7]. If we put 



r — 1, A = a and B = —a (0 < a < 1), 



we obtain the class of functions / G A satisfying the inequality 

— 1 I 

< a (zGU;0<a<l) 



f(z) + 1 

which was studied by (among others) Padmanabhan [12] and Caplinger and Causey [5]. 
We recall here a generalized Bessel function u p ^, c (z) — u o(z) dehned in [1] and given by 

<*)=<w»)=i; , r |f %,' ^r (L4) 

n\ r (p + n+fj-) V2 / 

which is the particular solution of the second order linear homogeneous differential equa- 
tion 

z 2 J\z) + bzLu'(z) + [ cz 2 — p 2 + (1 — b)]u(z) = 0, (1.5) 



where b,p,c G C, which is a natural generalization of Bessel’s equation. 

The differential equation (1.5) permits the study of Bessel function, modified Bessel 
function, spherical Bessel function and modified spherical Bessel functions all together. 
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Solutions of (1.5) are referred to as the generalized Bessel function of order p. The 
particular solution given by (1.4) is called the generalized Bessel function of the first kind 
of order p. Although the series defined above is convergent everywhere, the function uj p j,, c 
is generally not univalent in U. It is of interest to note that when 6 = c = 1, we reobtain 
the Bessel function of the first kind uj p ,i,i = J p , and for c = —1, 6=1, the function oj p ,i-i 
becomes the modified Bessel function I p . Now, we consider the function u p> b jC (z) defined 
by the transformation 



Up, ft,. 



: (z) = 2 p r ^ p + j ^ u P,b,c (Vi), VI = i. 



By using well known Pochhammer symbol (or the shifted factorial) defined, in terms of 
the familiar Gamma function, by 



( 0 * ) n — 



T(a + n) 

rW 



cl(cl H - 1 )(& + 2) • • • (a + n — 1) 



(n = 0), 

(neN = {1,2,3,...}), 



we can express u p> b jC (z) as 



’U'P,b,c{z) ^ ^ 



(-c/4 r 



(1.6) 



where p + ^±1 ^ 0, — 1, —2, 



U(p+ h -f-) n 

This function is analytic on C and satisfies the second- 



order linear differential equation 

4 z 2 u"(z) + 2(2 p + b + 1 )zu\z) + cu(z ) = 0. 
Now, we considered the linear operator 

J(c, m) : A — > A 

defined by 



°° (—cl A Y ra_1 

J(c, m)f(z) = zu pAc (z ) * f(z) = Z + V 7 - 7 777+1 z n t (1.7) 

^ (m) n _i (n - 1)! 



where m = p + ^ 0, —1, —2, • • • . For convenience throughout in the sequel, we use 

the following notations 

iip,ft,c up? in P T 
and if c < 0 and m > 0, then we let 



6 + 1 



z(2-u p (z)) =z~Yl 



(—c/4) 



n— 1 



(m)„_i (it - 1)! 



(1.8) 



n=2 
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For 0 < A < 1 and 0 < a < 1, we let Q(X,a) the subclass of functions / G A which 
satisfy the condition 

'zf(z) + \z 2 f"(z)' 



3ft 



/(*) 



> a, (z G U). 



and also let /C(A, a ) the subclass of functions / G A which satisfy the condition 

z[zf'(z) + Xz 2 f'(z)] n 



3? 



zf'(z) 



> a, (z G U). 



(1.9) 



( 1 . 10 ) 



Also denote Q*( X, a) — Q (A, a) fl T and /C*( A, a) = /C ( A, a) fl T 

The study of the generalized Bessel function is a recent interesting topic in geometric 
function theory (e.g. see the work of [1, 2, 3, 4] and [9]). In this paper, due to Ramesha 
et al. [13], Padmanabhan [12], and motivated by the works of Srivastava et al. [17], 
Murugusundaramoorthy and Magesh [11], (see [6, 8, 10, 15]) and by work of Baricz [1, 2, 
3, 4], we obtain sufficient conditions for function z ( 2 — u p (z)) in Q( A, a) and /C( A, a) and 
connections between IZ T (A, B). 

Remark 1. It is of interest to note that for X = 0, we have G(X,a ) = S*(a) and 
JC(X,a) = K{a) 

To prove the main results, we need the following Lemmas. 

Lemma 1. [18] A function f e A belongs to the class Q( A, a) if 

OO 

y~~^(n + A n(n — 1) — a)|a n | < 1 — a. 

n = 2 

Lemma 2. [18] A function f G A belongs to the class /C ( A, a) if 

OO 

^^n(n + A n(n — 1) — a)|a n | < 1 — a. 

n = 2 

Further we can easily prove that the conditions are also necessary if f E T. 

Lemma 3. [18] A function f e T belongs to the class Q*(X,a) if and only if 

OO 

y~~^(n + A n(n — 1) — a)|a n | < 1 — a. 

n = 2 

Lemma 4. [18] A function f e T belongs to the class /C*(A, a) if and only if 

OO 

^^n(n + A n(n — 1) — a)|a n | < 1 — a. 



n = 2 



Lemma 5. [4] Ifb,p,c G C and m ^ 0, — 1, — 2, . . . then the function u p satisfies the 
recursive relation 

4 mUp(z) = —cu p+ i{z) 

for all z G C. 
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2. Main Results 

Theorem 1. If c < 0 and m > 0, then z(2 — u p (z )) is in Q( A, a) if 
A'Up(l) + [1 + 2A]i4(l) + (1 - a)up(l) < 2(1 - a ). 

Proof. Since 

and by virtue of Lemma 1. it suffices to show that 

£(c, m, A, a) = (n + An (n — 1) — a )- — — < 1 — a. 

^ (m) n -i {n ^1)! 



( 2 . 1 ) 



Writing n 2 = (n — 1) (n — 2) + 3(n — 1) + 1 and n = (n — 1) + 1, and by simple computation, 
we get 



OO / 

£(c, m, A, a) = > (n 2 A + n(l — A) — a )- — - 



-c/4) 



n — 1 



n= 2 



(m) n _i (n - 1)! 



* E *(» - DU - 2) , Jr^r/iv + 1 1 + 2A > f> - D- ( “ c/4) “' 1 



n=2 



+ (i ~ q) yy 



(m) n _i (n - 1)! 



n= 2 



(m) n _i (n - 1)! 



(m) n _i (n- 1)! 



n=2 



*e , ( r c/ ) rl w +a+2DE , ( r c/ ) rl 2) , +D-cE (_c/4r ‘ 

I m 1 . On — All ^77, — 2)! z — ' 



(n - 3)! 



n=2 



(m ) n - 1 (n - 1)! 



n=2 



x± , { r'T +1 ( - c/4),,+l 

^ (m) n+ i (n — 1)! ^ fmt ■ - fnh E_ ^ 



= A- 



(-c/4) 2 



E 



( — c / 4) r 



Mn+l («) 
-C/4) 



(m) n+ i (n + 1)! 



n=0 



m(m + 1) “J (m + 2) n n\ 

v 7 n=(J v 7 



+ (1 + 2A) 



E 



-c/4)’ 



m (m + l) n n! 

n=0 v 7 



+ (!-«) yy 



-c/4) 



n+1 



(m)n+i (n + 1)! 



n=0 

= a4WE-„. p+2 (1) + (1 + 2 A)Wd),„ (!) + (1 _ a)[u p (l) - 1] 

m(m + 1) m 

— Xu'p(l) + (1 + 2A)iXp(l) + (1 — o;)['Up(l) — 1]. 

By a simplification, we see that the last expression is bounded above by 1 — a if (2.1) is 
satisfied. □ 



By taking A = 0, we state the following corollary. 
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Corollary 1. If c < 0 and m > 0, then z( 2 — u p (z )) is in S*{a) if 

«;(1) + (1 - a)u p (l) <2(1 -a). (2.2) 

Remark 2. In particular, when c = — 1 and b = 1, the condition (2.1) becomes 

2 p ~ 2 T{p + 1) [AJ p+ 2 (1) + [1 + 2A]2 P+1 (1) + 2(1 - a)J p (l)] < 1 - a, (2.3) 
which is necessary and sufficient condition for z(2 — ( p ( z 1 ^ 2 ) to be in Q*(X,a), where 

u p {z 1/2 ) = 2 p T(p + l)z~ p/2 Z p (z 1/2 ). 

Theorem 2. If c < 0 and m > 0, then z( 2 — u p (z)) is in /C ( A, a) if 

\u' p (l) + (1 + 5A)m"(1) + (3 + 4A - a)u' p { 1) + (1 - a)u p ( 1) < 2(1 - a). (2.4) 



Proof. Since 

and by virtue of Lemma 2. it suffices to show that 



°°' / c/4') n_1 

C(c, m, A, a) = (n 3 A + n 2 ( 1 — A) — na)- — — < 1 — a. 

^ (m)n - 1 (n - 1)! 

Writing n 3 = (n — 1 )(n — 2 )(n — 3) + 6(n — l)(n — 2) + 7{n — 1) + 1, n 2 = (n — l)(n — 
2) + 3 (n — 1) + 1 and n = (n — 1) + 1, we can rewrite the above terms as 

00 ^ 

C(c,m,\,a) < A^(n-l)(n-2)(n-3) _ 

,„_ 9 W -LJ- 



OO / 

+ (1 + 5A) J>-l)(n-2)— i 



(n - 1)! + <3 + 4A a) § ( " 11 („ - 1)! 



+ <1 “'Sw-iU-1)! 

( - c/4)l ‘-‘ +(i +5 A)f; 7 ( r c/ ? r \, + (3+‘ 

“2 (m) n _i (n - 4)! ^ (m) n _i (n - 3)! 

f, (-c/4)- 1 

aV , (-Y4)" +1 (1 + 8A) y- hc/rrp 

^ 2 (m) n+ i (n - 2)! “ (m) n+ i (n - 1)! 

03 + 4A- a ,fiz£dr!_ + ( i 



+ (3 + 4A — o) y ^ 



(-c/4)’ 



(m)„_i (n - 2)! 



i (m) n +i (n)! 



^ (m) n+ i (n + 1)! 
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7 



= A 



(~e/4) 3 A 

m(m + 1 )(m + 2) ^ 



+ (3 + 4A 



(-e/4) 



(~ c /4) n ~ 2 , „ (~e/4) 2 ( (-c/4) 

(m + 3) n _ 2 (■ n - 2)! m(m + 1) “ \ ( m + 2) n -i 

- (~ c / 4 ) n (~ c /4) n+1 

^ V (™ + !)n (n)\J ^ (m) n+ i (n + 1)! 



n— 1 



(n — 



= A , (ff/a U 1 ) + (1 + 5A) ( Cl f,, v. v+ 2 (1) 
m(m + l)(m + 2) m[m + 1) 

( — c/4) 

+ (3 + 4A — o;) iip_)_i(l) + (1 — a)[up(l) — 1] 

m 

= Xu'p(l) + (1 + 5X)u'p(l) + (3 + 4A — a)u' p {l) + (1 — <T)[tip(l) — 1]. 



1 )! 



By a simplification, we see that the last expression is bounded above by 1 — a if (2.4) is 
satisfied. □ 



By taking A = 0, we state the following corollary. 

Corollary 2. If c < 0 and m > 0, then z( 2 — u p (z )) is in G lC(a) if 

<( 1) + (3 - a)u' p { 1) + (1 - a)u p ( 1) < 2(1 - a). (2.5) 

Remark 3. We also note that the function z(2 — u p (z )) is in /C*( A, a) if and only if the 
condition (2.4) is satisfied. 



3. Inclusion Properties 

Making use of the following lemma, we will study the action of the Bessel function on 
the classes /C( A, a). 

Lemma 6. [7] A function f G !ft T (vl, B) is of form (1.1), then 

\a n \ <{A- B)—, n G N\{1}. (3.1) 

n 

The bound given in (3.1) is sharp. 

Theorem 3. Let c < 0 and m > 0. If f G !ft T (Al, B ) and the inequality 

(A - B)\t\ [AUp(l) + (1 + 2X)u' p (l) + (1 - a)[u p ( 1) - 1]] < 1 - a (3.2) 

is satisfied, then T(c,m)f G /C(A, a). 

Proof. Let / be of the form (1.1) belong to the class 3? r (A, B ) then by virtue of Lemma 
2, it suffices to show that 

Vic, m, A, a) = n(n 2 X + nil — A) — a)- -|a n | < 1 — a. (3.3) 

(m)n-i (n — 1)! 
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Writing n 2 = (n — 1 )(n — 2) + 3 (n — 1) + 1 and n = (n — 1) + 1, we get 

V(c, m, A, a) < J^(n + Xn(n - 1) - a) —(A - B)[, 

^ (m) n -i (n — 1)! 

°° (_ r /A) n ~ 1 

= O - B)M g A(n - l)(n - 2 ) W-tJ— 

+ (^- B )M( 1 + 2A)g( n -l) (m ( - i / ( >_ 1)! 



+ (2l-B)|T|(l-a)^ 



(-c/4)> 



(m) n _i (n - 1)! 



O-OM 



^ (m) n _i (n - 3)! 






, Ln - ; ^ 



(n - 2)1 



p (-c/4)"- 1 

(n - 1)! 



^ (m) n+ i n! 



^ (m)„+i {n + 1)! 



By using the similar method as in the proof of Theorem 1, we have 

r ('—c/4') 2 ('_ c /4') 

V{c,m,X,a ) = (A - 5)1x1 A—- — m p+ 2 (1) + (1 + 2A)- -ti P +i(l) + (1 - a)[tt p (l) - 1] 

m{m + 1) m 

= (A- B)\t\ [Am"( 1) + (1 + 2A)«p(l) + (1 - a)K(l) - 1]] , 

the last expression is bounded above by (1 — a) if and only if (3.2) is satisfied. Hence the 
proof is completed. □ 

Corollary 3. Let c < 0 and m > 0. If f G B ) , and the inequality 

( A - B)\t\ [up( 1) + (1 - a){u p ( 1) - 1}] <1-Q( (3.4) 

is satisfied, then T(c,m)f G Kfia). 

Theorem 4. Let c < 0 and m > 0. Then 

C(m,c,z)= f (2 — u p (t))dt 

Jo 

is in JC*( A, a) if arid only if the inequality 



Aup(l) + [1 + 2A]tt'(l) + (1 - a)[u p ( 1) — 1] < 1 - a. 
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Proof. Since 



£(m, c,z) = z~Y^ 



(—c/4)"- 1 z n 

rt, RI’ 



n=2 



by Lemma 4, we need only to show that 



00 (—c/A) n ~ 1 

£(c, m, A, a) = n(n 2 A + n(l — A) — a) 7 — - 7 < 1 

^ (m) n _i (n)! 



a. 



Now, we have 



00 

£(c, m, A, a) = (n 2 A + n(l — A) — a) 7 — 7 

' ( m 1 - 1 1 a — 

n = 2 



(m) n _i (n - 1)! 



Writing n 2 = (n — l)(n — 2) + 3(n — 1) + 1 and n = (n — 1) + 1, and proceeding as in 
Theorem 1, we get 
00 (_ r /A\ n -l 

^(n 2 A + n( 1 — A) — a)- — - — ^ = Ar."(1) + [1 + 2A]m/( 1) + (1 — a)[-u p (l) — 1], 

n=2 \ m )n - 1 W 

which is bounded above by 1 — a if and only if (3.5) holds. □ 
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Abstract 

In this paper, by considering Barnes-type Narumi polynomials of the second kind 
as well as poly-Cauchy polynomials of the second kind, we define and investigate 
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the mixed- type polynomials of these polynomials. From the properties of Sheffer 
sequences of these polynomials arising from urnbral calculus, we derive new and 
interesting identities. 



1 Introduction 



In this paper, we consider the polynomials N$?\x\ai , . . . , a r ) called the Barnes-type 
Narumi of the second kind and poly-Cauchy of the second kind mixed-type polynomi- 
als, whose generating function is given by 



n 



3 = i 



/ (i + tp - i \ 

\(1 + t) a J ln(l + t) J 



^ f n 

Liffc (— ln(l + f)) (1 + t) x = ^N^ k \x\a v ,,..,a r )—, (1) 

n = 0 



where ai, . . . , a r ^ 0. Here, Lif fc (a;) ( k G Z) is the polyfactorial function ([10]) defined by 



Liffc(x) = ^ 



x 



— ' m\(m + l) fc 

m = 0 x 7 



When x = 0, N„ k \ai , . . . , a r ) = Nn\o\ai , . . . , a r ) is called the the Barnes-type Narumi 
of the second kind and poly-Cauchy of the second kind mixed-type number. 

Recall that the Barnes-type Narumi polynomials of the second kind, denoted by 
N n (x\ai , . . . , a r ), are given by the generating function as 



T~T ( (l+tp-l 
II V(1 + £) aj ln(l + t ) 




+ t) x = YN n (x\ai,.~,ar) 



n = 0 



n\ 



If ai = • • • = a r = 1, then Nn\x) = N n (x \ 1, . . . , 1) are the Narumi polynomials of the 

r 

second kind of order r. Narumi polynomials were mentioned in [14, p.127] and have been 
investigated in e.g. [9, 12, 15]. 

The poly-Cauchy polynomials of the second kind, denoted by c^ k \x) ([8, 11]), are 
given by the generating function as 



, n 

Liffc ( ln(l + t)) (1 + t) x = . 

n = 0 

In this paper, by considering Barnes-type Narumi polynomials of the second kind as 
well as poly-Cauchy polynomials of the second kind, we define and investigate the mixed- 
type polynomials of these polynomials. From the properties of Sheffer sequences of these 
polynomials arising from urnbral calculus, we derive new and interesting identities. 
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2 Umbral calculus 



Let C be the complex number field and let T be the set of all formal power series in the 
variable t: 



I 






k = 0 






( 2 ) 



Let P = C[ic] and let P* be the vector space of all linear functionals on P. (L\p(x)) is 
the action of the linear functional L on the polynomial p(x), and we recall that the vector 
space operations on P* are defined by (L + M\p(x)) = ( L\p(x )) + ( M\p(x )), (cL\p(x)) = 
c(L|p(a;)), where c is a complex constant in C (see [1-16]). For f(t ) G J 7 , let us define the 
linear functional on P by setting 



(f(t)\x n ) = a n , (n > 0). 



(3) 



In particular, 

(t k \x n ) = n\5 ntk ( n,k > 0), (4) 

where 5 n p is the Kronecker’s symbol. 

For f L (t) = J2b=o we have (h(t)\x n ) = (L\x n ). That is, L = f L {t). The map 

L t — > fi(t) is a vector space isomorphism from P* onto J-. Henceforth, T denotes both 
the algebra of formal power series in t and the vector space of all linear functionals on 
P, and so an element f(t) of J- will be thought of as both a formal power series and a 
linear functional. We call T the umbral algebra and the umbral calculus is the study of 
umbral algebra. The order 0(/(t)) of a power series /(t)(^ 0) is the smallest integer k 
for which the coefficient of t k does not vanish. If 0(/(t)) = 1, then f(t) is called a delta 
series ; if 0(/(t)) = 0, then f(t ) is called an invertible series. For f(t),g(t ) G J- with 
0(/(t)) = 1 and 0(g(t)) = 0, there exists a unique sequence s n (x ) (degs n (a;) = n) such 
that (g(t)f(t) k \s n (x)) = n\S Ht k, for n,k > 0. Such a sequence s n (x ) is called the Sheffer 
sequence for (g(t), f(t )) which is denoted by s n (x ) 

For f(t),g(t ) G T and p[x) G P, we have 

(f(t)g{t)\p(x)) = ( f(t)\g(t)p{x )) = (g(t)\f(t)p(x)) (5) 



and 



f(t) = (/(*) \ xk ) > p ( x ) = ( tk H x )) 



k = 0 



([14, Theorem 2.2.5]). Thus, by (6), we get 



t k p(x ) = p^^x) = 



d k p(x ) 
dx k 



k = o 



x 

k\ 



and e yt p(x) = p(x + y ). 



( 6 ) 

(7) 



Sheffer sequences are characterized in the generating function ([14, Theorem 2.3.4]). 
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Lemma 1 The sequence s n (x) is Sheffer for ( g(t),f(t )) if and only if 



1 

g(f(t)) 



e yf(t) 



OO 



E 



Sk(y) ^ k 

k\ 



(ye C) , 



where f(t ) is the compositional inverse of f(t). 

For s n (x ) ~ ( g(t ), f(t)) , we have the following equations ([14, Theorem 2.3.7, Theorem 
2.3.5, Theorem 2.3.9]): 



f(t)s n (x) = ns n _i(x) (■ n > 0), (8) 

71 . 

Sn(x) = 7j (9 (fit)) -1 fit) 3 k n ) x\ (9) 

3=0 J ' 

Sn(x + y) = ( J S A X )Pn-j(y) , (10) 

3=0 ' 



where p n (x) = g(t)s n (x). 

Assume that p n (x) ~ (l ,f(t)) and q n (x) ~ (l ,g(t)). Then the transfer formula ([14, 
Corollary 3.8.2]) is given by 



q n (x) = x 




x 1 p n (x) 



(■ n > 1 ). 



For s n (x) ~ ( g(t),f(t )) and r n (x) ~ (h(t), /(f)), assume that 



71 

Sn(x') ^ ^ Cn.mTni (y‘) (^ E 0) . 

m=0 



Then we have ([14, p.132]) 



r 

w n,m 



1 

m\ 



h (f(t )) 
y(f(t)) 



imr 




(ii) 



3 Main results 

From the dehnition (1), Nn k \x\a±, . . . , a r ) is the Sheffer sequence for the pair 



9(t ) = n 



te aj 



a -it 



Ll y e a.jt Lif fc (-f) 



So, 



^n\ x \ ai,...,a r ) ~ ( 



te a * 



a -it 



and /(f) = e t — 1. 



-,e 4 -l 



Ll \ e a : ,t _ i J Lif fc (-f) 



( 12 ) 
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3.1 Explicit expressions 

Let (n)j = n(n — 1) • • ■ (n — j + 1) (j > 1) with (n)o = 1. The (signed) Stirling numbers 
of the first kind Si(n,m ) are defined by 






\x) n = > oi in, m)x 

m — 0 



Define the multinomial coefficient by 



n 



n\ 



^ 1 1 • • • 5 lr J ll ! * * * lr ! 



where li + ■ ■ ■ + l r = n. 

Theorem 1 

n m m—l 

N { n ] (x|ai, . . . , Or) = 



m = 0 1=0 i = 0 iiH h l r =m—l—i 



(— l) m *(m — l — i)\ 

. (m — l — i + r)\(l + l) fc 




,h+l . . . Dr+lm 



1=0 






( 14 ) 

( 15 ) 

( 16 ) 



Proof. Since 



and 



r ' te ajt 



n 



LJ. y e ajt _ I j Lif k (—t) 

(x)n ~ (1, e* - 1) , 



7V^ fc) (x|ai, . . . , a r ) ~ (1, e* - 1) 



( 17 ) 

( 18 ) 
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we have 



^n\ x \ai, . . . ,a r ) = JJ 



r / a-jt 



3 = 1 






te a i 






a it jLih(~t)(x 

gCLjt ^ 



m = 0 
n 



3 = 1 
r 

J2 S i(n,m) 



m = 0 



te a 3 t 
e a 3 l — \ 



Liffc(— t)x m 
(-1 ) l t l 



£ 



te a ^ J ^ l\(l + l) fc 
j= i x 7 z=o v ' 



a: 



JJ 



m=0 



^ 






£ 



■l)'Nl l 



te a J ^ Z! (Z + l) fc 

j=l x 7 Z=0 v ' 



X 



£*<».•») £ttx¥ II ' 1 ' j ~‘ 



m = 0 
n 



^ (l + i) k 11 

Z=0 V ’ j = 1 



— Z 



Q / X V 1)^(7) 



m=0 

oo 



1=0 



X 



£ £ 



^ . . . n^r ~\- 1 



. (Zi + 1)! • • • (/ r + 1)! 

m 

j2 s i( n i m )J2 



-t) l x 



i^m—l 



% — 0 — Z 

n m 



(Z + 1)‘ 



£ £ 



m = 0 1=0 

m—l 
X 

Zx -I - * • • ~\~l-p = i 
n m m—l 

£££ £ 

m=0 Z=0 i=0 ZiH |-/r=i 

i + r \ f m\ (m — l 



a h + l . . . a «r+l 

(/i + 1)! • • ■ (l r + 1)! 

(— 1 ) l+t i\ 

(i + r)\(l + l) fc 



(— 1 T(m - l)iX 



m—l—i 



X 




l\ + 1, • • • , lr + 1/ \ ^ 

n m m—l 

£££ £ 



S'i(n,m)a , 1 1+1 ---ajr + 1 a; ro " , " < 



(_l)m _ l — 



m=0 Z=0 i=0 ZiH 1- l r =vn—l—i 

m — l — i + r \ f m\ (m — l 

x 






. (m — l — i + r)\(l + l) k 

Si(n, m)a l i +1 ■ ■ ■ a l ^ +l x l , 




So, we get (13). 
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By (9) with (12), we get 



-i 



m j w 



II ( (i + ^Mi-U ) Lif ‘(“ 111(1 + ( ill(1 + ‘>1 



X 






»kg 



\3=i 

oo 



J ! J ) ^n~l (°1 > ' ' ' > Or) 



l=j \ ' \i= 0 

/ \ 

jW 

On the other hand, 

■“7(f)V 



a r )- 



X 



n—l 



7 
— j 



1=3 

n 



At (! + ()% -1 \ 

J-l \(1 + t) a J ln(l + t) ) 



x 



\j= 

n—l 



=j'E(’;) *w>Err'F 

l=j ' ' i= O' ' \j = 



i=0 

n—l 



1=3 
n n—l 

nEE 



n — l 



1 • I a 

i=0 

^n\ /rt — l 



^ k ) 



^ ^ -^/n ( ^ 1 ■ ■ ■ ■ ■ d r 



^m=0 



ml 



x 



n—l— 



~ J- 

l=j i= 0 

Thus, we obtain 




S\(l, j)^ N n _i-i(ai, ... ,a r ) 



n n / \ 

n!*\x |a 1 ,...,a r ) = ^^("js 1 (i,i)]V«(o 1 ,..., 



a r 



j 



3=0 i=j 

n n n—l 



EEE OH”' 



1=0 l=j i= 0 



which is the identity (14). 




, a r )x 3 , 
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Next, 

N^ k] (y\ai,...,a r ) 



Thus, we obtain (15). 
Finally, we obtain that 



^2N^ k \y\a 1 ,...,a r )- 

i = 0 



X 



\J= 

r 



tt( (l + ^'-l \ 

J-l \(1 + t) a i ln(l + t) ) 



Liffc ( — ln(l + £))(! + t) y x r 



\j= 

r 



TT ( (1 + t) aj — 1 ^ | ^ Hk) f \ t l ■ 



E 



1=0 

n 



( (l + tp - l \ 

(1 + t) a J ln(l + t) ) 



' {v) \]3 ( 

Y [",)^i k) (y) (^N i (a 1 ,...,a r )- 

i=o \i= o 1 

Y H v-A). 



jn—l 



X 



X 



,n—l 



Y^ k \y\ a i,..-, a r)^ 

L . 



i = 0 



X 



(1 + t) V X 



Li f,(- ln(1 + 0) | n ( (1 V 1 + o ) 



3=1 

oo 



Liffc ( — ln(l + £)) Y Ni(y\a!, a r )-x" 



1=0 



t l 

' l\ ' 



1=0 



Y Ni (y i°i, ■ ■ ■ , 

1=0 

Y ( n j)fil(y\ a l’"-’ a r)&n-l 
1=0 ' ' 




X 



n—l 
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Thus, we get the identity (16). I 

3.2 Sheffer identity 

Theorem 2 

Ni k) (x + y\a u ...,a r ) = ^T Jvj fc) (a;|ai, . . . , a r )(y) n -j • (19) 

i=o ' 



Proof. By (12) with 



Pn(x) = JJ 



te aj 



ant 



LL _ 1 J Liffc(-t) 

= (x)n ~ (l,e* - 1) , 



N n (x\ai, . . . ,a r ) 



using (10), we have (19). 



3.3 Difference relations 

Theorem 3 

N^ k \x + l|«i, . . . , a r ) - N^\x |a 1; ...,a r ) = nN^^xlai, ...,a r ). (20) 

Proof. By (8) with (12), we get 

(e t - 1 )N^(x\ai, ...,a r ) = nN^ixla^ . . . , a r ) . 

By (7), we have (20). I 
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3.4 Recurrence 

Theorem 4 

N^ 1 (x\a 1 ,..., a r) 

= xN^ k \x - l|ai, ...,a r ) 

n r m l i 

+ EEEE E E 

m = 0 j = 1 1=0 i=0 iiH h l r =l—i h = 0 



-1) 



m+l—h 



a-i)\ 



m + 1 (/ — i + r)\(i — h + l)' 




Ei(n, m)-B m+1 _;a” l+1_z a/ 1 1+1 • • • a l f + \x - 1)' 







x 1 iju A^!L+i)Q Si( " ,mWl+1 '''“ t ' +1(i_1)< 

- V V V V (-i ) m_i+1 (z — *)! 

Z-^ (m — l + 2) fe (Z — i + r)! 

m=0 1=0 i=0 «i+-+J r =J-i v ’ v ' 

x (? ) 0 . +i ” 1 .!l + i) (!) Si(n - m)af +I • • • - i)f ’ 

where B n is the nth ordinary Bernoulli number. 

Proof. By applying 

s " +iM = ( x -m) W) Sn{x) 

([14, Corollary 3.7.2]) with (12), we get 

Nn+i( x |a 1? . .. ,a r ) = xN^\x - l|ai, . . . ,a r ) - e^ t ^^-N ( ^\x\a l , . . . , a r ) . 



Now, 



m = (ln9(i)) ’ 



= I r 
r 

= i - 1 



hi t + ( Qj jt — ^ln(e a;; * — 1) — lnLiffc(— £) 

E=i / j=i 

\ - X E a,e“ jt Lif' fc (-t) 

-E°>-E^— r + ^ 

l=i 



“ e a h — 1 Lif fc ( — t) 



n ift( e<lit - !)(e a ^ - 1 - ajte ajtA 

ISm) 



E Jul 

a i + 77 

i=i 



Liffc(— 0 



Lif fc (-t) ’ 



( 21 ) 



( 22 ) 
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where 



Ej=i Yl^j(e ait ~ l)(e a J'* - 1 - cijte^) 

t II5=i ( eajt ~ !) 

\ (T^ cl i ■ ■ ■ cij- 1 a? (ij+ 1 • • • a r )t r+1 + • • • 



(ai • • • a r )t r + 



1 

2 



y a j ) 1 + 

d = 1 



is a series with order > 1. As seen in the proof of (13) 



^£ fc) (z|ai, • • • , a r ) = y Si(n, m) JJ 

j'=i 



m=0 



te a i t 



Lif k {-t)x m , 



so we have 



9{t ) 

in 



e ajt — 1 



Lii k (-t)x r ' 



m = 0 
n 



g(t) \f = \ te^ 

e a d - 1 \ Ej-i - l)(e a ^ - 1 - a.jte a A) 



y^6'i(n,m)Lif fc (-f) 



m=0 



Y7= 1 



te a ^ 



a -it 



t n;=i(e^-i) 



a; 



( JJ 

j=i 



e“ jt — 1 



/ 1 m=0 

n 



te a J 



a-jt 



Lii k (-t)x ri 



5i(n,m) JJ 

ra=0 \j=l 






te a i 



ant 



Lif 



(23) 
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Since 



J2'i=i rWe ait - l)(e ajt - 1 - djte ajt ) 



*n;= 






Ej =1 n^-(e ait - l)(e ajt - 1 - ajte ajt ) x m+1 

m + 1 



n;=i(^ - 1) 



m + 1 



m + 1 



m + 1 






i=i 









E h-E 



~ Q j) Blf.1 x m + 1 



i=i 



1=0 



Z! 






Z m+l— Z 



m + l 



m+l 



r m+l 

EE 

j=i i=i 

r m 

EE 

J=1 2=0 



m + l 
l 

m+l 
l 



B l (—a j ) l x m+1 ~ l 
^ m+1 _K-a,) m+1 -+, 



the first term in (23) is 



n r m 

EEE 

m=0 j=l Z=0 
n r m 

-EEE 

m=0 j=l 1=0 

oo 



X 



Si(n, m) /m + 1 



m + 1 \ l 



£ m+1 _,(-a J -) m+1 “ i Lif fc H) ] | 



e ajt — 1 






+=i 



+ (n, m ) /m + 1 



m + l 



/ 



E E 

X 0 Z — | — • • • — | — j, 

n r m 

-EEE 



a[ 1+1 ■ • • a l r r+1 

(h + 1)! • • • (Z r + 1)! 

Ei (n, m) /m + 1 



ty x l 



i m+l— Z 



Lif k (-t) 



m= 0 j=l 1=0 
1 

X 



m + 1 \ l 

E E (-d'ttx 



B 



m+l— Z v 



i m+l— Z 



Lif fc (-t) 



a\ 1+1 ■ ■ • ai r+1 



r(0i®' 



1— i 



X — 0 ZlH l-Zr — i 

n r m 



(h + 1)! • • • (lr + 1)! 

Ei(n,m) fm + l\ D , „ im+i-i 



m + 1 V l 

m = 0 j=l 1=0 ' 

Z a /l+1 • • • 

x 7 i_ i ii . . . a _l iii vv ' h\(h _j_ iu 



a( 1+1 • • • + +1 



^-5m+l-l( + ) 

(0* X/ 



1)^ 



^ — 0 Z^+’^'+Zt - — x 



(li + !)!••• (l r + 1)! h=0 h\(h + iy 



t n x l 
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Si(n, m) fm + 1 



m + 1 \ l 



^ ) 



ra+1 — l 



X 



n r m 

EEE 

m = 0 j'=l 1=0 



l—i 



(~l) h /Z-i 



A—i—h 



X 



n r m l 



EEEE E E 

m=0 j = l Z=0 i=0 iiH hir=* /i=0 



£ £ ( j\ra+l— 7i 



l\ 



m + 1 (i + r)!(l — i — h + l) k 



x 



m + 1 



i + r 






Z / \Zi + 1, • • • , + 1/ \v V h 




n r m l 



EEEE E E 

m=0 j=l Z=0 i=0 ZiH h l r =l—i h= 0 



■1) 



m+1 — h 



Si(n, m)B m+l _ l aJ +1 - l a + 1 • ■ • + +1 + 

(« - 0! 



m + 1 (/ — i + r)!(i — h + 1) A 



x 



m + 1 



l — i + r 



'l\ (i' 



Z J \h + 1 , . . . , l r + 1/ \v 

The second term in (23) is 

e a -d — 1 



| Si(n, m)B m+l _ia'j l+1 l a l ^ +1 ■ ■ ■ a l r r+1 x h , 



J2 a jJ2 Sl (n,m) ( Yl 

i = i 



j=l m=0 
r n 



te a j 



ant 



Y a i Y Sl ( n ’ m) ( n 

j=l m=0 \j=l 



r e “+ _ x 



Lif fc (-t+ m 

(-l)V 



te a ^ 



a^t 



E 

1=0 



/!(/ + l) fc 



X 



j = 1 m=0 



j = 1 m=0 




(-l)TV 






X 







m — / 



i + r 

Z J \h + 1, . . . , l r + 1 

r n m l 

(m — l + l) fe (Z — i + r)! 

j=l m=0 1=0 i= 0 ZiH |-Zr=Z-i V ' v ' 



5' 1 (n,m)a i 1 1+1 ---ajr +1 a; m " , " i 
^ (Z — *)! 



■l) r 



x 







l — i + r 



Z / VI + 1, • • • , lr + 1/ V* 




' ) S'i(n, m)a+ 1 • • • a l r r+1 x l 
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The third term in (23) is 

n / r 

j2 Si ( n ’ m ) ( n 



r a-jt ^ 






m = 0 



0=1 



t,e a :i 



a -it 



Lif k(~t)x r 



m = 0 \j = 1 

S\ (n, m 



e ajt - 1 \ Lif fc _i(— t) - Lif fc (-t) 



E 

ra=0 
n 

E 

m=0 
n m 

SS< i+ 2 )‘V( 



m + 1 

Ei (n, m) 
m + 1 



n 

j=i 

r 

n 

o=i 



te a j l 
te a i t 

g a jt — ^ 

te a 



-x 



(Liffc_i(— t) - Uf k (-t))x 

E ( : iy+¥ l 1 ^ +i 



,m+l 



1=0 



/!(/ + 2) fc 



(_1)(+! / m 



Si(n, m) ( ] ] 



g a jt 



EE 



(_!)(+! / m 



0=1 
m—l 



-t 



X 



m—l 



^ (l + 2) k \l 

m = 0 1=0 v ’ v 

n m m—l 

EEE E 

m=0 1=0 i=0 1iH H r =s 



Ei(n,m)^ ^ (“ 1 ) l 77ET 

i— 0 Z — | — * * * — | — 

'_l)*+i+l j! 



. . . n^r~\~ 1 



(/i + 1)! • • • (f + 1)! 



fa;™-' 



. (/ + 2) k (i + r)! 



x 







i + r 

l J \li + 1, . . . , l r + 1 

n m l ( 

EEE E 



m=0 1=0 i=0 1iH | -l r =l—i 



m — l 

i 

l) m _ m 

. (m — l + 2) fc (Z — i + r)! 



5 , i(n,m)a l 1 1+1 ---ajr +1 a; m " , “ < 



x 







l — i + r 



l J \h + 1, — , l r + 1/ v 




J ) Ei(n, m)a i 1 1+1 • • • a(, r+1 a;* 
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Thus, we have 

Nn%( x \ai,...,a r ) 

= xN^ k \x — l|ai, ...,a r ) 



n r m l 



££££ £ £ 

m = 0 j= 1 1=0 i = 0 ZiH ( -l r =l—i h = 0 



(- 1 ) 






(/-.)! 



m + 1 (/ — i + r)!(i — h + 1) A 




tn+l-l Jl+l 







x 1 + t;I + i)Q Sl(n - m) “ f+, '"^ r+1(l - 1)i 

V V V V (-i) m_i+1 (z — *)! 

2 -^ 2 ^ 2 ^ 2 -^ (m — / + 2) fc (/ — i + r)! 

m=0 Z=0 i=0 ZiH |-Zr=Z— i ' ' ' ' 










a l I +l (x 



which is the identity (21). 



l) h 



3.5 Differentiation 

Theorem 5 



d 

dx 



N^ k \x\a u . . .,a r ) 



n— 1 




(_1 y-i-i 
l\(n — l) 



N^ k \x\a \, . . . , a r ) . 



(24) 



Proof. We shall use 




n— 1 



1=0 




X 



n—l 



)si(x) 
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( Cf. [14, Theorem 2.3.12]). Since 

</(S)|*”-'> = (ln(l+«)l*”-'> 



m= 1 



E 

{ m 
-l 

E 

m = 1 
n—l 

E 



(-1 ) m ~ H m 



m 



x 



n—l 



n l ^ 2) m— 1 



m 



-l) r 



(t m \x n ~ l ) 



m.= 1 



m 



-(n iy.5 m ^ n —i 



= (-1 ) n -'“ 1 (n- /-!)!, 



with (12), we have 

-J-Nn k) ( x \ai, ■■■r a r) = J2 (/) (-l) n_,-1 (w - l - l)!7V/ fc) (x|ai, . 

/— n \ 2 



. , a r 



1=0 



= n 



n 1 ^ Z— 1 



E 

z=o 



l\(n — l) 



N[ k) (x\ai, ...,a r ), 



which is the identity (24). 



3.6 A more relation 

The classical Cauchy numbers c n are defined by 

t 



£ n 

ln(! + 1) ^ Cn n! 



(see e.g. [3, 10]). 

Theorem 6 

N^ k \x\ai, . . .,a r ) 

- ^>2 Nn-i{x ~ l\ai, . . . ,i 



(25) 



= | x 

1 

n 



i = 1 



Y - l|°i> • • • ,a r ) - (r + 1 )N { n k ! l (x - l|ai, . . . ,a r )) 



r n 

1 \ - \ - / n 



n i = i i=o ^ l 



EE n—l (*^ ^ I 5 * * * ? 1 5 ^2+1 ? • • • ? ^r) • 



(26) 
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Proof. For n > 1, we have 



^n } (y\ a l, ■ ■ ■ , a r ) = ( Ni k) {y\ a U • • • ) «r) 



1=0 

r 



X 



( s - in ( (1 ;s;,) ) “*(- '"t 1 + OK* + *)•) h”- 1 ) 



V7 = 
r* 



= < )Lif4-Ki + 0)(i + 0 



X 



n— 1 



n 

.7 = 1 V 



( (1 + tp ~ 1 



\J = 
r 



(1 + tp ln(l + t) 



d t Uf k (- ln(l + £)) ) (1 + t) 



x 



n — 1 






X 



n— 1 



The third term is 



y - 1 



x 



n— 1 



Since 



= y^i(y- i|ai,---,a r ) . 

Lif fc— i ( ln(l + £)) — Liffc ( — ln(l + £)) = - ^n) t + - • , 
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the second term is 



rr / (l + t) a i-l \ Lif fc _i (— ln(l + t)) - Lif fc (-ln(l + t)) 
| ^ V (1 + t) a i ln(l + t)J (1 + t) ln(l + t) 

TT ( (1+tp-l \ 

} = i VI 1 + t) aj !n(i + t) J 

Liffc—i (— ln(l + t)) - Lit* (— ln(l + t)) n ^ x 



(1 + ^ 



\x 



n— 1 






ln(l + 1) 



x 



n— 1 



'yr( (1 + tp-l \ 
f = i \ (1 + t)* \n(l + t) J 



n— 1 

E 

1=0 



n — 1 



Liffc-i(— ln(l + t)) - Lif fc (— ln(l + t)) 



TT { (1 + *)“'-! \ 

f = , \(1 + t) a i \n(l + t) J 



(i +«r‘ E 



1=0 



Cl n x 



n— 1 




(i + 1 ) 



y - 1 



Lif/,-i (- ln(l + t)) - Lif fc ( — ln(l + t)) 

X 



n— 1 

E 

1=0 



n—1 

E 

1=0 




\x 



n—l 



n—1 



1=0 



[ n i ) c i(^n-i 1 \y-M a ^---,a r )-Nn2 l (y-l\a 1 ,...,a r )) . 
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Since 



dU( + f 



1 nf < 1 + t )“ 1 - 1 f 

1 +t U V(1 +i)“>ln(l + t ) ) 



E r 

i = i 



r f ajt(l+t) a i 



(l+t) a i-l ln(l+t) 



t 



1 + t 331 (1 + t) a J ln(l +t) ) p 



( (1 + ip - 1 \ 



)E a < 

' i = 1 



the first term is 



E r 

i= 1 



n((i W^) LM ~ H1+t))(1+t) 

-±«( n ( ( i+^m7+o ) Uf ‘ ( “ ln(1 +m+ tr 1 
k (n ( d+^rlo ) Lif ‘(- -I 1 + *)k j + ^ 

I ^ / a,it { i + t) ai t 

I jp V(1 + tp - 1 ~~ ln(l + t) 

r 

- Y a i^n-l(y - !|ai, • • • , Or) 



r / ajt(l+t) a i t 



(1 +t) a i-l Ml+t)J 

X 



X 



n— 1 




i=l 

r 



iVoi/h+ti! 

n ~i \ (! + t) c 



ln(l + f) -i-r / (l + t) fl J-l \ 

) a > - 1 AA \(! H- t)°J ln(l + t) / 



Lif fc ( — ln(l + t))(l + f) y 1 



ln(l + 1) 



x 



r 

a i^n-l(y — 1 l a ' 1 ) ■ ■ ■ , a r) 



ln(l + 1) 



a; 



i=l 
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/ (1 + t) ai ln(l + t) fr / (1 + t) a > - 1 \ 



n 



^ ai \ + i 

Liffc (— ln(l + f )) (1 + t) y_1 1 y 






°C j, 



1=0 



C 'T\ X 



r 

n 









- y diN^y - l|«i, . . . , a r ) 

2=1 

1 r n /x ^ 

— ^ ^ di ^ ^ ( j J (iJ l|cii, . . • , Oj_ I; Oj_|_i, Or) 

1 Z=0 ' ' 

y (”) ^ - l|ai, • • • , a r ) 

r 

y OiNn-l(y- l|ai,...,Or). 



r 

n 



i=l 



Therefore, we obtain 

A^ fe) (x|ai, . . . ,a r ) 

= xN^^x — l|ai, . . . , a r ) 



^ n— 1 

1 \ - / n 



1=0 



+ ^ l|ai^-,ar) ~N^\{x- l|ai,...,a r )) 



(*) 



1 r n / \ ^ 

^ ^ O^ ^ ^ l ( ' ^ ' f 1 01,5 * * * i d%— 1 , Oi+l , • • • , Or) 



n i = 1 Z=0 ^ ^ 



- \^iJ C lNn-l( X — l| a n • • • ,O r ) 

r 

- y diN^lyx - 1 1 a i , . . 

- y iV^fx - l|ai, . . . , a r ) 



2=1 



= X 



2=1 




r( fc ) 



which is the identity (26). 
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3.7 A relation involving the Stirling numbers of the first kind 

Theorem 7 For n — 1 > m > 1 , we have 



m 



1=0 



^ ( j jSi(n-l,m)y\a 1 ,, . , f a r ) 
<Si(n - i, m)ci-i 




r( fc ) i 



, a r 



r n—m—1 

m y a J y 

i = i i=o 



n — 1 

/ 



Si(n — 1 — l, m)N^ k \—l\ai , . . . , a r ) 



y ( n , 1 ) Si(n — 1 — l,m — 1) 



1=0 



l 



x (jv/ 1 lf (— l|ai, . . . ,a r ) + (m - l)Y, W ( _ l| a i- • ■ ■ . a 0) - 



(27) 



Proof. We shall compute 



II ( (l + ^ln(l + f ) ) Li{ F 111(1 + ( ln(1 + F 

in two different ways. On the one hand, it is equal to 

(hi Lif ‘(- Mi + *)) |(Mi + 



X 



t l 

\ ^ r; 

m)—x 



= mi 






l=m 



= m\ 



l=m 



\J= 

oo 



X 



n—l 



! y ( ? ) Si(Z, m) ( ^ A (fc) («i, • • • , 



z=0 



a r ) .. 

i\ 



x 



n—l 



l=m 

n—m 



= m\ y ( n J 5i(Z, m)N^\(a u ...,a r ) 



1=0 



= ml ( j Si(n — l, m)Nj k \ai , . . . , a r ) 



21 



in 



Dae San Kim et al 91-120 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



On the other hand, it is equal to 



( d ‘ (II ( ti + t^Hi + t) ) Lif ‘ ( - 111(1 + < lll(1 + 

= ( ( s - II ( ( i ( +^in(ili) )) Lif ‘ (_ ln(1 + t)} (ln(1 + t))m 

+ (n ((l + ^’lnfl It)) ( S ' Lif ‘(- 111(1 + 4 ») ( hl(1 + *))"' 

A ( (l + OMnult) ) Llfl (“ 1,1(1 +t » ( a ‘( lll(1 + ‘))'“) 



„n— 1 



X 



X 



n— 1 



„n— 1 



X 



The third term of (28) is equal to 



m 



= m 



n{oW^) u(t{ - H1+m+ty 



m 



x ) ! Si 



l=m— 1 



r 



„n— 1 



n— 1 



= m 



! ” 7 1 )<Si(Z,m-l) 



l=m— 1 



l 



X 



= m! 



= m 






X 



n— 1 — l 



\J = 
n— 1 

E 

l=m— 1 
n—m 

! E 

1=0 



n — 1 

/ 

71 — 1 

l 



Si(l,m - l)iV^ A L ) 1 _ z ( — 1|«1, • ... ,«r) 

Si(n — l — 1, m — l)Ni k \— l|a l7 . . . ,a r ) . 



(28) 



(n ( (l + ^ln(l + t) ) Llf d“ ln(1 + i))(1 + ‘>1 N 1 + 
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The second term of (28) is equal to 



'yrf (l + *) a '~l 

f = i \(1 + t) a J \n(l + t) 



Liffc-i(— ln(l + £)) - Lif fe (-ln(l + t)) 



(ln(l + t)Y 



(1 + t ) ln(l + t ) 

n ( (i+yihiali) ) Lif ^' (_ ln(1 +t))(1+ r 1 1 (!n(1 + 

(n ( ( i+t)°!hi ( r+o ) Lif ‘(- i “(i+<))(i+«)- i |(in(i+«))’”“V- 1 ^ 

Si(n — l — 1 , m — 1 )iv/ fc 1 ^(— l|ai , . . . ,a r ) 



jn—1 



X 



= (m- 1)! Y 



n — 1 



(m 



1=0 
n—m 

1=0 



n — 1 



,Si(n — l — 1, m — l)iV^(— l|ai , . . . ,a r ) . 



The first term of (28) is equal to 



( ( II ( (1 Lif d- ^ + *)) W 1 + *))' 

II ( (l + ylntl It) ) Lif h- ln (! + 4) ) (1 + + 0) 



r / ajt(l+*)°J t 



e;= i 



l- 1 V — 1 Mi+t)/ _i 

< 1 / 



E “i (ri ( (1 +t)°! ) ln(l + «) ) Lif ^~ ln(1 + f) ) (1 + M 1 + *))’ 

n l (n( (1 ^;:^: t) )^(- ln ( i +t) )( 1 + ri 



X 



n— 1 



f a jt( 1 + 

E— ' UU i\ a i — 



(ln(l + t))' n x r ‘ 



^V( 1 + ^) aj - 1 ln(l + 1) 

E % /n ( (t+^Mna + t) ) Lif ‘*~ 1,1(1 + 4) * (1 + <)_1 1 ( !ll(1 + 
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\ (n ( (i+yCa+t) ) ^h^+ok 1 -^)- 1 

f a,jt ( i + t) aj t 



3 = 1 V 



(1 + t) a J — 1 ln(l + t) 



ml Y Si(i,m)—x 
' il 



ml 

n 



- (n ( (i + t~)M n (i + t) ) ^(-N 1 +«))(! 
t (i) (n ( yyy ) *m- ^ + *» a + «>- 



A Qjt(l + t) 

fU /'1 0.7 - 






— I' \(1 + t) a J - 1 ln(l + t) 

r n_1 / _ 1 \ 

- m\ y Uj y r . ) si (*, m) 

j = 1 i=m x ' 



x 



n—l—i 



ml 

n 



ST f n \ q n n> \ fx^n / (! + tp ln(l + t) -A- / (1 + t) a > - 1 \ 

’ vS \ ( i + t ) aj ~ i Uw + y H i + t)) 



Lif fc (- ln(l + t))(l + t) 1 



ln(l + 1) 



x 



- r (n ( d + o^'ino + o ) Lif ‘ ( “ ln(1 + i))(1 + r ‘l RiW’ ’")) 



r n - 1 , 1 



j = 1 



• • • , «r) 



mi 

n 



y( n .)si(i,m)y 



1=0 



n — i 



l 



Cl 



x 1 y • • • > Oj-i, %+i, • • • , «r) - l|ai, . . . , a r ) 

\j = i 



m 



7* 71—1 

j=1 



71—1 



S'i(i,m)iV^ ) 1 _ i (-l|ai, . . . , a r ) 
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ml 

n 



n n—i 

EE 

i=m 1=0 



n — i 




i 



S \ ( i , m)c n -i-i 



x 



y^ajjv/* !) (-l|ai, . . • • (ij i • (i j . i • • • • ,a r ) - rNi(—l\a!, . . .,a r ) 
vi= 1 

r n— in— 1 



m! I] a i Y 

j= 1 i = 0 



n — 1 



Si(n — 1 — i, m)N- k \—l\ai, . . . , a r ) 




Si(n- i,m)ci_i 



r n—m—1 

ml Y a j Y 

j = 1 i = 0 



71—1 

i 



Si(n — 1 — i, m)N- k \—l\ai, . . . , a r ) . 



Therefore, we get for n — 1 > m > 1 

n—m / \ 

Y ( / ) 5,1 ( n - ^ m)Ni k \a 1 , ...,a r ) 

n - i,m)ci-i 



ml 



1=0 




r n—m—1 

m] Y Y 

j = 1 j=0 



71—1 

i 



Si(n — l — i, m)N- k \— l|ai , . . . ,a r ) 



+ (m-l)\Y 



1=0 

n—m 



~ (m-l )! ^ 



71—1 



71 . — 1 



61(71 — 1 — l,m — l)Nj k 1 ^(— l|ai, . . . , a r ) 



ml 



E 

1=0 



1=0 

n ■ — 1 



61(71 — 1 — l, m — l)iV^(— l|ai, . . . , a r ) 



61(71 — 1 — l,m — l)Ni k \— l|ai, . . . ,a r ) 
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Dividing both sides by (m — 1)!, we obtain, for n — 1 > m > 1, 

n—m / \ 

^ ( r> j ) s i (n - l, m)Nj; k} a r ) 

Si(n - i,m)ci-i 



m 



1=0 




f( k ) i 



■ ■ ) ®r) 



r n— m— 1 



j = i z=o 



n — 1 

/ 



Si(n — 1 — l, m)Ni k \—l\ai, . . . , a r ) 



( n , 1 )Si(n-l-l,m-l) 



1=0 



l 



x (fv/ fc 1} (— l|ai, .. • ,a r ) + (m - l)N^ k) (-l\a u . . . ,a r )) . 
Thus, we get (27). 

3.8 A relation with the falling factorials 

Theorem 8 







Nn- m ( a u---,a r )(x), 



(29) 



Proof. For (12) and (18), assume that Av,)' 1 ( ./' o , . . . . ,a r ) — f2'^ n -oC n . in (x) m . By (11), we 
have 



n — 

K - y n..m. • 



m\ \ rr r ( in(i+t)e a j ln(1+t) 

lj = l l e a j ln(l+t)_ 1 



Lif fc (— ln(l + t))t r 



-A TT ( , ( 1 t i) ,'‘T 1 d Lif fc (— ln(l + *)) 



X 



t m x r ‘ 




n 
, m 



( (1 + *)**-! \ T: , 



n ((1 + tp ln(l + t)) Llffc ^ ln(1 + ^ 
n .,a r ) 

Thus, we get the identity (29). 



x 
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3.9 A relation with higher-order Frobenius-Euler polynomials 

For A G C with A ^ 1, the Frobenius-Euler polynomials of order r, hY\x |A) are defined 
by the generating function 



1- A 
e* — A 



e xt = 



E'F’wv 



n = 0 



t* 



n\ 



(see e.g. [6]). 

Theorem 9 



n / n—mn—m—j 



N^ k \x\ai, ...,a r ) = EE E 



m = 0 \ j = 0 1=0 



s\ n- j 



jj V i 



In 



x (1 A) _J E 1 (n — j - Z,m)A, (fc) (a 1 , . . . ,a r )) H$(x |A) . (30) 



Proof. For (12) and 






e l — A 



,t , 



(31) 



1- A 

assume that NY\x\ai, ...,a r ) = C njTn Hm\x\X). By (11), similarly to the proof of 

(27), we have 

e ln(l + t)_ A ' 

i . 

m 



1— A 



Cn ’ m “ m! 1 rrr V l n (l +t )e“/ ln ( 1+ ‘> \ ^ ^ ^ + ^ + ^ 

1 h=l l e“d n (l +*)_ 1 



a; 



n 



(1 + t) a ^ - 1 

m!(l — A) s V (1 + 0 aj ln(l + t) 
1 

m!(l — A) s 



Lif ( — ln(l + t)) (ln(l + f)) m (l - A + tf 



x 



x 



n 



(i + tp - i 



EL \(1 + t) a J ln(l + 
n—m / \ 

E ) a-w-w, 



jjj Lif*(— ln(l +t))(ln(l +t))'” J] ( ( )il - -Vi* 



min{s,n} 



s -i+i n 



n—m 

1 ^ IS 



m!( 1 — A) s V * 



x 



(1 + t ) a3 - 1 
L = A V(1 + tp ln(l + t) 



n 



Lif fc (-ln(l + t))(ln(l + t))' 



X 



^ n—m 

l ^ is 



m!( 1 — A) s ^ \i 



n—m— i 



rwE ,■ E 



z=o 



n—m n—m—i 

E E 

i=0 1=0 



s\ In — i 



ml | ) Si(n — i — l, m)Ni k \ai, . . . , a r ) 



(n)i( 1 — A) *5'i(n — i — l, m)iV^(ai., . . . , a r ) 
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Thus, we get the identity (30). 



3.10 A relation with higher-order Bernoulli polynomials 

Bernoulli polynomials 23^ (x) of order r are defined by 



e* — 1 



e xt = 






E 

71=0 



n\ 



(see e.g. [14, Section 2.2]). In addition, Cauchy numbers of the first kind £« J of order r 
are defined by 

n r oo ( r ) 

* ' 

' n\ 



ln(l + 1 ) 



n = 0 



(see e.g. [2, (2.1)], [13, (6)]). 

Theorem 10 

N^ k \x\a u . . . , u r ) 

n / n—m n—m— 

= E E E 

m = 0 \ i = 0 1=0 



n\ n — i 



Si(n —i — l,m)Nf; k \ai, , . . ,a r ) 23^(x). (32) 



rW 



Proof. For (12) and 



assume that Nn(x\ai,...,a r ) — Cn.m'Bm 1 (x). By (11), similarly to the proof of 






t 1 \ S 

e — 1 



,t , 



(s)/ 



(33) 
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(27), we have 
1 



C'rt.m, . 



e ln(l + t )_ 1 
ln(l+t) 



m\ \ TT r ( ln(l +t)e a J ln(1+t) \ 

llj = l V g a j ln (! + t)_i J 



Liffc(— ln(l + t))(ln(l + t))' 



x 



ml 



(1 + tp - 1 
! \ A = A V(l + tp\n(l + t) 



n 



Lif fc (-ln(l + t))(ln(l + t))' 



ln(l + 1 ) 



x 



ml 



(1 + tp - 1 
! \ AA V(1 + t) aj l n (l + t) 



n 



i 

m\ 



o= 

n—m 



Liffc ( — ln(l + t)) (ln(l + t)) m 



i = 0 



ttX 

l\ 



n—m 

2=0 
n—m- 

E E 



n 



(1 + tp - 1 

i J \ 1A V (1 + ^) aj l n (l + t) 



n 



i 

m. 

i = 0 

n—m n—m—i 



n—m—i 

E 

1=0 



Liffc ( — ln(l + t )) (ln(l + t ))’ 



x 



ml 



n — i 



Spn — % — l, m)Ni k \ai, . . . , a r ) 



U j ( U / J £j s) S'i(n - i-l , m)Nj; k \a 1 , ...,a r ). 

i = 0 1=0 ^ ' '■ 

Thus, we get the identity (32). I 
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SUPERSTABILITY AND STABILITY OF (r, s, t)- T-HOMOMORPHISMS: 
FIXED POINT AND DIRECT METHODS 



SHAHROKH FARHADAB ADI 1 , CHOONKIL PARK 2 , AND DONG YUN SHIN 3 



Abstract. In this paper, we introduce the following useful functional equations: 

f(x + y) + f(x - 2 y) + f(y - x) = f(x), 

P /Ej=l Xj-pXi\ 



( 0 . 1 ) 






3 



p - 1 



+ /( E?= p-l Xl ) =/(*!) (0-2) 



and prove the superstability and the Hyers-Ulam stability of (r, s, t)- J*-homomorphisms, asso- 
ciated with those, by using the fixed point method and the direct method. 



1. Introduction and preliminaries 

The stability of functional equations originated from a question of Ulam [54] in 1940. He 
proposed the following question “when and under what condition does an exact solution of a 
functional equation near an approximately solution of that exist?” A next year, this question 
was formulated and answered by Hyers [26] affirmatively, for Cauchy’s additive equation on 
Banach spaces. In 1950, Aoki [1] was the second author to study this problem. In 1978, Rassias 
[49] obtained a generalization of the result of Hyers by considering the stability problem with 
unbounded Cauchy differences. For more epochal information and various aspects about the 
stability of functional equations theory, we refer the reader to monographs (cf. [2, 7, 9, 10, 12, 
14, 21, 27, 29, 30, 31, 32, 33, 34, 35, 39, 41, 42, 46, 50, 51, 52, 53]), which also include many 
interesting results concerning the stability of different functional equations. 

We say a functional equation (£) is stable if any function g satisfying the equation (£) ap- 
proximately is near to true solution of (£). We say that a functional equation is superstable if 
every approximately solution is an exact solution of that [51]. 

Throughout this paper, A and B denote J*-algebras and {r, s, t} are positive integer con- 
stants. The notion of J*-algebras has been posed by Harris [22] in 1974. By a J*-algebra 
we mean a closed subspace A of a (7*-algebra such that xx*x £ A whenever x € A [22], For 
more study about J*-algebras, one can refer to (cf. [11, 22, 23, 24, 25]). Moreover, we introduce 
(r, s, t)- J*-homomorphisms and (r, s, t)- J* -derivations, which are an extension of J* -derivations 
and J*-homomorphisms (see [19, 44, 45]). 

Definition 1.1. A linear mapping h : A — > B is called an (r, s,t)-J* -homomorphism if 

h(x r x* s x t ) = h{x) r h(x)* s h{x) t 

for all x € A, and if r = s = t = n, then h : A — >■ B is called an n-J* -homomorphism. 

2010 Mathematics Subject Classification. 39B52, 39B72, 47H10, 17Cxx, 46L05. 

Key words and phrases. Functional equation; (r, s, t)- ./‘-homomorphism; Hyers-Ulam stability; fixed point 
method; superstability; direct method. 
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Definition 1.2. A linear mapping 5 : A -A- A is called an (r, s,t)-J* -derivation if 

5{x r x* s x t ) = 5(x) r x* s x t + x r 8(x)* s x t + x r x* s 8{x) t 

for all and if r = s = t = n, then 5 : A -A A is called an n-J* -derivation. 

With n = 1, we have the definitions of J*-homomorphisms and J* -derivations. 

We will use the following definition and fundamental result of fixed point theory: 

Definition 1.3. ([3, 4, 5, 6]) Let A be a set. A function d : X x X — > [0,oo] is called a 
generalized metric on X if d satisfies 

(1) d(x, y) = 0 if and only if x = y; 

(2) d(x,y) = d(y,x) for all x, y € X; 

(3) d(x, z) < d(x, y ) + d(y , z) for all x,y,z € X. 

Theorem 1.4. ([3, 4, 5, 6]) Let ( X , d) be a complete generalized metric space and let J : X — > X 
be a strictly contractive mapping with Lipschitz constant C < 1. Then for each given element 
x G X , either 

d(J n x, J n+l x ) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d( J n x, J n+l x) < oo, Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set y = {y G X \ d(J n °x,y) < oo}; 

(4) d(y, y*) < T L z d{y, Jy) for all y <E W 

This theorem was used by Cadariu and Radu (see [3, 4, 5, 47]) and then others to obtain the 
applications of fixed point theory in stability problems (cf. [8, 13, 15, 16, 17, 18, 19, 20, 28, 36, 
38, 39, 40, 43, 48]). 

Now consider the functional equation (0.2), which is a generalized version of the functional 
equation (0.1). In this paper, in order to investigate the functional equation (0.2), we will 
suppose that p > 3. 



2. Superstability of (r, s, t)- J*-homomorphisms 



In this section, we prove the superstability of (r, s, t)- J*-homomorphisms associated with the 
functional equation (0.2). 

For the proof of our results, we first give some useful lemmas. 

Lemma 2.1. ([37]) Let X and y be linear spaces and let f : X — > y be an additive mapping 
such that f(px) = yf( x) for all y G T 1 := {A e C : |A| = 1} and all x € X . Then the mapping 
f is C-linear. 

Lemma 2.2. Let n > 2 be a fixed positive integer and f : A — t B be a mapping such that 



(n-l)f 



x + y + z 



n 



+ f 



x + z — (n + 1 )y 



n 



+ f 



x + y — (n + 1 )z 



n 



< 



f(x) - f 



y + z — x 



n 



(2.1) 



for all x,y, z G A. Then f is additive. 



Proof. From (2.1), it follows that /( 0) = 0. Putting x = 0, y = x, z = — x in (2.1), we have 
f (~ n n^ x ) + / {^^ x ) = 0 f° r x e A. So f(—x) = —f(x) for all x e A. Replacing x, y and 
z by x and y in (2.1), respectively, we get the equality 



( n - 1 )/ ( (a + y)] 

\n(n + l) J 



(n + 2 n + 2 \ / n + 2 n + 2 \ 

— T~\ x 7 — AAV +4 — 7T y 7 — LT\ X 

\n + l n(n+l) J \n + l nyn + 1) J 
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for all x, y G A. By putting u = x - n ^ n 4 f 2 1) y and v = ^±f y - n ^ 4 f 2 1) x, we conclude that 

(n - 1)/ {u + v) \ = f(u) + f{v) 

for all u, v G A. Letting v = 0, we see that (n— 1)/ = f(u ) and so f(u+v) = f(u)+f(v ) 

for all u,v £ A. 



□ 



Lemma 2.3. Let p > 3 be a fixed positive integer and f : A -A- B be a mapping such that 

p 



f (TLi * 



v p - 1 



+£/ 



i=2 



' Ei=l Ti - ' 



p — 1 



< 



B 



/(*.) -/(?«*<- 



P“ 1 



(2.2) 



B 



for all x i, • • • , x p G Al. Then f is additive. 

Proof. By (2.2), we have /(0) = 0. Letting xi = x, X 2 = y, X 3 = z and X4 = • • • = x p = 0 in 
(2.2), we obtain 



(P - 2 )/ 



x + y + 2; 

p — 1 



+ / 



x + z — py 

p — 1 



+ / 



x + y — pz 

p — 1 



< 



/(*) - f 



y + z — x 
P-1 



for all x,y,z G A, which is (2.1) for the case n = p — 1 > 2. Therefore / is additive, as 
desired. □ 

Theorem 2.4. Let p > 3 be a fixed positive integer and <p : „4 P -A [0,oo) 6e a function such 
that 

lim b^ r+s+t >^{b- n x, • • • , b~ n x ) = 0 

n—¥ 00 

/or all x G „4, where b 1 is a real number. Let f : A ^ B be a mapping satisfying 






i=2 



Ej=i -p^i' 



p — 1 



< 



/(px’i) - / ( p 



,E< =2 ^i-^l 

p — 1 



(2.3) 



j|/(* r z*V) - /(x)7W*7(^IIb < ,s) (2-4) 

/or all p G T 1 and all x,x±,--- ,x p £ A. Then the mapping f : A -A £> an (r, - 

homomorphism. 

Proof. Let p = 1 in (2.3). By Lemma 2.3, the mapping f : A B is additive. From (2.3), for 
xi = X3 = • • • = x p = x and X 2 = 2x, we have 



p+ 1 
p — 1 



l|p/(*) - /(p*)IIb = 



hf 



p + 1 
p — 1 



® + / ( -p 



p + 1 

i 

p — 1 



< 0 b 



= 0 



for all p G T 1 and all igA Hence f{px) = p/(x) for all p G T 1 and all x G A. By Lemma 
2.1, the mapping f : A—> B is C-linear. From (2.4) and the assumption on <p, it follows that 

||/(zV‘V)-/(z)7(z)*7(z) t ||B 



= lim b (r+s+t)n 



X \ r f X 



*S / np \ t 



(tf) ( ITT ) “/I id / ( TTT ) / ( TTT 



X 



X 



< lim M’'+*+ 1 >v(A ... L) = o 

for all p G T 1 and all x G H. Hence f(x r x* s x t ) = f(x) r f(x)* s f(x) t for all x G A 



□ 
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Corollary 2.5. Let 6 be a nonnegative real number and qi, - • • ■ q p be positive real numbers such 
that qi, ■ ■ ■ , q p > r + s + t or qi, ■ ■ ■ ,q p < r + s + t. Let f : A -A B be a mapping satisfying (2.3) 
and 

\\f(x r x* s x t ) - /(x)7(*)*7(z)1s < e (||*||S + • • • + Nft) (2.5) 

for all x £ A. Then the mapping f : A — >■ B is an (r, s,t)-J* -homomorphism. 

Proof. The proof follows from Theorem 2.4 by taking p(x i, • • • , x p ) := 9 (||xi||^ + • • • + ||xp||^) 
with b > 1 for the case qi, ■ ■ ■ , q p > r+s+t and with b < 1 for the case qi, ■ ■ ■ ,q p < r + s+t. □ 

Corollary 2.6. Let 9 be a nonnegative real number and qi, - ■ • ■ q p be positive real numbers such 
that q\ + • • • + q p 7 / r + s + 1. Let f : A — > B be a mapping satisfying (2.3) and 

ii /(s r s*V) - f(xYf(xrf(xy\ \ B < 9\\ x \\ q x + - +qp 

for all x £ A. Then the mapping f : A — >■ B is an (r, s, t)-J* -homomorphism. 

Proof. The proof follows from Theorem 2.4 by taking <p(xi, ■ ■ ■ , x p ) := 9 (||xi ||^J • • • ||a;p||^) with 
b > 1 for the case q\ + • • • + q p > r + s + t and with b < 1 for the case qi + - ■ - + q p < r + s + t. □ 



3. Hyers-Ulam stability of (r, s, f)- J*-homomorphisms: fixed point method 



In this section, by using the fixed point method, we prove the Hyers-Ulam stability of (r, s, t)- 
J*-homomorphisms associated with the functional equation ( 0 . 2 ). 

For a given mapping / : A — )• £>, we define 



Qnf{x I,-" ,x p ) := / [n 



p — f 



+ 



p 

£ 

1=2 



/ h 



Ei=l x i - PXi ' 



p — 1 



+ / M 



,E L 2 Xj-Xl 
p — 1 



- l) 



for all /i G T 1 and all xi, • • • , x p £ A. 

Lemma 3.1. The mapping f : A B is a C-linear mapping if and only if 

6pf( x l, • • • ,av) = 0 

for all /iGT 1 and all x i, • • ■ , G ^4. 

Proof. The proof is easy and thus omitted. □ 



In the following theorems, we will except the case p = 3. This case will be considered 
individually. 



Theorem 3.2. Let <p : -> [0, oo) be a function with ip( 0, • • • ,0) = 0 and p A 3 snc/i that 

there exists an C < 1 with 

£ 

<f(x !,■■■ ,x p ) < —ip(kxi, ■ ■ ■ , kx p ) (3.1) 



for all xi, ■ ■ ■ , x p £ A, where k = ^y. Suppose that f : A B is an odd mapping satisfying 
(2.4) and 



\\g p f{xi,--- ,x p )\\t 3 < (p(x i,--- ,Xp) (3.2) 

/or all n £ T 1 and all x\,--- ,x p £ A. Then there exists a unique (r, s,t)~J* -homomorphism 
PL : A B such that 



|| f(x)-PL{x) 



I B < 



c 

2(1-/:) 



<y9(0,X, ••• ,X) 



(3.3) 



/or all x £ A. 
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Proof. We first consider the set S := {g : A — >■ B} and introduce the generalized metric d as 
follows: 

d(g,h) = inf {C <E R + : \\g{x) - h(x) \\ B < C<p(0,x, ••• ,x)} . 

It is easy to show that (S, d) is complete (see the proof of [35, Lemma 2.1]). Now we define the 
linear mapping J : S — >■ S such that 

J {g{x)) : = kg 

for all x € A. From (3.2), we can get /( 0) = 0. By letting /i = 1, x\ = 0 and X 2 = • • • = x p = x 
in (3.2) and the fact that f(—x) = —f(x), (/ is an odd mapping) and then by (3.1), we have 

+ ip - li/ < <p( 0,1, •",!), 

for all x £ A. This means that 

d(J(/),/)<§ (3.4) 

Assume that g,h £ S are given with d(g, h ) = e. Then we have 

ll»7(0(*)) - *7 (M*))IIb = A s(|) ~ h (j s ) ,|) 

< (0, x, • • • , x) 

for all A This implies that d(J(g),J(h)) < Ce = £d(g,h), which means J is a strictly 
contractive mapping. 

By Theorem 1.4, we have the following: 

(1) J has a fixed point, i.e. , there exists a mapping Pi : A —*■ B, such that JifH) = Pi. So 

Pi{x) = kTi (3.5) 

for all x € A. The mapping Pi is also the unique fixed point of J in the set 

M = {g G S : d(f,g) < oo}. 

This signifies that Pi is a unique mapping satisfying (3.5), moreover there exists a C G (0, oo) 
such that 

11/0*0 ~PL(x)\\b <Cip( 0,x, ■■■ ,x) 

for all A; 

(2) The sequence {i/ n (<7)} converges to Af, for each given g e 5. Thus d(J n {f),Pi) — )■ 0, as 
n — >■ 00 . This implies the equality 

"H(x) = lim k n f f 
K ’ n— >00 J V k n J 

for all A; 

(3) d(g,Pi) < jz-^d {g , J (g)) , for all g € M. Therefore (3.4) shows us that 



d(f^)<Y^d(f,J(f))< 



C 

2(1 -cy 



By this, we get the inequality (3.3). 
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It follows from (3.1) that 

WeMxir ■■ ,Xp)\\t3 = k n ,|j) 









5 



for all x i , • ■ • , £ *4, in which the right-hand side tends to zero as n — > oo. Hence by Lemma 

3.1, we deduce that T~i is C-linear. 

By (3.1) and (2.4), we obtain 

|| h(x r x* s x t ) — h(x) r h(x)* s h(x) t \\ IB 



= f,{r+s+t)n 



X 



X 



/ IT 7T \7z) I f\7^) f\Tr 7 



X 



X 



< ‘ (r+ * +,) > (£>•••. ff) <£ ( ’' + - +,) >a, -,x) 



for all x 6 >4. The right-hand side tends to zero as n — )• oo, and so the mapping "H : A — > B is 
an (r, s, t)- J*-homomorphism, as desired. □ 

Theorem 3.3. Let : A p — > [0, oo) be a function with ip{ 0, • • • ,0) = 0 and p / 3 such that 
there exists an C < 1 with 



<f(xi ,■■■ ,x P ) < ,y) 



(3.6) 



/or all x i, • ■ ■ , Xp e .4, where k = — p Suppose that f : A B is an odd mapping satisfying 
(3.2) and (2.4). Then there exists a unique (r, s,t)-J* -homomorphism TL : A B such that 



11/0*0 - ^(x)||b < 



£ 



(l-£)(p-l) 



x 



V 0 , -, 



x 



k' ’ k 



(3.7) 



for all x £ A. 



Proof. Let S be the defined set in the proof of Theorem 3.2. Consider the following generalized 
metric d: 

d(g, h) = hT jc G M + : || g(x) - h(x) \\ B < Cip (o, |, • • • , j . 

It is easy to show that (5, d) is complete (see the proof of [35, Lemma 2.1]). we define the linear 
mapping J : S -» S such that 

J{g{x)) ■= j_g{kx) 

for all x € A. By the same argument as in the proof of Theorem 3.2, we can obtain the mapping 
TL : A -A B, as the unique fixed point of J such that 

TL(x) := lim — f(k n x ) 

V ’ n-+ oo k n 



for all x € A. By (3.2) and (3.6), we have 



f{x) - - f(kx) 



1 , 

< -ip[0,x,- ■ ■ ,x) < 



C 



(P~ !) 



<P °> »T 



k 



for all This means that d(f,J(f)) < 



. Hence 
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which implies that the inequality (3.7) holds. 

The rest of the proof is similar to the proof of Theorem 3.2. □ 

Theorem 3.4. Let ip : A 3 — > [0, oo) be a function such that there exists an C < 1 with 

tp(x, y, z) < ^<p(2x : 2 y, 2 z) (3.8) 

for all x,y,z £ A. Suppose that f : A -A B is an odd mapping satisfying 

+ f 

+/ (/^^-| — ~ hf(x) <ip(x,y,z), (3.9) 

II f(x r x* s x t ) - f(x) r f(x)* s f(x) t \\ B < <p(x, x, x) (3.10) 

for all p £ T 1 and all x,y,z £ A. Then there exists a unique (r, s,t)-J* -homomorphism 
TL : A — s- B such that 

II f{x) - U{x) ||b < 2 (i^_ q T ( 2x i °’ °) ( 3 - n ) 

for all x € A. 

Proof. Consider the defined set S in the proof of Theorem 3.2 and the following generalized 
metric d: 

dig, h) = inf \C € M + : || gix) — hix ) ||g < Cip (2x, 0, 0)) . 

x&A 

Using the same method as in the proof of Theorem 3.2, we can get the mappings J : S — > S 
and TL : A -A B, with 

J («,(*)) ; =2 9 g), 

for all x £ A. By (3.8) and (3.9), we obtain 

x jCs 

2/ (|) - f(x) b <t(x, 0 , 0 ) < -p ( 2x , 0 , 0 ) 

for all x £ A, which means d{f,J(f)) < ^ . Hence d(f,TL) < • This implies that the 

inequality (3.11) holds. □ 

Theorem 3.5. Let <p : A 3 — > [0, oo) be a function such that there exists an C < 1 with 

(x y z\ 

<p{x,y,z) < 2 Cip 

for all x, y,z £ A. Suppose that f : A -A B is an odd mapping satisfying (3.9) and (3.10). Then 
there exists a unique (r, s,t)-J* -homomorphism TL : A -A B such that 

\\f(x) - TL{x)\\ b < j^£jip{x,0,0) 

for all x £ A. 

Proof. The proof is similar to the proof of Theorem 3.4. □ 




x + y + z 



x + z — 3y 
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4. Hyers-Ulam stability of (r, s, t)- J*-homomorphisms: direct method 

In this section, by using the direct method, we prove the Hyers-Ulam stability of (r, s, 
homomorphisms associated with the functional equation (0.2). 

Theorem 4.1. Let : A p — > [0, oo) be a function with ip( 0, • • • ,0) = 0 and p > 4. Denote by 
f> a function such that 



• • • , x p ) := ^ k ( ' n+1 'V (k n x i, • • • , k n x p ) < oo, 



n=0 



lim k~( r+s+t)n ip ( k n x , • • • , k n x ) = 0 



(4.1) 

(4.2) 



for all x,x i, • • • ,i p G A, where k = . Suppose that f : A B is an odd mapping satisfying 

(3.2) and (2.4). Then there exists a unique (r, s,t)-J* -homomorphism h : A — > B such that 



11/0*0 - h(x)\\ B < — ^(0,x, • • • ,x) 

p — 1 



(4.3) 



for all x £ A. 

Proof. It follows from (3.2) that 

1 



-f{kx) - f(x) 



1 . 

< -<p(0,x,--- ,x) 



B 



for all x G A. Using the induction method, we obtain 

n— 1 



f{k n x ) - f{x) 



< — - V fc- (s+1 V(0, A: S X, • • • , fc s x) 

*5 P- 1 ^ 



(4.4) 



for all n > 1 and all x £ 4. Assume that m,l are positive integers with nn > l. By (4.4), for 
m — l > 0 and k l x , we have 



- //(*'*) 



1 

F 



l 



—Aik™ l k l x ) - f{k L x) 



fem—l 
m— 1 



< 



t— ^ k ( ' S+1 V(0, A: s x, • • • , /^x) 



p — 1 



S=l 

OO 



< -2— V t- (,+1 V(0, k s x, ■■■ , k’x) 

p - 1 1; 

for all By (4.1), the right-hand side tends to zero as l — > oo. Therefore the sequence 

{jO/(^’ n a 0} * s Cauchy. Since A is a complete space, the sequence {pr:f{k n x)} is convergent 
and we can define for all x £ A, the mapping h : A —>■ B by 

h(x) := lim ~^f{k n x). 

n— >oo K 

Passing the limit n — > oo in (4.4) and then by (4.1), we obtain (4.3). 

It follows from (4.1) and (3.2) that 

\\etih(xi, ■ ■ ■ , x p )\\b = lim^ — lle^f {k n xi,- ■ ■ ,k n x P )\\ B 



< lim - — 09 (k n x i • • • , k n x v ) = 0 

~ n— 7oo k n P 
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for all ^eT 1 and all xi, ■ ■ ■ , x p G A. So by Lemma 3.1 we deduce that h is C-linear. 

By (4.2) and substituting x by k n x in (2.4), we obtain 

\\h(x r x* s x t ) — h{x) r h(x)* s h{x) t || B 

= ,1™, lh ((t n x) r (k n x)”(k n x)‘) - f (k n xf S (k n x)“ f (k n x)‘\\ B 

for all x € A. Hence h(x r x* s x t ) = h{x) r h(x)* s h{x) t for all x G A. 

Let g : A -A B be another (r, s, t)- J*-homomorphism satisfying (4.3). Then we have 

IlfcW-sWIlB < ^ \\f(k n x) - Hk n x)\\ e + L \\f(k n x) - g(k n x)\\ B 



1 

< 



k n \p-l 



4> (0, k n x, • • • , k n x ) 



P 



— ^ k (s+1 V (0; k s x, • • • , k s x) 



for all x € A. By (4.1), the right-hand side tends to zero as n — > oo, which means h is 
unique. □ 

Theorem 4.2. Let <p : A p -4 [0, oo) be a function with ip( 0, • • • , 0) = 0 and p > 4. Denote by 
4> a function such that 



OO 

(f>(x i,--- , x p ) :=^^k n <p i^k~ <yn+1 ^ > x i,--- ,k~^ n+1 ^Xp^ < oo 



(4.5) 



n = 0 



for all x\, ■ ■ ■ ,x p G A, where k = { . Suppose that f : A -> B be an odd mapping satisfying 

(3.2) and (2.4). Then there exists a unique (r,s,t)-J* -homomorphism h : A -4 B satisfying 

(4.3) . 



Proof. It follows from (3.2) that 

kf (f)~ nx) 



< 



B p - 1 



^ °»T-" »T 



k 



for all x € A. By the same method which was done in the proof of Theorem 4.1, we can get the 
unique and C-linear mapping h(x) := lim n _ s . 0O k n f (-^x) satisfying (4.3). By (2.4), (4.5) and 
the fact that k < 1, we have 

\\h(x r x* s x t ) — h(x) r h(x)* s h(x) t \\ B 



= lim k {r+s+t)n 



x 



x 



/ tt 7T ( 7T7 ) ) — / ( 7T7 ) f ( 7T7 ) / ( TTT 



X 



X 



X 



□ 



< lim k^ r+s+t >v f ; r : ; r ) < lim k n <p ■ ■ • , -Pi = 0 

n — »oo V k n k n J n— > oo V k n k n J 

for all x € A. Hence h(x r x* s x t ) = h{x) r h{x)* s h{x) t for all x € A. 

Corollary 4.3. Let 9 be a nonnegative real number and qi, • • • . q p be positive real numbers such 
that gi,--- , q p > r + s + t or qi, ■ ■ - , q p < 1. Let f : A -4 B be an odd mapping satisfying (2.5) 
and 



\\etif(xi,-- ■ ,x p )\\ b < d{\\xi\\ q X + 



l P\\A > 
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for all (i £ T 1 and all x±,--- ,x p £ A. Then there exists a unique (r, s,t)-J* -homomorphism 
h : A ^ B such that 

p fllMI'W 

ll/(*) - h ^)\\B < ^2 2\i-k£-M 

j = 2 1 1 

for all x £ A. 

Proof. Defining tp(x i, ■ ■ ■ ,x p ) = 0(||xi||'^ + • • • + ||x p ||J) and applying Theorem 4.1 for the 
case q\, ■ • • , q p > r + s + t, and Theorem 4.2 for the case <?i, ■ • • , q p < 1, we get the result. □ 

Theorem 4.4. Let <p : A 2 — >■ [0, oo) be a function with <£>(0,0) = 0. Denote by <j> a function 
such that 

OO 

<f>(x,y) :=^2-( tl+1 ) ( £(2”x,2 n y)<oo 

n = 0 

for all x,y £ A. Suppose that f : A — > B is an odd mapping satisfying 

II f(hx + ny) + f(yx - 2 ny) + f(yy - yx) - yf(x) \\ B < <p{x,y), (4.6) 

II /(* r x* V) - f(x) r f(xy s f (xY ||b < <p(x, x ) (4.7) 

for all y £ T 1 and all x,y £ A. Then there exists a unique (r, s, t)-J* -homomorphism h : A — > £> 
such that 

\\f( x ) - h(x)\\ts < 4>(0,x) (4.8) 

for all x £ A. 

Proof. From (4.6), it follows that 

a/(2z)-/(x) <ir¥>(0,®) 

Z B z 

for all x £ A. Using the same method as in the proof of Theorem 4.1, we conclude that the 
mapping h(x) := linp^oo A.f (2 n x) is a unique (r, s, t)- J*-homomorphism satisfying (4.8). □ 

Theorem 4.5. Let tp : A 2 — >■ [0, oo) be a function with <£>(0,0) = 0. Denote by a function 
such that 

OO 

4>{x,y) := J2 2n< P (2- (n+1) a;,2-(" +1 ) 2 /) < oo, 

n = 0 

lim 2^ r+s+t2>n ip (2~ n x, 2~ n x) = 0 

n — >00 v y 

for all x,y £ A. Suppose that f : A — >■ B is an odd mapping satisfying (4.6) and (4.7). Then 
there exists a unique (r,s,t)-J* -homomorphism h : A —>■ B satisfying (4.8). 

Proof. The proof is similar to the proof of Theorem 4.4. □ 

Corollary 4.6. Let 9 be a nonnegative real number and qi,q 2 be positive real numbers such 
that q\,q 2 < 1 or q\, q -2 > r + s + t. Let f : A — >■ B be an odd mapping satisfying 

\\f(yx + yy) + f(yx - 2 yy) + f(yy - yx) - yf(x) \\ B < 9( ||x||^ + ||y||^), 

\\f(x r x* s x t )-f(x) r f(xy s f(x) t \\B < e(\\x\\^ + \\x\\ q J) 

for all y £ T 1 and all x,y £ A. Then there exists a unique (r, s, t)-J* -homomorphism h : A — > B 
such that 

II fix) - h(x ) ||e < 

for all x £ A. 
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Proof. Defining ip(x,y) = 9 (||x||^ + ||y||^) and applying Theorem 4.4 for the case q\ . q -2 < 1, 
and Theorem 4.5 for the case q\ , (/2 > r + s + t, we get the result. □ 

Theorem 4.7. Let <p : A 3 — >■ [0, oo) be a function. Denote by <f a function such that 

OO 

f(x, y, z ) := ^ 2~ n p (2 n x, 2 n y, 2 n z) < oo 

n= 1 



/or all x,y,z G *4. Suppose that f : A B is an odd mapping satisfying (3.9) and (3.10). T/ien 
t/iere exists a unique (r,s,t)-J* -homomorphism h: A B such that 

\\f(x) - h(x)\\ B <(f>(x,0,0) (4.9) 



for all x G A. 

Proof. By (3.9), we get |||/(2x) — f(x) || fi < ^<p(2x,0,0) for all x G A. The same method 
as in the proof of Theorem 4.1, leads us to the unique (r, s, t)- J*-homomorphism h(x) := 
lim n _>oo (2 n x)satisfying (4.9). □ 

Theorem 4.8. Let p : A 3 -A [0, oo) be a function. Denote by f a function such that 



4>(x, y, z) :=^2 n p(2 n x,2 n y,2 n z) < oo, 

n = 0 



lim 2^ r+s+t >p (2~ n x, 2~ n x, 2~ n x) = 0 

71— > OO V ' 



for all x,y,z G A. Suppose that f : A B is an odd mapping satisfying (3.9) and (3.10). Then 
there exists a unique (r, s,t)-J* -homomorphism h : A ^ B satisfying (4.9). 

Proof. The proof is similar to the proof of Theorem 4.7. □ 



Corollary 4.9. Let 9 be a nonnegative real number and qi,q 2 ,q 3 be positive real numbers such 
that q\ . q- 2 . q?, < 1 or qi, q 2 , qz > r + s + t. Let f : A — > B be an odd mapping satisfying 



f h 



x + y + z 



+ f\T 



x + z — 3y 



+ f[T 



x + y — 3z 



+/ ( — - ) - hf(x) 



<o(\\x\\ q X + \\y\\ q X + M q X), 

II f(x r x* s x t ) - /(x) r /(®)* S /(a;)*l|s < 0 (IkllS + \\x\\ q X + ||x||®) 



for all y G T 1 and all x,y,z G A. Then there exists a unique (r, s,f)-J* -homomorphism 
h : A -A B such that 

O '? 1 

\\f{x)-h{x)\\ B <^- w ^9\\x\\ q X 

for all x G A. 

Proof. Defining <p(x,y,z) = 9 (||x||^ + \\y\\ q X + ||z||^) and applying Theorem 4.7 for the case 
qi, Q 2 , Q 3 < 1, and Theorem 4.8 for the case qi, q 2 , <?3 > r + s + t, we get the result. □ 



Remark 4.10. The obtained results in this paper, could be more remarkable and interesting. In 
other words, as a consequence including simpler and better results, one can set q\ = ■ ■ ■ = q p = q, 
as well asr = s = f = l (or a fixed n G N) in all the statements. Furthermore, all the obtained 
results do also hold for (r, s, t)- J* -derivations similarly. The reader can directly verify this point 
just with a little difference in details. 
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Abstract 

In [1] and [6] Marx and Strohhacker have proved that if / E A is a convex function, then it has the 
property of starlikeness of order In [5, Theorem 9.5.6], P. T. Mocanu extended this result to the class Ai 
for a convex function of order — In this paper we extend the results proven by Marx and Strohhacker and 
by P. T. Mocanu and we’ll prove that, if the function / £ An, n > 3, is a close-to-convex function, then it 
is starlike of order |. 

Keywords: Analytic function, univalent function, integral operator, close-to-convex function. 

2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 



1 Introduction and preliminaries 

Let U be the unit disc of the complex plane U = {z £ C : \z\ < 1}. Let H(U) be the class of holomorphic 
functions in U. Also, let A n = {/ £ Tt(U) : f(z) = z + a n+ 1 z n+1 + . . . , z £ U}, with A\ = A. 

Let S = {/ € A : / univalent in U} be the class of holomorphic and univalent functions in the open unit 
disc U, with conditions /( 0) = 0, /'( 0) = 1, that is the holomorphic and univalent functions with the following 
power series development f(z) = z + a^z 1 + ..., z £ U. 

Denote by K, = j/ € A : Re z j, ^ T 1 > 0, z £ the class of normalized convex functions in U and by 

C = {f£A : 3 ip £ /C, Re 70 >0, 2 £ t/j the class of normalized close-to-convex functions in U. 

An equivalent formulation would involve the existence of a starlike function h (not necessarily normalized) 
such that Re > 0, z £ U. We consider /C ( — = j/ £ A n '■ Re “fiff + 1 > — z £U, 7 > 1 j . 

Let S* = {/ £ A : Re 201 > 0, z £ u\ denote the class of starlike functions in U, and 

S* (a) = j/ £ A : Re > a, z £ u\ , denote the class of starlike functions of order a, with 0 < a < 1. 

In order to prove our original results, we use the following lemmas: 

Lemma 1.1 [2], [3], [4, Theorem 2.3.i, p. 35] Let if) : C 3 x U — > C, satisfy the condition R eil)(is,t) <0, z £ U, 
for s,t £ R, t < — f(l + s 2 ). If p{z) = 1 + p n z n + p n+ iz n+1 + ... satisfies R e[p(z),zp'(z);z] > 0, then 
R ep(z) >0, z £ U. 



More general forms of this lemma can be found in [ 6 ]. 



Lemma 1.2 [5, Theorem 4-6-3, p. 84] The function f £ A, with f'(z) 7 ^ 0 , z £ U, is close-to-convex if and 



only if f 0i 2 Re 



1 + 



zf"(z 



/'(*) 



dd > — 7T, 2 = re™, for all 61,62, with 0 < 6\ < 62 < 27t and r £ (0, 1). 



Definition 1.1 [ 4 , Definition 2.2.b, p. 21] We denote by Q the set of functions q that are analytic and injective 
_ r 1 

on U\ E(q), where E(q) 

E(q) is called exception set. The subclass of Q for which /( 0) = a is denoted by Q(a). 



( £ dU : lim q(z) = 00 > and are such that (/(£) 7 ^ 0, for ( £ dU \ E{q). The set 

J 
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Definition 1.2 [4, Definition 2. 3. a, p. 27] Let LI be a set in C, q £ Q and n be a positive integer. The class of 
admissible functions q) consists of those functions if : C x U — > C that satisfy the admissibility condition 



(A) 



if(r, s, f) ^ 12 



where r = q((), s = mQq'{C), R (| + l) > mRe 
as \l/[12, q] . 



Cg"(Q 

q'(C) 



z£U, (£ dU\E(q), m > n. 



We write ’Ll [12, g] 



In the special case when 12 is a simply connected domain, 12 ^ C, and h is a conformal mapping of U onto 
12, we denote this class by q}. 

If if : C 2 x U — > C, then the admissibility condition (A) reduces to 

(A') if(q( C), mCg'(C); z) <£ 12, 



where z £ U, f £ dU \ E(q) and m > n. 

If ip : C x U — > C, then the admissibility condition (A) reduces to 



(A") 



<P(q{ 0 ;z) £ ^ 



where z £ U and £ € dU \ E(q). 

Definition 1.3 [4, p. 36] Let f and F be members of H(U). The function f is said to be subordinate to F, 
written f < F or f(z) -< F(z), if there exists a function w analytic in U , with w( 0) = 0 and |tc( 2 ;)| < 1, and 
/(0) = F(0) and f(U) C F(U). 

Definition 1.4 [4, p. 16] Let if : C 3 x U — > C and let h be univalent in U. If p is analytic in U and satisfies 
the (second-order) differential subordination 

(i) ip(p(z), zp' (z), z 2 p" (z)] z) -< h{z), 

then p is called a solution of the differential subordination. The univalent function q is called a dominant of 
the solutions of the differential subordination, or more simply a dominant, if p G q for all p satisfying 
(i). 

A dominant q that satisfies q -< q for all dominant q of (i) is said to be the best dominant of (i). (Note 
that the best dominant is unique up to a rotation of U ). 

If we require the more restrictive condition p € [a, n], then p will be called an (q,n)- solution, q an (a, n)- 
dominant, and q the best (a, n) -dominant. 

Lemma 1.3 [4, Theorem 2.3. c, p. 30] Let if € ^[/i, q\ with q( 0) = a. Ifp £ H[a,n], if(p(z),zp'(z),z 2 p"(z)-,z) 
is analytic in U, and 

(ii) if(p(z),zp'(z),z 2 p"(z)-,z) -< h(z), 
then p(z) -< q(z), z £ U. 

Theorem 1.1 [1, 6, Marx-Strohhacker] If f £ A and satisfy the condition Re + l) >0, then 

(a) Re > \ [ be., f £ S* (|)] and 

(b) Re for z £ U. 

In [5] has shown that the odd and convex functions of order — i are starlike functions of order £ . 

Theorem 1.2 [5, Marx-Strohhscker, Theorem 9.5.6, p. 218] If f £ Ao and satisfy the condition Re + l) 

> — then Re ^ > \ [be., f £ S* (|)] , for z £U. 

2 Main results 

We’ll extend the theorem Marx-Strohhacker for the functions / € A n , n > 3, which are close-to-convex 
functions. 
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Theorem 2.1 Let n > 3, 7 > 1, / G A n , satisfy the condition 



ReigM + l 1 

f'{z) 27 



( 2 . 1 ) 



then Re > 1 



/(*) " 2- 

Proof. According to Lemma 1.2 we obtain 



Re 



JO 1 



1 + 



*/"(*) 






dd > 



1 



1 



2-7T 



-7T d9 =-TT d0 = ~ — (02-0!) 7T, A>1. (2.2) 



27 



27 



/0i 



27 



27 



From (2.2) we have / € C, hence it is univalent. 

Let p(z) = 2 • 7^777 — 1. Since / eA„ and / is close-to-convex function (univalent), the function p is analytic 
in U and p( 0) = 1. 



A simple computation leads to 
By differentiating (2.3), we obtain 
Using (2.3) in (2.4), we have 

Using (2.1) in (2.5), we obtain Re 



P(z) + 1 = zf(z) 
2 f(z) ‘ 



zp\z) = 1 + zf"(z) zf'(z) 



p{z) + 1 



p{z) + 1 zp'(z) 

A 



/'(*) f(z) ' 
zf"(z) 



1 + 



pj £2+1 I zp’(z) 
2 ^ p(z) + 1 



P(z) " ' f'(z) 

> — 57, which is equivalent to 



Re 


'p(z) + 1 


2 


z) = 


p(z) + 1 I 
2 



+ 



1 



p(z) + 1 27 

V(U I 1 _.u, 

RU+T + 27 ’ whe 



> 0. 



r + 1 ^ 2 7 - 



(2.3) 

(2.4) 

(2.5) 

(2.6) 

1.6) is 



equivalent to Re^>(p(z), 27/(2:); z) > 0, z G U. 

In order to prove Theorem 2.1, we use Lemma 1.1. For that we calculate Re f)(is, t) = Re ^ 



is+l 1 t I 1 

2 ' 1+is ' 27 



= Re 






s+1 I £(1 is) 
"~2 1 1+s 2 



— ) = 1 

27 y 2 



+ 



1+s 2 



1^1 rt(l+s 2 

27 — 2 2(l+s 2 



+ 57 = V + = (1 2^ +1 < °- SillCe U > 3 > 



2 7 



2 7 



7 > 1. Now, using Lemma 1.1, we get that Rep(,z) > 0, z G U, i.e. , Re z j^ z > \, z G U. m 

Remark 2.1 Each of the four conditions in the Marx-Strohhacker theorem can be rewritten in terms of subor- 
dination. This leads to the following equivalent form of the theorem. 

Theorem 2.2 Let n > 3, 7 > 1, / G A n , satisfies the condition 7777^7 + 1 A 7777 -^ , then z j(^ -< 777- 
Theorem 2.3 Let n > 3, 7 > 1, / G A n satisfies the conditions 

Re 

and 



z ^ z Ki)>- 1 
f'(z) J 27 


(2.7) 


zf'(z) 1 

Re J w > 
f(z) > 2 


(2.8) 



then Re > \ , for z G U. 

Proof. In order to prove Theorem 2.1, we saw that, if / €A„, n > 3 and satisfies the condition (2.1) or 
(2.7), then the function / is close-to-convex (univalent). 
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Let p{z) = — 1. Since / £ A n . n > 3 and / is close-to-convex function (univalent) then the function p 

is analytic in U and p(0) = 1. A simple computation leads to 



By differentiating (2.9), we obtain 



Using (2.8) in (2.10), we have 



P{z) + 1 = /(f) 
2 ^ 

zp'jz) = zf\z) _ 
p(z) + 1 f(z) 



Ai± + l)>o,^u. 



\p(z) + 1 2 / 

Let xp : C 2 x U — > C, ip(p(z),zp'(z);z) = where ip(r,s) = | + jyy. Then (2.11) is equivalent to 

ReV’(p(^),^p / (^);^) > 0, 2 e [/. 

In order to prove Theorem 2.1, we use Lemma 1.1. For that we calculate R eip(is,t) = Re \ + = 

Re \ + | < \ — 2 ( 1 +s 2 ) = < 0; since n > 3. Therefore, by applying Lemma 1.1 we 

conclude that p satisfies Rep( 2 ) > 0. This is equivalent to Re > /, z £ U. ■ 

For 0 < 7 < 1, n > 3, Theorem 2.2 can be written as the following corollary. 

Corollary 2.4 Let n> 3, 0 < 7 < 1, f £ A n satisfy the conditions Re +1 > — 5) ani $ R- e > b 

then Re z £ U. 

Theorem 2.5 Let n > 3, 7 > 1, / £ A n satisfy differential subordination 



zf"(z) 1 

/'(*) 






then -< A-, z £ U. 



Proof. Consider 



zf(z) 1 
f(z) 1 + 2 






Since / £ A n , and / is close-to-convex function (univalent) then the function p is analytic in U, and p{ 0) = 1. 
By differentiating (2.14), we obtain 

p{z) + 1 + 2 • [ ’ 

Using (2.13) in (2.15), we have 

#( + 1 . 2 -. (2.16) 
p{z) + 1 1 + z 

Since Re ^2— > i differential subordination (2.16) is equivalent to 



£bb)>°- — 



Let ip : C 2 x U — > C, ip(p(z), zp'(z); z) = + |, then (2.17) becomes R eip(p(z), zp'(z)\ z) > 0, z £ U. 

In order to prove Theorem 2.5, we use Lemma 1.3. For that we calculate R eip(is,t) = Re ^ = 



Re ^ 1 1 +S 2 S ' ) + = j ^2 + b < 2 ^( 1 +s^)^ + \ = -yy 1 < 0. Using Definition 1.2, we have ip £ 4> ra [/x, q ]. Therefore 

by Lemma 1.3, we conclude that p{z) -< q(z), i.e., -< for z £ U. ■ 
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Theorem 2.6 If f £ A n , n > 3, 7 > 1 and satisfy the condition Re + l) > — then Re \J f'(z) > 

/or z £ U. 

Proof. Consider p{z) = 2a/ f'(z) — 1 , z £ U. Since / € „4„, n > 3, and / is close-to-convex function 
(univalent) then the function p is analytic in U and p(0) = 1. A simple computation leads to 

^ 4 ^ = v'm (2.18) 

By differentiating (2.18), we have + 1 = + 1- Using (2.1), we have 



Re 



2zp'(z) 

l+p{z) 




(2.19) 



If we let ip : C 2 x 1/ — > C, 'ip(p(z), zp'(z)) = + 1 ^ 7 , then (2.19) becomes Re ip(p(z), zp'(z)) > 0. 

In order to prove Theorem 2.6, we use Lemma 1.1. For that, we calculate Reip(is,t) = Re (pf/: + 1 ^ 7 ^) 
= Ra ( + '££) = ^ ^ < 0. since n > 3, 7 >1. 



V l+s 



27 7 



1 +s 2 



27 



1+s 



27 



27 



27 



Using Lemma 1.1, we have Rep(z) > 0, i.e. , Re a / f{z) > \. u 

For 0<7 <l,n> 3, Theorem 2.6 can be written as the following corollary. 



Corollary 2.7 If f £ A n , n > 3, 0 < 7 < 1, satisfy the condition Re ( ~pj py + 1^ > — 3), tften Re a Jf{z) > 
for z £ U . 



In differential subordination language Theorem 2.6 can be written as 
Theorem 2.8 If f £ A n , n> 3, 7 > 1 , and satisfy the differential subordination 

zf"{z) , 1 ~ (j + 1 4 

f{z) + 1 + Z 5 



( 2 . 20 ) 



then a //'( z) A 177, for z£U. 
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A finite difference method for Burgers’ equation in the 
unbounded domain using artificial boundary conditions * 



Quan Zheng; Yufeng Liu, Lei Fan 

College of Sciences, North China University of Technology, Beijing 100144 , China 

Abstract: This paper discusses the numerical solution of one-dimensional Burgers’ equation 
in the infinite domain. The original problem is converted by Hopf-Cole transformation to the 
heat equation in the infinite domain, the latter is reduced to an equivalent problem in a finite 
computational domain with two artificial integral boundary conditions, a finite difference method 
is constructed for last problem by the method of reduction of order, and therefore the numerical 
solution of Burgers’ equation is obtained. The method is proved and verified to be uniquely 
solvable, unconditionally stable and convergent with the order 2 in space and the order 3/2 in 
time for solving the heat equation as well as Burgers’ equation in the computational domain. 

Keywords: Burgers’ equation; infinite domain; Hopf-Cole transformation; Artificial bound- 
ary condition; Finite difference method 

1 Introduction 

When an analytic solution is not available, or the analytic one is not suitable to be used, a 
numerical method is necessary for solving partial differential equations. Therefore, several kinds 
of exterior problems in the areas of heat transfer, fluid dynamics and other applications were 
solved numerically by using artificial boundary conditions [1-5]. 

The artificial boundary methods were established on bounded computational domains for 
various problems of heat equation on unbounded domains and the feasibility and effectiveness 
of the methods were shown by the numerical examples [6, 7]. Moreover, for the heat equation in 

*The research is supported by National Natural Science Foundation of China (11471019). 

'E-mail: zhengq@ncut.edu.cn (Q. Zheng). 
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a semi- unbounded domain [— l,oo) x [0, oo), by using an artificial integral boundary condition 

fn .,_ 1 C u a(M)„ 

u x[0,t) — . — / dX, 

V 71 Jo \t — A 

Sun and Wu [8] firstly proved that the finite difference scheme is uniquely solvable, uncondition- 
ally stable and convergent with the order 2 in space and the order 3/2 in time under an energy 
norm. Wu and Zhang [9] also obtained the high-order artificial boundary conditions for the 
heat equation in unbounded domains, but only proved that the reduced initial-boundary-value 
problems were stable. 

Furthermore, Han, Wu and Xu [10] started to consider the nonlinear Burgers’ equation in 
the unbounded domain as follows: 



wt + ww x — vw xx = F(x, t), V(x, t) € M x (0, T], 

w(x, 0) = f(x), Vx € M, 
w(x,t ) — »• 0, when |x| — »• +oo, Vt € [0, T], 



( 1 . 1 ) 

( 1 . 2 ) 

(1.3) 



where v = , Re is the Reynolds number, and the given functions F and / are sufficiently 

smooth with compact supports supp{F(x,t)} C [xi,x r \ x [0, T] and supp{/(x)} C [xi,x r \. They 
obtained nonlinear artificial boundary conditions, constructed a nonlinear difference method 
with no theoretical convergence analysis, and supported it by numerical examples. Recently, 
Sun and Wu [11] introduced a function transformation to reduce nonlinear Burgers’ equation to a 
linear initial boundary value problem, deduced a linear finite difference scheme, and also proved 
that the finite difference scheme is uniquely solvable, unconditionally stable and convergent with 
the order 2 in space and 3/2 in time. 

In this paper, we consider the problem (1.1)-(1.3) with F = 0 and convert it into an initial 
value problem of heat equation by using Hopf-Cole transformation in the following. Let 

roo 

uj(x,t) = — w(y,t)dy, V(x,f) £lx (0, T], 

J X 



we obtain 



LJt H - 2 ^ — 0? 



w(x,0) = — / f(y)dy, Vx € M, 

J X 

oj(x,t) — )• 0, when |x| — >• +oo, Vf € [0,T]. 
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Let u = exp(— uj/2u) — 1, then we have the initial value problem of heat equation: 

u t - vu xx = 0, V(x, t) € R x (0, T ], (1.4) 

1 r°° 

u(x, 0) = := exp(— j f(y)dy) - 1, (1.5) 

u(x,t ) — »• 0, when |x| — > +oo, Vt € [0,T], (1.6) 

where the sufficiently smooth given function </>(x ) has compact support supp{</>(x)} C [. xi,x r \ ■ 
By using artificial linear integral boundary conditions similar to that in [8], we reduce the 
problem (1.4)- (1.6) to a problem in the bounded computational domain: 

u t -uu x :x = 0, V(x,f) G [xi,x r \ x [0, T], (1.7) 

u(x, 0) = \/xE[xi,x r ], (1.8) 

u x {x h t) = -±= f ^4dX, Vt G [0, T\, (1.9) 

u x (x r ,t) = —^= f Ux( ^ dX, Vt G [0,T], (1.10) 

V ni/ Jo Vt - X 

In section 2, we construct a finite difference scheme for solving the problem (1.7)-(1.10). 
Then a new solution of Burgers’ equation is obtained and the difficulty for solving the nonlinear 
problem is avoided. In section 3, we prove that the finite difference scheme is uniquely solvable, 
unconditionally stable and convergent with the order 2 in space and 3/2 in time. In section 4, 
a numerical example confirms the stability and convergence of the finite difference method. 

2 The construction of the difference scheme 

In order to construct the finite difference method, the bounded computational domain is 
divided into an M x N uniform mesh. Let h = (x r — xi)/M, Xi = x/ + ih for 0 < i < M, 
t = T /IV, t n = tit for 0 < n < N, r = and w” be the numerical solution of u(x, t ) at (x*, t n ). 
Introduce the notations: 




3 



142 



Quan Zheng et al 140-150 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



Lemma 2.1 Suppose f(t) € C 2 [0 ,t n ], then 



ftn sj-f- 

1 m 



y/tn t 



E 



f{t k ) - f(t k - 1) f tk dt 1 



k = 1 



'tk- 



< -(20v / 2-23) o max \f"(t)\r*. 



fc -i Vt^t' - 12 

Proof Lemma 2.1 is proved by using y/t n - t - { tjs ^y/t n - t k -i + y/t n - t k ) = g (t n - 

3 

£,k)~2(t — t k -i){t k — t) to correct (2.2) and thereupon (2.1) in [8], as corrected in [12]. □ 

By introducing a new variable v = to reduce the order of heat equation, the problem 
(1.7)-(1.10) is equivalent to the problem of first-order differential equations: 



fr = V ( x >*) G [xhX r ] x [0, T], 

du 

v- — = 0, V(x,t) € [xi,x r ] x [0,T], 

u(x, 0) = 4>(x), Xl < X < x r , 

1 f 1 du(xi, A) 1 



v(x h t) = — )L= / 

V w J o 

v(x r ,t) = — -L= / 

V 7 ^ y 0 



<9A \/t, — X 

4 du(x r , A) 1 



<9A y/t-\ 



dX, 

dX. 



( 2 . 1 ) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 



Define the grid functions: 

Df = u(xj, f n ), U/ 1 = v(xi, t n ), 0 < i < M , n > 0. 
Using Lemma 2.1, it follows from (2.5) that 



V M ~ ~ 



E 



f tk du(x r , A) dA 






<9A - A 

dX 



i JE u k — u k ~ l f tk 
1 Em u m / 

r -' tk - 



i \/Ui A 



+ 0(T2) 



/7TZ7 



2 
7TZ7 



E^-^K-fc + O^i) 

k= 1 

n— 1 

^ ^ (®n— k— 1 ®n— fc)^M ®n— l^Ef] + 0 (t 2 ), 71= 1,2, 



fc=l 



Therefore, we have 



n— 1 



§ = ^M _1 + V&) = -^[a 0 U” f - E( a n-fe-i - a n _ fe )[/^ 5 _ a n _ lC /0 f ] + 0(r§), 

v /e=l 

and similarly, 



7TZ7 



2 _! n_1 ,_i 

^0* 5 = ^(ET _1 + = -^[aot/r 5 - - a n-k)Uo 2 - ^-1^0°] + O(ri). 

fc=i 

4 
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Using Taylor expansion, we have 

n- 1 

§tU._ i 2 — v5 x V._ i 2 = p._i , 1 < i < M, n > 1, 

2 2 l ~ 2 

U.^7 - , 1 < i < M, n> 1, 

1 2 1 2 1 2 

£/° = <f>(xi ), 0 < i < M . , 

1 2 1 " _1 1 i 

U 0 n 2 = ^=[a 0 Uo 2 - ^(a n _ fc _i - a n - k )UQ 2 - a n _it/o] + s n_ U n > 1, 

fc=i 
- n— 1 



7T^ 



2 = /=[ a o^M 5 - ^(On-fc-i - a n _ k )U k M 2 - a n _!U^] + fH, n > 1, 



7TZ2 



fe=l 



where 



|p n _ i 2 1 < c(r 2 + /i 2 ), |q"_ i 2 1 < c(r 2 + h 2 ), 1 < i < M, n > 1, 



|t n 2|<CT2, |s n 2 |<CT2, n > 1, 

and c is a constant. 

Thus, we construct a difference scheme for (2.1)-(2.5) in the following: 



( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 



8fif_ i — u8 x v'‘_ f =0, 1 < z < M, n > 1, 



n— 



n— 

'J. 

i— 



n — - 

v._f — 5 x u._i =0, 1 <i< M , n > 1, 

* _ 2 * _ 2 

u® = 4>(xi), 0 < i < M, 



n ~\ 

V n = 



n ~\ 

V M = ~ 



n— 1 



[ao«o 2 - £(a n - fe -i “ a n-k)u k Q 2 “ «n-i«d], n > 1 



' 1\V 



k=\ 
n— 1 



fc-i 



[ a 0' u A// ~ ^ ( (/Iji—k— I On— fc)^Af On— ^ — lj 

fc=l 



(2.13) 

(2.14) 

(2.15) 

(2.16) 
(2.17) 



Theorem 2.2 TTie difference scheme (2.13)-(2.17) is equivalent to the following (2.18)-(2.22): 



u. ° = <j>(xi), 0 < i < M, 

\{5 t u n _ i 2 + 5 t u n l ) - vb^ul 2 = 0, 1 < « < M — 1, n > 1, 

2 1 2 2 ' " 



2 

n—1 



(2.18) 

(2.19) 



<Wi 2 +w~[^=(ao«o 2 ~ y^(ara-fc-i ~ a n -k)u p 2 - a n _iu[j) - 2 ], n > 1, (2.20) 






fc=i 

n—l 



n— ? 
&i 
2 



+ y[^( a °% 2 - X!( (in - fc - 1 _ 2 -a„-i«M) + ^ n M_ 2 i]’ (2-21) 

k = 1 
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where 



Q>m. — 



y/tm+l T \J^m \ff ( y/ 171 + 1 + y/rn) 

Proof Multiplying (2.13) by 5/1 and using (2.14) we obtain 



m ■ = 0, 1, 2, 



n—i „ n — 1 h . n — 1 , , 

V l = 8 x u._l + — S t u._i, 1 <i<M, n > 1, 

1 2 2lS 1 2 

r 5 = <5 x tz" 1 2 x 2 , 0 < i < M — 1, n > 1, 

1 *+5 2i/ *+3 “ “ “ 



From (2.23) and (2.24) for 1 from 1 to M — 1 we obtain 



S x u n 1 + ^5 t u n ._ l = 6 x zl^ 1 2 - , 1 < i < M - 1, n > 1, 



2u 



*+- 



2i/ 



( 2 . 22 ) 



(2.23) 

(2.24) 



or 



1 , „ n— 1 „ n—\ s _2 1 



-(Stu._ 1 2 + (5(tt 1 2 ) - 2 = 0, 1 < 1 < M — 1, n > 1, 

2 1 2 2 

which is (2.19). 

When 1 = 0, from (2.16) and (2.24), we know that 

, n— 1 



2y/D 



-7=- [ao^o 2 “ yZ{a n -k - 1 - a n - k )u k 0 2 - a n _izto] = za^w” 2 - 
Vvr fc=1 5 2 2 

Dividing by h/ 2 on the both sides we obtain (2.20). 

Similarly, when i = M, from (2.17) and (2.23), we know that 

n— 1 



~y=~ [ a o%/ 2 - £(a^-i _ a n -k)u M 2 - a n _iu^] = vh x u n M \ + ^5 t u™ f _ 2 1, 



fc=i 



1 h. -- 1 
m-a ' 



Dividing by h/2 on the both sides we obtain (2.21). □ 

The difference scheme (2.18)-(2.21) can be sorted as the following: 

(l-0<+i + (l + 20< + (l->'K_i = (i+rK+i 1 + (l-2rK»- 1 + (i+rKr 1 1 ,l<i<M-l, 

(2.25) 

(1 + 2r + + (1 - 2rK = (1 - 2r - + (1 + 2rK- x 

VVT \/7T 



(2.26) 



4\/^v^/ x/ z- i,_i , 8 Jrr n 

H rz / J \Q"n—k—l G"ti—k)\U > 0 ~b ^0 ) T Q>n— IZZq 



fc=l 



(1 + 2?’ + -^-)«m + (1 — 2r)X_ 1 — (1 — 2r — — w)^ 1 + (1 + 2r)it’Xi 



7T 



7T 



+ 5^( a n-fc-l — a n-k){ u M + U M *) a n-lU°M ■ (2.27) 



fc=l 
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3 The error estimate of the difference scheme 



Lemma 3.1 For any F = {F\, F 2 , F 3 , ■ ■ ■}, we have 

n l—l ^ n 

E [ ao F l - - a l-k)Fk]Fi > -7= Y, Ff , n = 1, 2, • • • , 

1=1 fc= 1 * n 1=1 

where a m is defined in ( 2 . 22 ). 



Proof 



Let b m — a m —i a m — y/r^ 



1 ( 1 



/m-f-yjm— i. W m-\- L^rWm 



y y= ), m > 1, then b m > 0, and 



'yiaoFi - 'y(ai-k- 1 - ai-k)F k ]Fi 
1=1 k = 1 

n n l—l 

E «o Ff - e E (®m- 1 ®m)Fl— m Fi 

1=1 1=1 m= 1 

n t n 1 

E «o f ( - 9 EE + F / 2 ) 



J=1 ra=l 



n /—I 



E a ° F ? - \ E E - \ E E ^ 



i=l m= 1 



/=! m=l 



n ^ n n -\ n /—I 

y*oF?-\y e EE^ 2 



1=1 m= 1 2=m+l 

> E^ 2 -(EuE ^ 2 

i=l m = 1 Z=1 

= [E_E ( i 1 

a/t x/r a/w + Jn - 



oi£j7 






Lemma 3.2 Suppose {u ™ } 6e the solution of 



Stu. f — v5 x v. ! 2 = P i 2 , 1 < i < M, n > 1, 



! 2 — S x u. f = Q. 1 2 , I < i < M , n > 1, 



i— TT 2 — 77 *— o 



= (j>(xi), 0 < i < M, 



n ~h 

Vyj = 



1 n_1 1 1 

[a 0 L4 0 2 - E( a «-fc-i ~ a n-k)u 0 2 - a n _itto] + S n ~ 2 , n > 1, 
fc=i 

i n_1 1 

qy — m ^ A j-v ]_ 

;[ao u M 2 - y{a n -k-i ~ a n - k )u M 2 - a„_i%] + T n_ 5 . n > 1, 
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where Supp{<f)(x )} C [xq,xm], then 



u 



n 1 1 2 



2 T \ 1 



A < ex P(^j ' fdH H«' 



°||2 + ^f5r£?=i[0rH) 2 + (5'-l) 2 ] 

+ 2 T£r=i(ll^- | lli+IIQ / " l lli)} ) n = l, 2 ,.... 



(3.6) 



Proof Multiplying (3.1) by 2u. ? and multiplying (3.2) by 2v. f , then adding the results, 

l ~2 l ~2 

we have 



1 \(„.n ^2 l„.n— 1a2i , o7„, n 2N2 2 / n " n 11 n „ n r 



n— 1 i „ n— J ^n— 4 



- («rp ] + 2 (v§ ) = s 2 - ii 2 ii 2 )+ + 2 v^_f 

< K«r^r § - Ci^r.7) + ^<_7) 2 + 2 (C7 2 + ucb 2 + 2(cz 7 



1 < * < M, n > 1. (3.7) 

Multiplying the above inequality by rh and summing up for i from 1 to M , we obtain 



u n \\A-\W n - \\ a) + ‘*T\\v n -i\\ 2 A < 2 t{u m 'v" m *-^ *Vo n+o\\u n -H 2 A + ^\\v n -*r A 



+2t||P^||A + 2t||Q^|| 1, n>l 



Noticing ||| u n 2 |q < |(||n”||^ + ||n" 1 ||^), thus 



\AW-\\u l 1 \\a < 2 \t{u m *v m * >)+ T -(\\u l \W+\\u l x ||a) 

+2t||pH||2 +2t ||qH||^ l = 1, 2, . . . , n. 



Summing up for l from 1 to n, we have 



KIIa < ll7li + 2r^(u M 2i 4/ -uj, 5 Uq 5 ) 



/=1 



n— 1 



+hi«”ih + f E ihifi + ^E<ii pH h + uo'-hh- 



(3.8) 



1=0 1=1 

Substituting (3.4) and (3.5) into the above inequality, and using Lemma 3.1, we have 

1 ^ 11 11 ^ 

ll«”llx < T3T[ll»"llU2TE(i S »M 5 -"o'^o'^ + ^TEdlP'^lfi + IIO'-’lll) 

4 l=1 l=1 



n— 1 



+5 E ll“'l 



«=o 
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1 "»"ia+ 2t 



E l i » ^ fa — ( 

\a 0 u M 2 - 2^(a;_ fc _ i - ai- k )u M 2 }u 



i - 1 



fc-i i-l 



I — L 
1 4 



1 — - 
1 4 



7TZ/ 



AT J M 



1=1 



k= 1 



+ 



2r 



1 - - 
1 4 Z=1 



71^ Q r) n 

Y^Um^T 1 - 1 * - -(-F=) Y^ a ° u o~~ 2 - E^ 

1=1 1 4 V™' J =1 fc=1 



fc-i Z-± 



-fc-i - ai- k )u 0 2 ]u 0 2 



n n to— 1 

+ r ^ T E EaiY-hl + w'-’ifi) + ff- T E ii-'Ha 

4 Z=l 4 Z=1 T ; =0 



1 „ n„2 2r 2 

< — - I| u °IIa — 



1 ^ rJ -812 



1 _ r 

1 4 



i-5 ^ 



Ek /) 2 + 



1-5 yJlTUtf 



Ec 

Z=1 



( 'AT 



+ V^ ^( r ;_i)2) 2r 2 



Z=1 

^ o n 

+^(^E( 



— E( 
1 - 5 \/^ 2 ^ ^ 



Z- 



1 

512 



l-h 



1 - j ypl TVt r 



Un 



2U 



+ ^E (s'-U) 



Z=1 Z=1 

2r v . .. / Jl.io 11 ^/ iiiO\ 2 t 



n— 1 



< 



+rrr E(» pH Hi + ll<3 i_i lli) + ^ E ll“‘lli 

4 Z=1 T Z=0 

Ull»°l£ + + (Y-i) 2 ] 



1 - - 
1 4 



+i^t E(« pH Hi + ii< 3 i_i iii) + E ii“‘ili. » = 1. 2, • • • . 

4 Z=1 T Z=0 



1-5 2 

4 Z=1 



n— 1 



Using Gronwall’s lemma, we can obtain (3.6). □ 

Theorem 3.3 The difference scheme (2.18)-(2.22) is uniquely solvable. 

Proof By Theorem 2.2, it suffices to prove that the difference scheme (2.13)-(2.17) is solvable u- 
niquely. When initial value is homogeneous, by Lemma 3.2, we have ||rt n ||^ = 0, n = 1, 2, ■ ■ ■ . □ 

Theorem 3.4 Let {uf |0 < i < M, n > 1} be the solution of (2.18)-(2.22), then 



uTa < 



exp(^ 

1-5 



4 -T> II „,0 II 2 



u J |U, n = l,2, 



(3.9) 



Proof From Theorem 2.2, it suffices to prove that (3.9) hold for the difference scheme (2.13)- 
(2.17). Therefore, (3.9) follows directly from Lemma 3.2. □ 

Theorem 3.5 Suppose (l.f)-(1.6) have solution u(x,t ) € C^f(M x [0, T]). Let {u™} be the 
solution of (2.18)-(2.22), and let vf = Uf — uf, then 

II«"IIa < + 4 ) ex P(^^:)( T ^ + h 2 ) 2 > n = l ,2,--- ,[T/r], (3.10) 



where C is a constant independent of r and h. 
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5fU. i — vS x v. i 2 = p. ! 2 , 1 < i < M, n > 1, 

l ~2 l ~2 l ~2 



Proof Subtracting (2.13)-(2.17) from (2.6)-(2.10), respectively, we obtain the error equations: 

(3.11) 

(3.12) 

(3.13) 

(3.14) 



v. j 2 — 8 x u. / = q. j 2 , 1 < i < M, n > 1, 

l ~2 l ~2 l ~2 



vq = 0, 0 <i<M, 



n— 1 



Vn 2 = —7= [cto^o 2 - y^(q n -fc-i - an-k)u k Q 2 - Cl n -iUo] + s" 2 , n > 1, 



^n— - 



' 7IV 



~ n ~\ 

V M = ~ 



fc=l 
n— 1 






[ooH^f 2 ^(®n-fc - 1 2 ®n— I^ m] "Ft 2 > Ti > 1. 

fc=l 



Using Lemma 3.2 and applying (2.11), (2.12) and (3.13), we obtain 

2T ' 1 — - + ^r3(t‘-3)2 + (^l) 2 ] 



'• n " 2 = exp( 



l« IU 



4 — t 1-| 



I«°IIa- 



Z=1 



+2r^(|b | -i|| 2 + ||< 1 '-1|| 2 )} 



(3.15) 



Z=1 

< -^^(Vvrz/r + 4 ) exp (^^ z )(ri + /i 2 ) 2 , n = 1, 2, • • • , [T/r], □ 

Theorem 3.5 shows that the convergence order of (2.18)-(2.21) is 2 in space and 3/2 in time 
for the problem (1.7)-(1.10). Finally, the numerical solution of Burgers’ equation is obtained by 



w n = _" <+!-<-! 



h 1 + up 

which keeps the corresponding unique solvability, unconditional stability and convergence. 



(3.16) 



4 The numerical example 



For 



the problem of Burgers’ equation with an initial condition f(x) = — (^-9)2+1 in the 



/-3^U 2 -9) 2e *P(-^K 



2y/ TTUt 3 2vt 



= /_ 3 (C 2 — 9) 2 ex P(- 



( 22 ~Q-‘ 






The 



support [xi,x r \ = [—3, 3], the exact solution is w(x, t) = 2 u 

1+ 2^fTtl-3^ ~ a > — ssr 

numerical solutions are obtained by the proposed scheme, then the convergence order w.r.t h is 

shown in Table 1, and the convergence order w.r.t r is shown in Table 2. 

Table 1. Convergence w.r.t. h of the problem for T = 1, v = 0.1, r = 0.01 and r = h 4 / 3 respectively. 



M 


N 


L°°-error 


order 


L 2 -error 


order 


N 


L°° -error 


order 


L 2 -error 


order 


50 


100 


2.2705e-3 


— 


2.0737e-3 


— 


9 


3.1455e-3 


— 


2.5729e-3 


— 


100 


100 


6.0651e-4 


1.9044 


5.5643e-4 


1.8979 


22 


7.6893e-4 


2.0324 


6.5174e-4 


1.9810 


200 


100 


1.6444e-4 


1.8830 


1.4962e-4 


1.8949 


54 


1.8419e-4 


2.0617 


1.6620e-4 


1.9714 


400 


100 


5.0024e-5 


1.7169 


4.5653e-5 


1.7125 


137 


4.5577e-5 


2.0148 


4.1607e-5 


1.9980 


800 


100 


3.0569e-5 


0.7106 


1.9714e-5 


1.2115 


345 


1.1295e-5 


2.0126 


1.0393e-5 


2.0012 
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Table 2. Convergence w.r.t. r of the problem for T = 1, is = 0.1, h = 0.002 and h = r 3 / 4 respectively. 



N 


M 


L°° -error 


order 


L 2 -error 


order 


M 


L°°-error 


order 


L 2 -error 


order 


20 


3000 


1.0398e-3 


— 


2.1342e-4 


— 


95 


8.7265e-4 


— 


7.2610e-4 


— 


40 


3000 


3.6910e-4 


1.4942 


6.2138e-5 


1.7801 


159 


2.9735e-4 


1.5532 


2.6197e-4 


1.4708 


80 


3000 


1.0386e-4 


1.8294 


1.8884e-5 


1.7183 


267 


1.0258e-4 


1.5354 


9.3238e-5 


1.4904 


160 


3000 


2.6518e-5 


1.9696 


6.3713e-6 


1.5675 


450 


3.5936e-5 


1.5132 


3.2868e-5 


1.5042 


320 


3000 


1.5322e-5 


0.7914 


2.6822e-6 


1.2482 


757 


1.2623e-5 


1.5094 


1.1614e-5 


1.5008 



5 Conclusions 



In this works, a new finite difference method for Burgers’ equation in the unbounded domain 
is presented by (2.18), (2.25)-(2.27) and (3.16) succinctly. The inequality in Lemma 2.1 is 
slightly stronger than Lemma 1 in [8]. Lemma 3.2 is proved by using Gronwall’s lemma, but for 
heat equation in the semi- infinite domain, similar Lemma 4 in [8], i.e. Lemma 3.2.4 in [12], was 
incorrectly proved by not using Gronwall’s lemma, and the lemma can be modified and proved as 
Lemma 3.2. Finally, the proposed method is clearly proved and verified to be uniquely solvable, 
unconditionally stable and convergent with the order 2 in space and the order 3/2 in time to 
solve Burgers’ equation in the unbounded domain. 
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Abstract 

In this paper, by considering Barnes-type Peters polynomials of the second kind 
as well as poly-Cauchy polynomials of the second kind, we define and investigate 
the mixed- type polynomials of these polynomials. From the properties of Sheffer 
sequences of these polynomials arising from urnbral calculus, we derive new and 
interesting identities. 
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1 Introduction 



In this paper, we consider the polynomials 

4 fc) (^) = SiPW; P) = • • • , A r ; /ii, . . . , /x r ) 

called the Barnes-type Peters of the second kind and poly-Cauchy of the second kind 
mixed-type polynomials, whose generating function is given by 

r / (1 i \ Aj °° -in 

II ( 1 + (I + t \\ : ) Liffc (— ln(l + f)) (1 + t) x = 

j = 1 A ' V “r J / n=0 

(1) 

where Ai, . . . , A r , ju ±, . . . , /x r e C with Ai, . . . , A r ^ 0. Here, Liffc(x) (k e Z) is the polyfac- 
torial function ([8]) defined by 



Liffc(ar) = J] 



x 



— ' m\(m + l) fc 



m = 0 



When x — 0, = si^(0) = sl fc ^(0|A; /x) = si^(0; Ai, . . . , A r ; /ii, . . . , /x r ) are called the the 

Barnes-type Peters of the second kind and poly-Cauchy of the second kind mixed-type 
numbers. 

Recall that the Barnes-type Peters polynomials of the second kind, denoted by 
s n (a;|Ai, . . . , A r ; /x i, . . . ,/x r ), are given by the generating function as 



N 



(1 + ty — Y s n (^|Ai, ■ • • , A r ;/xi, 



j Ah 






Til 



n 

J = 1 V ' V ' 7 71=0 

If r = 1, then s" n (ai| A; /x) are the Peters polynomials of the second kind. Peters polynomials 
were mentioned in [12, p.128] and have been investigated in e.g. [7]. 

The poly-Cauchy polynomials of the second kind, denoted by c"n\x) ([6, 9]), are given 
by the generating function as 

00 y-71 

Lift ( lu(l +«))(! + tr = - 



n = 0 



The generalized Barnes-type Euler polynomials E n (x |Ai, . . . , A r ; /xi, . . . , /x r ) are defined 
by the generating function 

N 



n 



1 + eAd 



e xt = 



^ ^ E n (x\X u . . . , A r , / / 1 , 



, H r 



t* 



Til 



j=l x 7 n = 0 

If /xi = • • • = /x r = 1, then E n (x\Xi, . . . , A r ) = E n (x\\\, . . . , A r ; 1, . . . , 1) are called 
the Barnes-type Euler polynomials. If further Ai = • • • = A r = 1, then En\x) = 
E n (x 1 1, . . . , 1; 1, . . . , 1) are called the Euler polynomials of order r. 

In this paper, by considering Barnes-type Peters polynomials of the second kind as 
well as poly-Cauchy polynomials of the second kind, we define and investigate the mixed- 
type polynomials of these polynomials. From the properties of Sheffer sequences of these 
polynomials arising from umbral calculus, we derive new and interesting identities. 
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2 Umbral calculus 



Let C be the complex number field and let T be the set of all formal power series in the 
variable t: 



I 






k = 0 






( 2 ) 



Let P = C[x] and let P* be the vector space of all linear functionals on P. (L\p(x)) is 
the action of the linear functional L on the polynomial p(x), and we recall that the vector 
space operations on P* are defined by (L + M\p(x)) = ( L\p(x )) + ( M\p(x )), (cL\p(x)) = 
c(L\p(x)), where c is a complex constant in C. For f{t) G T. let us define the linear 
functional on P by setting 

(f(t)\x n ) = a n , (n> 0). (3) 

In particular, 

(' t k \x n ) = n\8 ntk (■ n,k > 0), (4) 



where 5 n p is the Kronecker’s symbol. 

For f L (t) = J2kLo we liave ih(t)\x n ) = (L\x n ). That is, L = f L (t). The map 

L i — > f hit) is a vector space isomorphism from P* onto J-. Henceforth, T denotes both 
the algebra of formal power series in t and the vector space of all linear functionals on 
P, and so an element /(t) of J- will be thought of as both a formal power series and a 
linear functional. We call T the umbral algebra and the umbral calculus is the study of 
umbral algebra. The order of a power series /(t)(^ 0) is the smallest integer k 

for which the coefficient of t k does not vanish. If 0(/(t)) = 1, then f(t ) is called a delta 
series ; if 0(/(t)) = 0, then f(t) is called an invertible series. For f(t),g(t) e T with 
0(f(t)) = 1 and 0(g(t)) = 0, there exists a unique sequence s n (x) (deg s n (x) = n) such 
that (g(t)f(t) k \s n (x)) = n\5 ntk , for n,k > 0. Such a sequence s n (x) is called the Sheffer 
sequence for [g(t), fit )) which is denoted by s n (x) rs_/ (see [1, 4-12]). 

For f(t),g(t ) G T and p(x) G P, we have 



(f(t)g(t)\p(x)) = ( f(t)\g(t)p{x )) = (g(t)\f(t)p(x)) 



and 



k = o 



00 j.k 00 

f(t) = \ xk ) u’ p ( x ) = 5Z ( tk \ p( x )) x 



([12, Theorem 2.2.5]). Thus, by (6), we get 



t k p(x ) = p^fx) = 



d k p(x ) 
dx k 



k = 0 



and e yt p{x) = p(x + y). 



k\ 



(5) 

( 6 ) 

(7) 



Sheffer sequences are characterized in the generating function ([12, Theorem 2.3.4]). 
Lemma 1 The sequence s n (x ) is Sheffer for ( i g(t),f(t )) if and only if 



g{f(t)) 



e vf(t) _ 



toec), 



k=0 



3 
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where f(t) is the compositional inverse of fit). 

For s n (x) ~ fit )), we have the following equations ([12, Theorem 2.3.7, Theorem 

2.3.5, Theorem 2.3.9]): 



f(t)s n (x) = ns n -ifx) (■ n > 1), (8) 

n .j 

Sn(®) = J\ (s(/(*)) _1 /(*) J k") ( 9 ) 

j=o 

Sn(x + y) = ( n ) S j( X )Pn-j(y) , (10) 

3=0 ' 



where p n (x) = g(t)s n (x). 

Assume that p n (x) ~ (l, /(f)) and q n (x) ~ (l ,g(t)). Then the transfer formula ([12, 
Corollary 3.8.2]) is given by 



n 

x~ l p n fx) (n > 1). 
For s n (x) ~ (g(f),/(f)) and r n (x) ~ (h(t), l(t)), assume that 

n 

Sn(x') ^ ^ tJ nm V m {^x) {jl ^ 0 ) . 

m = 0 



q n (x) = x 



m 

g(t) 



Then we have ([12, p.132]) 



a 



n,m 



1 

m\ 



h (f(t)) 

g(f(t)) 



imr 




(ii) 



3 Main results 

From the definition (1), s^(x|Ai, . . . , A r ; p 1 , . . . , p r ) is the Sheffer sequence for the pair 



So, 



gif) = JJ 

3 = 1 



1 + e 



A n \ V-j 



e A i f 



Lif fc (-i) 



and /(f) — e l — 1. 



i (x | Ai , . . . , A r , /ii, . . . , /i, r ) 




,e*-l 



( 12 ) 



4 
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3.1 Explicit expressions 

Let (n)j = n(n — 1) • • ■ (n — j + 1) (j > 1) with (n)o = 1. The (signed) Stirling numbers 
of the first kind Si(n,m ) are defined by 



( x) n = ^2 Si(n,m)x m . 

m— 0 

Theorem 1 Let \h = J 2 'j=i ^jLj- Then, we have 

(lC | ^\ i , • • • , A ri /T 1 1 - - - 7 hr) 

(l + l)k S 1 ( n ’ m ) E ™-i(x + A/r|Ai, . . . , A r ; hi, ■ ■ ■ , hr) 

m= 0 1=0 ^ ) 

n n / \ 

j = o «=? V ' 

n n—j l , \ 

= ( / J (i) S - li n - ■ ■ ■ , K] hi, ■ ■ ■ , hr)'X J 

j =0 1=0 i=0 A / V / 

= 'y ^ Sn ~‘ ■ ■ ■ -I Ar; hi, ■ ■ ■ 1 Lr)Cl (z) ; 

= S " • . Y; Mi, ■ ■ ■ , /riLL, . 



( 13 ) 

( 14 ) 

( 15 ) 

( 16 ) 
( 17 ) 



Proof. Since 



and 




Liffc(-i) 



-s < n fc) (a;|Ai,...,A r ;/ii,...,/i r ) ~ (l,e‘-l) 



(®)n ~ (l,e* - 1) , 



( 18 ) 



( 19 ) 



5 
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we have 



^ I Al ? ’ • • i An hi) • • • ) hr) 



n 



3 = 1 
n 



1 + e A h 

E*("."on 



Lif fe (-i)(x) r 



r ' e A jt \ H 



m = 0 



3 = 1 



z^n 



ra=0 

n 



3 = 1 
m 



1 + e A h 

„A,-t \ Mj rn 



Liffc(— 



Z<Sifa,m)Z 



1 + e A h 

-i)'(T) 



E 

1=0 



(-1 ) l t l 
l\(l + l) k 



X 



n 



m = 0 



(/ + i) fc V 1 ^ ( Aj 



„A it \ N 



X 



m—l 



2 Ej=i h ^ 5 1 ^ 

ra=0 1=0 

n m 

2 ~ ^ =1 H Z ,5'i (n, m) Z 



m=0 



ft (' + 1 > l 

(-i)'(T) 
(/ + 1 )‘ 



/ 7 



n 

3=1 



N 



„m—l 



X 



1 + e Xit 

Em—l A//|Ai, . . . , A r , fi i, . . . , /Tr) 



1=0 



So, we get (13). 

By (9) with (12), we get 



”7 (*)V 






/ (i + Z 



A, \ W 



\J= 

r 



L jL V 1 + ( 1 + ^) Aj 

A, \ H 



Liffc ( — ln(l + t)) (ln(l + t)) J 



x 



f\( (1 + t) 



Liffc(— ln(l + £)) 



1=3 



r 



-*£ (> ,U) 

n / \ / oo 

■'SO' J '(s 



TT ( (1 + t) 



A, \ N 



Lif fc (— ln(l + £)) 



x 



n—l 



^ k )t l 
s) w 

l\ 



X 



n—l 



1=3 






n—l 



6 
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On the other hand, 

. -l 



f(t) 3 \x 

i'E (;>■(« (n 



1=3 

n 



\3 

n—l 



i<Z'z(u)Z 



f (1 + t) x * 

l = a Vi + (i + ^) Aj 

n — l 



A, \ N 



= r- 

I j x ' ' i = 0 

n / \ n—l 

=fiZtf)M'j)Z 

1=3 V ' 
n n—l 

-fiZZ 

1=3 i=0 



i = 0 

'n\ (n — l 



n — l 



-<fc) 

a 



-<fc) 

c; 



n 

.7=1 V 



Lif fc (— ln(l + t)}x 

( (1 + t) x > x H 



n—l 



L J - \1 + (1 + t) X i 



u= 

oo 



X 



n—l—i 



^ ^ ^m(Al, • ■ • i A r ■ /^1 1 ■ • • i 



Hr 



\m = 0 



ml 



n—l—i 



X 




Si (lj S n —l—i (Ai, . . . , A r , fii , . . . , Hr) 



Thus, we obtain 






n 

J 

3 = 0 1=3 
n n—j l 

zzz 

j = o z=o *=o 






S n-Z* 



'n\ // N 



*S , i(7z - l, j)(^ k) si-i(\i, . . . , A r ;/ii, . . .,Hr)x J , 



which are the identities (14) and (15) 



7 
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Next, 

^ (ylXi, . . . , X r ; Hi, . . . , 



Thus, we obtain (16). 
Finally, we obtain that 

^ (2/ 1 -^1 5 • • • ) /L> • • • ) Ah 



Ah) / 'y ^ Sj (|/|Ai, . . . , A r , fj,i, • • • , Ah) . 



i = 0 



X 



n(lT(^)''' Lif A-Ni + 0)(i + 0- 



\J= 

r 



X 



n li+(i +*) Xj 






A, \ Mj 



TT ( (1 + ^ 

JJVl + (! + *)*' 



Lif fe ( — ln(l + A))( 1 + t) y x r ‘ 






1=0 



T\ x 



1 = 0 
n 



n( 



/ (i + a)l 



A, \ H 



jn—l 



ir i ""ujiu+a+o*' 

OO 

53 ( u ,)^ k) (y) ( 

1=0 \ i=0 1 

53 (?) Ci fc) (2/)Sn-l(Al, ■ ■ • , A r ; //I, . . . , Hr) . 



X 



n—l 



1=0 






, i=0 



X 



nfryjr&V'i-M-Ni +*))(!+<)* 



x 



( (1 + t) x J 



Lif fc (^ln(l + t))|n( 1 + (1 + t) A J 

! 

= ( Liffc (- 



A, \ N 



3 =>- 

00 



(1 + t) v x r ‘ 



t l 



5 1 Sj(y|Al, • • • i A r , l-l 1 , . . . , Hr ) X 

1=0 



«i(y|Ai, . . . , A r ; /Xi, . . . , fi r ) l j ^ Lif fe (— ln(l + A)) 
1=0 x ' 

X^si(j/|Ai, • • • , A r ; Hi , . . ■ , Ah) (?) /jr^ k)t 



X 



n—l 



1=0 



1=0 



e : s K?/|Al, • • • j 'Vj y I ? • • • | Ah)c, 



i = 0 
n — l ' 



* <! 



n—l 
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Thus, we get the identity (17). 

3.2 Sheffer identity 

Theorem 2 

n 

+ y\\i , . . . , A r ; /x i , . . . , /x r ) = ^ ^ 

3=0 

Proof. By (12) with 

+ e Xjt \ ^ ^ 

) Lif 

= (x) n ~ (1, e* - 1) , 
using (10), we have (20). 

3.3 Difference relations 

Theorem 3 

'Sfi (y - T 1 1 Ai , . . . , A r , /Xl , . • • , /ir) (*^ | Al , - - - , A r . /./ 1 , . . . , fl r ) 

ns n )_i (x| Ai, . . . , A r , /xi , . . . , /ir 

Proof. By (8) with (12), we get 

(e l^J^lAl, • • • j Ar, /il, • • • , /ir) = ns n— l(*^|Al, • ■ • , A r , /il, • • • ; /ir) • 
By (7), we have (21). 




( • ) (^| Al, • • • , Ar, /il, . . . , /i r )(i/)n-j 



9 



I 



( 20 ) 



I 



)• ( 21 ) 



I 
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3.4 Recurrence 

Theorem 4 

Ai> • • • j -V) Ah) • • • 5 A 0 

= (x + Xfj,)s^\x r~ l|Ai,...,A r ;/ii,...,/i r ) 

(— ir-*(?) 



n m r 






m 



Hi\iEi(x + A(^ + e 



(m — l + l) k 

771=0 1=0 1=1 V 

n m / i\m — l fm\ 

- — ^-^Si(n, m)Ei{x + A/i — 1 1 A; /i) 

m=0 1=0 ' ' 

= (x + /xA)s^ fc) (x- 1 A,,..., A r ://i //,.) 



n n—j r , v 

- d H - fifin ' 1 E . 

z j=0 1=0 i=l A ' 



x + Aj — 1 
Ai 



ra m / i\m— l fm\ 

^=*EE£A- i m )Ei(x + A/x — 1 1 A; /i) , 



m =0 1=0 



(m — / — 2) fc 



A// — i A jfXj. 

Remark. Comparing (22) and (23), 



n m r 



/_i \77i-l (rn\ 

— ^ k fj,iXiSi(n, m)Ei [x + A(/i + e*) 



771 

n n—j r 



Z-j ( m — l _|_ 1)* 
=0 1=0 i=l v 7 



j\#) p ( x + \j-l 

* U A, 



S 5Z 5Z ( 7 )^ +1 ^i(n - lJ)si K) E 

j = 0 1=0 i=l 



Proof. By applying 

s " +l(x) = ( x ~ ]M) M s ” w 

([12, Corollary 3.7.2]) with (12), we get 

^n+l (*^l Al ; • • • ; A r , /ii , . . . , /i r ) 

= x^f\x - l|Ai, . . • , A r ;/Xi, . . . ,Hr) - e~ t ^^s!^\x\\i, . . . 



10 



i) — 1|A; n + e i) 

(22) 

(23) 

■ 1 1 A; ju + e,) 

(24) 

, A r , /il , . . . , /^r) • 
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Since 



§ - 



K 2=1 

r ' it 



E Ah M 1 + eAit ) - (E - lnLiffc(-t) 



2=1 



E 



\ ^ ^ , Lif *( — 0 



E 1 ,11 

+ TYf 



1 + e Xit Z^ ri, '‘ 1 Lif fc (-t) ’ 
2=1 2=1 v 7 



by (13), we have 

' r \ „A it 

E HiAie 

1 _L oA it 



. 1 + e Ai . 

,t=i *=1 



2 1 EE 5i ( n ’ 

m =0 1=0 



\ , Lif' fc (-t) 



Si fc) ( 



a: 



m) 



m\ r 
l 






5 (A/i+A _ 



(* + l)* ^ 



n 



1 + e Ai * \ 1 + e Xit 
j= 1 



N 



e \jt \ N 



1 + e A h 



- + E 5l ( n ’ m ) n 

m=0 j = l 

The first term in (25) is 

n m r \l fm\ 

2_1_ ^= 1 /,j E E E ^ m ) (f + 1) fe 

m=0 1=0 i=l ' ' 



A l i\E m _i(x + A(/a + ej)|A; /i + e*) , 



where A = (Ai, . . . , A r ), fi = (/xi , . . . ,/i. r ) and e* = (0, . . . , 0, 1, 0, . . . , 0) (i = 1, 2, . . 

2—1 

Since 

Lif fe _ 1 (— t) - Lif fc (-2) = ) t + ■ ■ ■ , 



11 



,m—l 

(25) 
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the third term in (25) is 



S A n , rn)e x ^U{' k {-t) J[ 



m = 0 



3 = 1 



1 + eAh 






x 



m=0 

= -2-^=iW V > S 1 (n, m)e A ^(Lif fc _ 1 (-t) - Lif fc (-t)) /i) 

m + 1 



m=0 

n 



= —2 E r j=iH y~^ 



%!!!),¥ 



m=0 



m + 1 



x 



( m+l 



1 )V (-l) z ^ 

J-E'm+l |A, h) — ^ ^ A 4 ) 



1=0 



/!(/ + l) fc 



= -2-^=1^ ^ 






m = 0 



m + l 



/+ (-IJ'CT 1 ) 



X 



m+ l (-l)^ 1 ) 
(/ + l) fc 



E 



\l= o (/ + 1) ' 



iWi_z(*|A,/i) ^ ^ 









m=0 

n 



' _-\ \m—l (m\ 

2” ^ =1 H S*i (n, m) Y j 

^ u ’ ’ ^ (m + 2 — l) k 



Ei(x + A// 1 A; n) . 



m = 0 



1=0 



Thus, we obtain 

= ( x + X ^n\ x ~ !) 

n m r 

? l( n, 



m=0 Z=0 i=l 
n m 



frn\ 

m)- TT tL^KEAx + A(/i + +) - 1| A; /y + e*) 

(m + l — l) K 



i \m-l 

-r^EEBr — j^Si(n, m)Ei{x + A/y — 1 1 A ; /i) , 



m=0 1=0 



(m + 2 — /) fc 



which is (22). 



12 
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On the other hand, by (14) with (22), we have 



“ v — > ^ 1^1 

rr^- 5 > A - + u 

i= 1 i=l 



Lif' fc (-t) 

Lif fc (-i) 



, r r, n n ~'J / 

2 S 5? u ) ^( n - v 



3=0 1=0 



71 771 / i \m- 1 ( rn \ 

f*XSn\x) + 2 EE ^ m + 2 _^)i <gl ( n ^ m )-^A + A//|A; /i) . 



m = 0 1=0 



The hrst term in (26) is 



n n-j , \ r 

( / jS'i(w-i,j)sl A!) 5I/^iAi 

z j=o 1=0 A / i=i 



1 + e Xit 



n n—j , \ r 

2 H 5 ? (?) 5 i( n - fM\e Xit \ \Ej 

z j=o i=o A / i=i 




lA^ Ai 



)EE Si{n - l, j)s\ k) ^2 l^iK +lE : 

z j = o i=o A / i=i 



, ^ + Aj 

H A* 



Thus, we obtain 



«i+i(z) = A + /^A)4 fc) A - !) 



- \ E E £ (? W +1 *(» - ( 5 ± 2 iri) 

z j = o 1=0 *= i A / A * / 

_ 2 -e;.,« EE / _|_ 9 _nfc 5 'i( w » m )- g t( a; + A// - 1|A; /z) . 



m =0 1=0 



(m + 2 — /) fc 



which is (23). 



3.5 Differentiation 

Theorem 5 



^ ^(*^1 Al, A r , /il, . . . , /i r ) 



^ ^ / -j\n— l— 1 ^ 

= n! 5? 1 \( _n ^i k) ^ x |An ■ • • , A r ; Hi, ■ ■ • , /h 

i=o 0 
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Proof. We shall use 



dx 



Sn.(X) = 



n - 1 / \ 



( Cf . [12, Theorem 2.3.12]). Since 

(f(t)\x n - l ) = (ln(l+t)\x n - 1 ) 



m= 1 



E 

k m 
-l 

E 

m = 1 
n—l 

E 



(-1 ) m ~ H m 



m 



x 



n—l 



71 l ^ j^m— 1 



m 

m— 1 






- 1 ) 



m=l 



m 



-('U If -dm, n—l 



= (-l )“(n- /-!)!, 



with (12), we have 



^ ^ (ai| Ai, . . . , A r , , . . . , /i r ) 



n-l / \ 

E (")(- 1 )”-‘- 1 (n-(-l)!S<‘ > (x|Ai,...,A r ; W , 

z=o A A 



77 1 / i \n— l— 1 



= n 



>E 

/=0 



( i \n—l — 1 

W 1 ) -(fc) 






$1 (lc| A i, . . . , A r , /i 1, • • • , /It) ; 



which is the identity (27). 



3.6 A more relation 

The classical Cauchy numbers c n of the first kind are defined by 



t 



ln(l + f) ^ ni 

v 7 n=0 



E 



t r 






(see e.g. [3, 8]). 

Theorem 6 

^ (x I Ai, • • • , A r , /^i, . . . , j-l f) 



, li r 



= XS^I i(x - 1 1 Ai, . . . , A, r ; /ii , . . . , /x r ) + i ^ Q c n _,(sf 1} (x - 1) 

r 

+ AhAjS^-i^ — Xi — 1| A; [r + e*) . 






2=1 



14 



I 



(x ~ 1)) 

(28) 
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Proof. For n > 1, we have 

(y\ Alj • • • 3 Ar j hi 5 • • • 5 hr) 

/ °° t l \ 

= x n ) 

= (n(^(^) W ^(-K 1+ 0)(l + 0»|r») 

- (II (rfi^r Llft( - 111(1 + ‘ ))(1 + 1)B ) I 1 " -1 ) 

= ((ft j n( 1 | 1 (t+«)A. r) LiL(-Ki + 0)(i + 0'|r"-'J 
+ ( n ( i | 1 ( t +; ) > i ) ( 9 < Lif ‘(-*“( 1 + *)))(! +«) s | r ”- 1 ^) 

+ (n (rvTr+tjv) Lift ( _ '“f 1 + *)) (fti 1 + ty) r” -1 ^ . 

The third term is 

= y s n-i(y 1| Ai, . . , , A r ; /^i, . . . , /x r ) . 

Since 

Liffc— ! ( ln(l + t)) — Lif fe ( — ln(l + £)) = Q* - + ■ ■ • , 
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the second term is 

m (l + t) Ai Liffc_i(— ln(l + t)) - Lif fc (-ln(l + t)) 
1 + (1 + t)* ) (1 + t) ln(l + t) 

y \i + (l + t) A V 

Liffc—i ( — ln(l + £)) — Lif fc (— ln(l + t)) ^ ^ x 



(1 + *)* 



X 



n—1 



■(i + ty 



ln(l + 1) 



x 



n—1 



(l + 1 ) 



A, \ N 



n V i + ( i + ^ 

Liffc_! (— ln(l + t)) - Lif*. ( — ln(l + £)) 



(l + tf 1 ^Ci-X 



n—1 



1=0 



l\ 



n—1 

E 

1=0 



n — 1 




fr( (1 +t) X > 
i + 0 + 



(1 + 1 ) 



y - 1 



Liffc-i(— ln(l + £)) - Lif fc (-ln(l + t)) < _ n _ 1 _ 

X 



n—1 

E 

1=0 



1 (n—1 



n — l \ l 




TT ( (1 + *)*' 

fivi + (i + ^- 



(1 +t) y 1 (Liffc_! (— ln(l + £)) — Liffc(— ln(l + t))) x n ^ 

n ( T 4 1 d ^ W ) W L 1 f t _ 1 (-. n(l + i ))( l + t r ' 

.7 = 1 V 




X 



n—l 



( (1 + t) AJ 

l = a vi + (i + ^) Aj 



n 



A, \ N 



) J Lif fe (- ln(l + t)){ 1 + 



n—1 



1=0 



\j) l\X 1 ,...,X r ]fJ, 1 ,...,fJ,r)) 



1=1 



- (”j c n-li^t l \y - l|Ai, • • • , A r ;//1, . . • , /Jr) - ^t\y - l|Ai, . . . ,\ r -,Hl,- ■ ■ ,/V)) 
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Since 




( (1 + t)^ 
\l + (l + f)E 



Aj 



— /^Aj(l + 1) Xl 1 

i= 1 



(1 +t) X ‘ fr( (1 +t) A ' 

(i + (1 + ^11 Vi + (i + t) A ^ 






J 



the first term is 



r 



^ ^ /hAj 

i= 1 



(1 + t) A > A / (1 + t)*> 

(1 + (1 + t)K \1 + (1 + t) X i 



= Y.^n-Ay - A* - l|A;/t + 6i) . 

i= 1 



N 



Lif fc ( — ln(l + t))( 1 + t) 



y ~ Xi ~ 1 \x n ~ 1 



Therefore, we obtain 

^ (^| Ai, . . . , A r , ■ ■ ■ , /i r ) 

= - 1| Ai, . . . , A r ; /Ji, . . . , Hr) + ^ (j) c n— ;(sf _1) 0 - 1) - sf } (z - 1)) 

r 

+ ~ Aj — 1 1 A; fl + 6i) , 

i=l 



which is the identity (28). 



3.7 A relation including the Stirling numbers of the first kind 

Theorem 7 For n — 1 > m > 1 , we /terae 



z=o 



m ( / j ( n _ A m)sj fc) (Ai, . . . , A r ; /ii, . . . , /i r ) 



= (m 



n — 1 



!) J] ( " j 1 )Si(n- Z - l,m- l)sJ fc) (-l|Ai, ,. . , A r ;/x u ,. .,// r ) 
z=o ' 



n — 1 



( 11 . 1 )^i(n l)sf 1) (— l|Ai, ■ • • , A r ;//1, . . . ,/x r ) 

z=o ' 



n— m— 1 r / -i \ 

+-» E E f , Ei(n — l — 1, m) io i XiS' l k \— Xi — 1 1 A; n + e*) . 

z=o i=i A / 



(29) 



17 
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Proof. We shall compute 



II ( Lif fc (-ln(l + t))(ln(l + t))' 



^=1 \ 1 + ( 1 + t ) X \ 

in two different ways. On the one hand, it is equal to 

II ( l + (l + f )Aj ) L >f t (-ln(l + i))|(hi(l +t)) m x 

(n (rfii&r Lift( - 111(1 + ()) l m! £ Si( '- m) r n ) 



= m 






( (i + t) x > ^ n 



Liffc ( — ln(l + t)) 



L = A Vl + (1 +t) x i 

oo +i 

= ( ", ) Si ^ m ) ( 

l=m ' ' \ i = 0 

l=m ' ' 
n—m / \ 

= m! ^ ( )Si(n — l, m)s\ k \\i , . . . , A r ; //i, . . . , fi r ) . 



x 



n—l 



X 



n—l 



1=0 



On the other hand, it is equal to 






f (1 + t) x * 



A, \ Aj 



1 + (1 + t) X i 



Lif fc (— ln(l + t)) (ln(l + t))’ 



X 



n—l 



dt n ( i| 1 (|+/)a j ) ) L ^(- in ( i + *)) ( in (! + w 

n ( i +(!+/) a, ) in (! + t ))) ( in (! + t )) m 
n (i+(t+t) A i) Liffc ^ in(i + ^ ^^ in(i + 



„n— 1 



X 



X 



n—l 



„n— 1 



X 



( 30 ) 



18 
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The third term of (30) is equal to 



m 



JJ \1 + (! + *)*' 



( (1 + t) x > 



A, \ N 



^ Liffc ( — ln(l + t))(l + t) 1 (ln(l + t)) m 1 x n 



= m 



n 



A, \ N 



f (1 +t) Aj 

L = -L V 1 + ( 1 + ^) Aj ' 



Lif fc (- ln(l + t))(l + t) 1 



[m 






= m 



x 



= ml 



= ml 



n— 1 

' E 

l=m— 1 



l=m— 1 



n — 1 



T\ x 



jn—1 



Si(l, m — 1) 



\ A.,- \ H 



fl (i | (l+t)A, ) Liffc (-ln(l + t))(l + t) 1 

n— 1 

E 

l=m— 1 
n—m 

E 



x 



71—1 — Z 



1=0 



71 — 1 

l 

71—1 

/ 



3i(Z, m - l)^2 1 _ i (— l|Ai, ... ,.A r ; //i,.. , // r ) 

Ei(t7 - l - 1, 771 - l)sj A) (-l|Ai, . . . , A r ;/7i, . . . ,/7 r ) . 



The second term of (30) is equal to 



n 

\ 3 = 1 V 



/ (l + t) Aj \ N f Liffc-! (- ln(l + £)) - Liffc ( — ln(l + t)) 



l + (l + t)E 



(1 + t) ln(l + t ) 



(ln(l + t)Y 



X 



n — 1 



TT ( (1+^ 

+ +t)* 



n 

\j = i v 



f (i +t)^ 



1 + (1 + t)E 



^ Lif fc_ i ( — ln(l + t)) (1 + t) 1 (ln(l + t)) m l x n ^ 
^ Liffc ( — ln(l + t)) (1 + t)^ 1 (ln(l + t)) m 



A, \ N 



= (m- 1 )! 

1=0 
n—m 

~ (m- 1 )! 

1=0 



77 — 1 



Si(n - l - 1, 777 - l)sf 1 ' ) ( — 1 1 Ai, . . . , A r ;/7i, . . . ,/i r ) 



77 — 1 



£1(77 - l ~ 1, 777 - l)sf } (-l|Ai, . . • , A r ;/7i, . . . ,Hr) ■ 
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The first term of (30) is equal to 
/ (1 + t) x > x H 



*n 



q v i + (i + «) a j 




y ^ tM.\ 



/ (i + t) Ai 



n 



Liffc(— ln(l + f))(ln(l + t )) ? 
/ (1 + t) x * 



m— 1 



X 



\ 1 + (1 + t) Ai 11 V 1 + (! + t) Xj . 

Lif fc (- ln(l + f))(l + f) _Ai_1 (ln(l + t)) m x n 

^ x / (1+*)* fr( (l+t) A ' 



Liffc(— ln(l + t))(l + t) 



— Aj — 1 






l=m 



m)—x 



n—l 



n— 1 



= m 



• 

l=m 



n—l 






x 



/ (l+t) Aj T~T / (l+t) A * 

\ i + (i + t) A > AJ Vi + (i + t) A ^ 



n—l 



= m 



= m 



• ^2 

i= 1 l=m 

n—m—1 r 

E E 



n — l 



l 

n—l 

l 



Liffe(— ln(l + f)) (1 + f) Ai 1 

/ 

A* - l\\;/j, + ei) 

Si(n -1- l,m)ni\ i s' l k \-\ i - 1\X; fj, + ei) . 



x 



n—l— l 



1=0 i = 1 

Therefore, we get, for n — 1 > m > 1, 



mi 



1=0 






= m 



■ E 

1=0 



n — l 



Si(n — l — 1 , m — l)s\ k \— 1 ) 



+ (m- 1 )! 

z=o 

n—m 

- (m- 1 )! 

1=0 

n—m—1 r 

+ ml J 2 Y 1 



1=0 j=l 



n — l 

l 

n—l 

l 

n—l 

l 



Si(n — l — 1, m — l)sj fe_1) (— 1) 

Ei(n — l — 1, m — l)sf^(— 1) 

<Si(n - l - l,m)ni\is\ k \-\i - 1\\]H + . 
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Dividing both sides by (m — 1)!, we obtain, for n — 1 > m > 1, 



m 



n—m / \ 

E (Jj s i( n ~ h «r)sJ fc) (Ai, . . . , A r ; /n, . . . , // r ) 



= (m ~ 1) 



E 



1=0 
n — 1 
l 



n — 1 



<Si(n - l - 1, m - l)s{ fc) (-l|Ai, . . . , A r ; fj, u . . . , fi r ) 



1=0 

n—m— 1 r 



<Si(n - l - l,m - l)sf 1} (— l|Ai, • • • , A r ;/ii, . . . , /i r ) 



+ m E E 

1=0 i = 1 

Thus, we get (29). 



n — 1 



Si(n - l - l,m)fi i X i s l k \-Xi - 1| A; /x + ef ) . 



3.8 A relation with the falling factorials 

Theorem 8 



sJi fc) (®|Al, • • • , A r ; fli, . . ( n ^n-m( x )m ■ 

m-0 !t< / 



(31) 



Proof. For (12) and (19), assume that si fc) (z|Ai, ...,X r ;ni , ■ ■ ■ , aO = EL o C n,m(x) m . By 
(11), we have 



C - 1 1 

n ’ m ml \ rr r /D+eW+o^ 

Mlj=l ^ e Ajln(l+t) ^ 

1 It if (1+t)Aj 
lyfiv 1 + (! + *)*' 

(i + 1)^- ^ H 



m 



n 



L = A \1 + (1 + f) A -i 



Lif fc (— ln(l + f))t 

Liffc(— ln(l + £)) 
Lif fc ( — ln(l + t)) 



x 



t m x r 



X 



n \,jj t) 

s„_» 

m 



Thus, we get the identity (31). I 

3.9 A relation with higher-order Frobenius-Euler polynomials 

For a E C with q^I, the Frobenius-Euler polynomials of order r, are defined 

by the generating function 



1 — a 



e T — a 



e xt = 






n=0 
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(see e.g. [10]). 

Theorem 9 



n ( n—mn—m—j 



s\ in- 3 

j)\ l 



5 A r , /il ? • • • 5 jlr) £(£ £ i-m , ' J Wj 

m = 0 \ j=0 1=0 

x (1 — a) _J 5i(n — j — l, H^(x\a) 



(32) 



Proof. For (12) and 



H^(x\a) ~ 



t \ S 

e — a 



1 — a 



yt , 



(33) 



assume that si^\x\Xi, . . , , X r ] , . : /j, r ) = Ylm=o C n ,mHm (x\a) . By (11), similarly to 
the proof of (29), we have 



n — 

w n,m , 

ml 



2 ln(l +t)_ c 
1—a 



/ 1+e A, m (1+t ) x v Lif fe (~ M 1 + *)) ( ln (! + *)) ' ' 

1 ly=i l e y in(i+i) 



a; 



n 



(i + 1) 



A, \ H 



m!(l — a) s \1 + (1 + £) A d 

1 



^ Liffe ( — ln(l + t)) (ln(l + £))'“(! - a + t) s x n ^j 



m!(l — a) s 



x 



min{s,n} 



n(r^) 'L.LHm + 0)(.o(i + 0)1 g'Qo-r* 



s-i+i^n 



1 n—m / \ 

— UKl -«)“*(>*)< 

m!( 1 -a) s ^ Vv 



x 



II ( T^TTTTut) Liffc (- ln ( X + *)) ( ln ( 1 + *))’ 



L = A \1 + (1 + t) x i 



^ n—m 

i ^ IS 



X 



rn\{l-a) s \i 



E , ( i-«m e 



n—m n—m— i 

£ £ 



s \ In — i 



1=0 



ml | , |<bi(n i — l, m)s 



l 



l 



(n)j(l — a) *<S'i(n — i — l, m)s[ k ^ . 



i = 0 Z=0 

Thus, we get the identity (32) 
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3.10 A relation with higher-order Bernoulli polynomials 

Bernoulli polynomials *8^( x ) of order r are defined by 



e* — 1 



e xt = 






E 

n = 0 



n\ 



(see e.g. [12, Section 2.2]). In addition, Cauchy numbers of the first kind (En > of order r 
are defined by 

/ \ r “ <rh) 

n\ 



Jn(l + A) 

(see e.g. [2, (2.1)], [11, (6)]). 

Theorem 10 

■ ■ ■ i K, /h i ■ ■ ■ i A h) 



n = 0 



n fn—mn—m—i 

EE E 

m = 0 \ i = 0 1=0 



n \ n — i 



l 



)»(?(*) 



(34) 



Proof. For (12) and 






t 1 \ s 

e — 1 



,t , 



(35) 



assume that si^(x|Ai, . . . , A r ; Ati, . . . , n r ) = J2m=o {x). By (11), similarly to the 

proof of (29), we have 



n — 



e ln(l+t )_ 1 

ln(l-K) 



m\ \ TT r ( 1+eb ln(1+f) A 
llj = l 1 e yin(l+t) J 



Liffe(— ln(l + A )) (ln(l + A))' 



x 1 



1 

m 

1 

m 



(1 + A ) 



• \JJ \l + (l + t) x > 

(1 + A) 



A.; \ Mj 



Lif/t(— ln(l + A)) (ln(l + A))’ 



ln(l + A) 



x 



\ H 



A* 



m! 

1 



1 \n ( i +( i +t) A J j Liffc (- in ( x + *)) ( in ( i + t ))"i e ^ ^ 

E>(-)(n' 



i=0 

n—m 



L = A y 1 + (1 + A) A* 

Ed'»(:) E 

i = 0 

. n—m- 

E E 



ml 

i=0 

n—m n—m—i 



n—m—i 

n \ . I n - 1 , , . _ 

m! ( ? ) <bi(n — * — t, m)s l 

lJ 1=0 



Lif fc ( — ln(l + A)) (ln(l + A))' 



x 



n\ f n i\ ^( s ) c / . , \Mk) 



i = 0 1=0 x ' v 

Thus, we get the identity (34). 



j *Si(n -i—l, m)s\ 
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Abstract: This paper is concerned with the dynamical behavior and the expression of the 
solution for a system of two rational difference equations 



n - 3 



y n - 



■ , n = 0, 1, 



«-t-I A ■’ y„ + i = - 

A + X n-^y n -X B +y n -3 X n-l 

where the parameters A, B and the initial conditions x 3 , x 2 , x , , x 0 , y_ 3 , >’_ 2 , >’_i , >’ 0 are 
positive real numbers. 



Keywords: difference equations; expression of solutions; recursive sequences, equilibrium 
point; asymptotical stability. 

1. Introduction 

Rational difference equations that are one of the most important and practical classes of 
nonlinear difference equations have applications in various scientific branches such as 
biology, ecology, physiology, physics, engineering and economics, etc [1-4]. Although 
difference equations are very simple in form, it is extremely difficult to understand 
thoroughly the behaviors of their solutions. So recently there has been an increasing interest 
in the study of qualitative analysis of rational difference equation and systems of difference 
equations [5-7]. In particular, Papaschinopoulos and Schinas [8] studied the oscillatory 
behavior, the boundedness of the solutions, and the global asymptotic stability of the positive 
equilibrium of the system of two nonlinear difference equations 
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x n + i= A +— > y n+ ! = a +—, n = 0 , 



( 1 . 1 ) 



"n—p y n-q 

where p, q are positive integers. Clark and Kulenovic [9, 10] investigated the global 
stability properties and asymptotic behavior of solutions of the recursive sequences 



y n+ 1 



y n 



n = 0, !,•••. 



( 1 . 2 ) 



a + cy n " ' b + dx n 

where a,b,c,d e (0, oo) and the initial conditions x () and y 0 are arbitrary nonnegative 

numbers. The periodicity of the positive solutions of the system of rational difference 
equations 



1 



-V i = ■ 



y n+ 1 = ■ 



y„ 



n = 0, 1, 



(1.3) 



y n Xn-Jn-l 

was studied by Cinar in [11]. Yalcinkaya [12] has obtained the sufficient conditions for the 
global asymptotic stability of the system of two nonlinear difference equations 



X n+1 = 



X n + y n - 1 

x „y„- i-i 



y n+ 1 = 



y„+ X n - 1 
y„ X n- 1-1 



n = 0, 1, 



(1.4) 



More recently, Din et al. [13] studied the equilibrium points, local asymptotic stability of an 
equilibrium point, instability of equilibrium points, periodicity behavior of positive solutions, 
and global character of an equilibrium point of the following fourth-order system of rational 
difference equations 



ax 



n - 3 



ajn- 



n = 0,1,-... (1.5) 



ri-ri —>y n+ 1 

P + ry n y n -iyn-2yn-3 A + Yi x n x n -i x n -i x n-3 

In [14], Elsayed deals with the form of the solutions of the following rational difference 

system 



±1 + X n-iy n 



y n+ 1 



y n -i 



+ 1+^-1 X n 



, n = 0, 1, • • • 



( 1 . 6 ) 



with nonzero real number initial conditions. Other related results on the difference equation 
can be found in references [15-28] and references therein. 

Based on the above results, we are mainly interested in study the asymptotic behavior and 
the expression of the solution for the following nonlinear rational difference equations 



x n-3 



y n+ 1 



y«. 



n - 3 



, n = 0,1, 



(1.7) 



riT i a ^ AtTi n 

A + X n*y n-l B + y n -3 X n-l 

where the parameters A, B and the initial conditions v 3 ,v 2 ,x t ,x t) ,y ,,y 2 ,y arc 
positive real numbers. 
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This paper proceeds as follows. In Section 2, we introduce some definitions and 
preliminary results. The main results and their proofs are given in Section 3. 

2. Preliminaries and notations 



In this section we prepare some materials used throughout this paper, namely notations, the 
basic definitions and preliminary results. We refer to the monographs of Kocic et al. [5, 29, 
30], 

Lemma 2.1 Let /,/ be some intervals of real numbers and f : I 4 xl* — »/ , 
g : I^xly — » / v be continuously differentiable functions. Then for every initial conditions 



(x ; , >’,) e I x x / (i = -3, -2, -1,0) , the system of difference equations 



j X n + ! = f (x „ rX n . 1 X n „2 r* n - 3 Jn Jn- 1 A„-2 Jn-3 )> 



n = 0, 1, 2, 



( 2 . 1 ) 



has a unique solution {(^„,y n )}" = _ 3 . 

Definition 2.1 A point ( x , y) e I x x I is called an equilibrium point of system (2. 1) if 

x = fix, x,x,x,y,y,y,y), y=g(x.x,x,x,y,y,y,y). 

That is, (x n ,y n ) = ix, y) for all n > 1 when the initial conditions 

ix 0 , x _ { , v_ 2 , x_ 3 , y 0 , y_, , >y 2 , y_ 3 ) = (x , x, x, x, y, y, y, y) . 

Definition 2.2 Let (x, y) be an equilibrium point of system (2.1). Then 

(1) The equilibrium (x, y) of system (2.1) is said to be stable relative to I x x f if for 

every s > 0 , there exits S > 0 such that for any initial conditions 

(x,, v, j e 1, x f (/ =-3,-2, -1,0) , with ^ = _ 3 |x, -x\<S , 2*Jy,. -y| <8 implies 

\x,-x\<£, \y n -y\<£. 

(2) The equilibrium (x, y) of system (2.1) is called an attractor relative to f x I if for all 
ix,, y,) e I x xI y O' = -3,-2, -1,0), lim^ m x„ = x and lim n ^ 00 y n =y hold. 

(3) The equilibrium (x, y) of system (2.1) is called asymptotically stable relative to f x / 
if it is stable and an attractor. 

(4) The equilibrium (x, y) of system (2.1) is called unstable if it is not stable. 

Definition 2.3 Let (x, y) be an equilibrium point of the system (2.1), and / and g are 
continuously differentiable functions at (x, y) . The linearized system of system (2.1) about 



3 



177 



Chang-you Wang et al 175-186 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.1, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



the equilibrium point (x,y) is 

X n+1 =F(X n ) = F J X n 

where X n = (x n ,x n _ v x n 2 , x n _ 3 , y n , y n _ v y n _ 2 , y n 3 ) r and F, is a Jacobian matrix of the 
system (2.1) about the equilibrium point (x, y ) . 

Lemma 2.2 Assume that X n+1 = F( X n ) , n = 0, 1, • •• , is a system of difference equations and 
X is the equilibrium point of this system i.e., F{ X j = X . If all eigenvalues of the Jacobian 
matrix F r about X lie inside the open unit disk /.] < 1 , then X is locally 
asymptotically stable. If one of them has a modulus greater than one, then X is unstable. 



3. Main results and their proofs 



It is obviously, if A > 1, B ^ lor 5 > 1, A ^ 1 , then (0,0) is the unique equilibrium point of 
the system (1.7). 

Theorem 3.1 Let {x n , y„}“ = _ 3 be positive solutions of system (1.7), then for all k > 0 , 



(1) 0 < x < 



i k + 1 



-2 



k + 1 



, n = 4k + 1, 



, n = 4k + 2, 



(2) 0<y„< 



i k+1 



7 T, n = 4k + 3. 



i k + 1 



, n = 4k + 4. 



>7 



B 



k+l 



£+1 



, n — 4k + 1, 



, n — 4k + 2, 



(3.1) 



B 

y 0 



77 , n = 4k + 3. 



k + 1 



15 



&+1 



, n = 4k + 4. 



Proof. This assertion is true for k = 0 , Assume that it is true for k = m , then for k = m + 1 , 
we have 



X "s 

• /V '4(m+1)+1 — 



X n=' 



X < 

+4(/;j+1)+2 — 



r < 

*^4(777+l)+3 — 



X <! 

+4(f?i+l)+4 — 



•^4(h7+1)-3 __ 


■^4»!+l ^ 


1 + 3 


*3 


A 


A 


A A” ,+1 


^(m+l)+l ’ 


■ •*4(m+l)+l-3 


_ X 4m+2 


< 1 X -2 


A_2 


A 


A 


A A” +1 


^(»!+l)+l ’ 


■^4(/;7+l)+2-3 


_ X 4m+3 


< 1 X > 


_ X -1 


A 


A 


A A” +l 


^(m+l)+l ’ 


■ X 4(m+l)+3-3 


_ X 4m+4 


< 1 •*» 


x 0 


A 


A 


A A m+1 


^(/?1+1)+1 ’ 



, n - 4(m+ 1) + 2, 



krr» ft = 4(771+1) +3, 



4-, ft = 4 (/ti + 1) + 4. 
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y» = 



< ^4(m+l)-3 y 4m+\ < J_ ^-3 

y 4(m+l)+l 



y 



-3 



3 ; 4(m+l)+2 — 



B B B 5 m+I ^(»«+i)+i ’ 

^4(m+l)+l-3 _ y4 m +2 ^ 1 J-2 _ J-2 



5 



B 



B B" 



< ^4( m +l)+2-3 = 3 ; 4) „+3 < 1 J-1 

-4 4(m+l)+3 rj r> r> n/n+1 



5 



5 



B B" 



^4(m+l)+3-3 _ } ; 4m+4 < ^0 

*^4(m+l)+4 r> 7 ) rj r>m+l 



^(m+l)+l 

y_i 

^(m+l)+l 

. y 0 



77 = 4(777 + 1) + 1; 

, n = 4(777 + 1) + 2, 
, n = 4(77? + 1) + 3, 
, n = 4 (m + 1) + 4. 



5 5 5 5"' +1 5 (m+1)+1 

This completes our inductive proof. 

Corollary 3.1 If A > 1, 5 > 1 , then by Theorem 3.1 {(x n ,y n ) }" = _ 3 the solutions of the system 
(1.7) exponentially converges to the equilibrium point (0, 0) . 

Theorem 3.2 For the equilibrium point (0,0) of the system (1.7), the following results 



hold: 

(1) If A > IB >1, then the equilibrium point (0,0) of the system (1.7) is locally 
asymptotically stable. 

(2) If A<1 or 5 < 1 , then the equilibrium point (0,0) of the system (1.7) is unstable. 
Proof. We can easily obtain that the linearized system of (1.7) about the equilibrium point 

(0,0) is 



where 



<P n+ 1 = D( Pn 













1 










- 




0 


0 


0 




0 


0 


0 


0 


X n 










A 










X n- 1 




1 


0 


0 


0 


0 


0 


0 


0 


*»-: 2 




0 


1 


0 


0 


0 


0 


0 


0 


x n , 




0 


0 


1 


0 


0 


0 


0 


0 


n j 


D = 
















1 


y n 




0 


0 


0 


0 


0 


0 


0 


y n - 1 


















5 


y „-2 




0 


0 


0 


0 


1 


0 


0 


0 






0 


0 


0 


0 


0 


1 


0 


0 






0 


0 


0 


0 


0 


0 


1 


0 



(3.2) 



the characteristic equation of (3.2) is 

/( 2) = (A 4 _I)(i 4 _I) = 0 . (3.3) 

A 5 

(1) If A>1, 5>1, then we have I — k 1, 1 — k 1 , this shows that all the roots of 

A 5 



characteristic equation (3.3) lie inside unit disk. So the unique equilibrium (0,0) is 
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locally asymptotically stable. 

(2) It is easy to see that if A < 1 or B < 1 , then there exists at least one root A of the 
characteristic equation (3.3) such that I A\ > 1 . Thus, the equilibrium (0,0) of the 



system (1.7) is unstable when A< 1 or B< 1. 

By Corollary 3.1 and Theorem 3.2, we have the following result. 

Corollary 3.2 If A > 1, B > 1 , then the equilibrium point (0, 0) is globally asymptotically 
stable. 

Theorem 3.3 If A = B = 1, then every solution of the system (1.7) is bounded when the 
initial conditions x_ 3 , x _ 2 , x , , x 0 , y 3 , y 2 , y_, and y 0 are positive real numbers. 



Proof. It follows from Eq. (1.7) that 



x , V a 

r _ n - 3 ^ y _ y n - 3 

A n+ 1 , — A n-3’^«+l 



l + X n-3y n - 1 






' — )n-3 - 



Then the subsequences 



{ *4n-3 ! n=0 ’ { *4n-2 ) n=0 ’ { *4/i-l ) n= 0 ’ { *4/i I n=0 



are decreasing and so are bounded from above by M =max { x_ 3 , x_ 2 ,x_ t ,x 0 } , also, the 
subsequences 

1 y 4/1-3 } /i=0 i ^ )' 4/1-2 n=0 ' ^ ) 4/j-l ^ /i=0 ’ { *4/i ^ n= 0 



are decreasing and so are bounded from above by m =max{ y 3 , y _ 2 , y ,, y 0 }. Hence, every 

solution of the system (1.7) is bounded for any positive initial conditions. 

In next section, we study the expressions of the solutions for the systems (1.7) with the 
parameters A = B . 

Theorem 3.4 If A = B , suppose that {(*„,y„)}“ = _ 3 are solutions of the system (1.7). Also, 
assume that v 3 , v 2 ,x , , v () , y 3 , y _ 2 , y , and y 0 are arbitrary positive numbers and let 



*_ 3 = a, x_ 2 = b, x_j =c,x Q = d, y_ 3 = e,y_ 2 = f ,y_ { = g,y 0 = h . Then 



*4n-3 



*4/i-2 



*4,1-1 



=a ii 



= b H 

1=0 
n— 1 

-n 



A + A cig + • • • + Aag + cig 

A 2,+1 + A 2l ag + A 2l ~ l ag H h Aag + ag 

A 2 ' + A 2i ~ l bh + • • • + Abh + bh 
A 2,+1 + A 2i bh + A 2i ~ l bh + • • • + Abh + bh ’ 
A 2,+1 + A 2i ce + • • • + Ace + ce 
A 2i+ 2 + A 2i+1 ce + A 2i ce + • • • + Ace + ce 



n — 1 



*4„ = 



•'IT 



A 2u '+A 2i df + ■ 



• + Adf + df 



yf A 2i+2 + A l,+l df + A“df + • • • + Adf + df 



l 2i+\ 



(3.4) 
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y 4«-3 = e Yl 



A 2 ' + A 2 ' 1 ce + --- + Ace + ce 
■_n A 2,+1 + A 2 ' ce + A 2 '- 1 ce-\ 1 -Ace + ce 



i= 0 
n - 1 



A 2 ' +A 2i ~flf + ■■■ + Adf + df 



y 4n -i = fYl 



hi A 2,+1 + A 2 'df + A 2, - l df 4 — + Adf + df 



2 /- 1 , 



_ j-r A +A ag-\ h Aag+ag 

’ 4 " 1 ; = J A ll+2 + A 2l+] ag + A 2 ‘ag 4 f Aag 4- ag 



y An = h Yl 



t 2/4-1 



4- A 2 ' bh-\ h AM 4- M 



hi A 2,+2 + A 2/+1 M + A 2 'M + • • • + AM + M 



i=0 



where n = 1, 2, • • • . 

Proof. If A = B , then the system (1.7) is reduced to 



3 



y„ +1 






n - 3 



(3.5) 



(3.6) 



A + *„-3)Vl ^ + ^-3^-1 

It is easy to prove that Eqs. (3.4) and (3.5) hold for n = 1 . Now suppose that k e N, k > 1 
and that Eqs. (3.4) and (3.5) hold forn - k- 1 . That is, 



X 4k-1 a 



A 2 ' + A 2 '- l ag 4- • • • 4- Aag + ag 
777 A 2,+1 4- A 2, ag + A 2, ^ag 4 f Aag + ag 



k-2 



A 2 ' + A 2 ' *M 4- • • • 4- Abh + bh 



= b Yl 



hi A 2/+1 + A 2 'M + A 2,l bh + • • • + AM + M 



I 2 i 



2/-1 / 



*4*-5 =C 



k-2 

n 

i=0 

k-2 



<<11 



A 2i+I + A 2 'ce + • • • + Ace 4- ce 
A 2i+2 + A 2M ce + A 2i ce + ■■■ + Ace + ce’ 
A 2i+l + A 2i df + ■■■ + Adf + df 



hi A 2i+2 + A 2M df + A 2 ' df 4 h Adf 4- df 



2 i 



k-2 



A 2 ' + A 2 ' l ce + • • • 4- Ace 4- ce 



y*k~i = e Yl 



o A 2,+1 + A 2 ‘ce + A 2 ‘ l ce 4- • • • 4- Ace + ce 



2 /- 1 , 



Jk-2 



y 4k~6 = f'Yl 



A + A df 4 — 4- Adf + df 
i A 2,+1 + A 2i df + A 2i - l df 4 h Adf + df ’ 



k-2 



y Ak -5 = <?n 



y Ak -A = h Y\ 



A + A ag + • • • + Aag + ag 
A li+2 + A 2M ag + A 2i ag + • • • + Aag + ag ' 

A 2,+1 4 A 2 'M 4 1- AM 4 M 

i A 2,+2 + A 2,+1 M + A 2 'M + • • • + AM + M ' 



i=0 

L --2 



i=0 



Then, it follows from Eq. (3.6) and our assumptions that 
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X, 



X 4k-3 



4k-l 



A + %4k -7 Tur-5 



|4 A 2i + A 2i 1 ag + --- + Aag+ag 

a v 1 



r= 0 



+ A~'ag + A"' ag 4 1- Aag + ag 



A + ( / J | - 



A 2 ' + A 2 ' 'ag 4 h Aag + ag 



k - 2 

=■11 



A 2,+1 + A 2 'ag H h Aag + ag 



i = 0 



A + A ag + A ag + • • • + Aag + ag ^ A + A ag + A ag + • • • + Aag + ag 
A 2i + A 2 * *ag + • • • 4- Aag 4- ag 
A 2l+1 4- A 2, ag 4- A 2,-1 ag 4 h Aag 4- ag 



g A lk 2 + A 2k 'ag 4 f Aag + ag 



= a 



k-2 

n 

i = 0 ■ 
£-1 



A 2 ' 4- A 2 ' 'ag 4 1- Aag 4- ag 



^ A 2k 2 4- A lk l ag 4 h Aag 4- ag ^ 



1 2i+l 



+ A 'ag 4- A 2 ' ’ag 4 h Aag + ag 



A lk 1 + A Ik l ag 4 h Aag + ag 



I 2k-2 



T-r A 2 ' 4- A 2 ' 'ag -l hAag4-ag 

fj A 2,+1 4- A 2 'ag + A 2 '~'ag 4 h Aag + ag 



That is 



X 4k - 3 a 



k - 1 

n 

i=0 



A + A ag + • • • + Aag + ag 
A 4- A~ ag 4~ A ag 4- • • • 4- Aag 4- ag 



In addition to, by Eq. (3.6) and our assumptions one has 



y*- 



y 4 k~i 

A + y4k-T X 4k-5 



14 A 2 ' +A 2 ' l ce + ---+Ace+ce 

e l[ 



A 2,+1 4- A u ce + A n l ce + ■ ■ ■ + Ace 4- ce 



1 2 i. 



1 2i-l 



1=0 



k-2 



A+e \ I 

k-2 

*n 



A 2 ' 4- A 2 ' 'ce + • • -4 -Ace + ce 



k-2 

n 



A 2,+l + A 2 ' ce+---+Ace+ce 



‘jn’ Ar' + ' + A 2 ce + A 2i 'ce4 hAce4-ce 7 = o A 2,+2 4- A 2,+1 ce 4- A 2 ' ce 4 hAce4-ce 



A 21 4- A 2 ' ce + • • -4 -Ace + ce 



i=0 



A 2,+1 4- A 2 'ce 4- A 2 ' 'ce 4- • • -4- Ace 4- ce 



A4-ce 



A 2 " 2 4- A 2 " 'ce4 hAce4-ce 

A 2 ' 4- A 2l_1 ce 4- • • -4- Ace 4- ce 



= e 



k-2 

FI ^ 2,-1 + j^' ce + A 2, ~ l ce _| 1- Ace 4- ce 



^A 2A ' 2 +A 2k 'ce4 hAce4-ce^ 

v A 2 *- 1 4- A 21 ' 2 ce 4 h Ace 4- ce j 



k - 1 

n 

1=0 



A 21 4- A 21 ce 4- • • -4- Ace 4- ce 
A 2,+1 4- A 2, ce 4- A 2,_1 ce 4- • • -4- Ace 4- ce 



That is, 
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k - 1 



y 4k — 3 = e Yl 



i = 0 



A 2 ' + A 2 ' 1 ce + -- + Ace + ce 
A 2,+1 + A 2i ce + A 2i ~ l ce + • • • + Ace + ce 



Similarly, one can prove 



k-l 



= b H 



X 4k - 1 = C 



i = 0 
k - 1 

n 



A + A“' bh H 1- AM + M 

A 2/+1 + A 2 'M + A 2M M h — + Abh + bh ’ 
A 2,+i + A 2 'ce + • • • + Ace + ce 



f=0 

*-l 



-4 i 



■J- A + A ce + A ce + • • • + Ace + ce 
A 2M + A 2l df + ■■■ + Adf + df 



A 2i+2 + A 2,+l df + A 2 'df H — + Adf + df 



i 2i+l 



k-l 



A 21 +A 2i - l df + ••• + Adf + df 



y 4k -2 = fYl 



Lo A 2i+1 + A z 'df + A 2 ‘- l df H — + Adf + df 



2i-l 



k-l 



A ll+1 + A 2 ' ag H 1- Aag + ag 



y*k~i ■?! 1 A ii+2 

i = 0 A 



A z,+z + A 2M ag + A 2, ag + • • • + Aag + ag 



k-l 



y 4k = h Yl 



i = o 



A“ +i +A“bh + — + Abh + bh 
+ A 2M bh + A 2i bh + • • • + Abh + bh 



Hence, Eqs. (3.4) and (3.5) hold for n = k . The proof is complete according to the 
mathematical induction. 

Corollary 3.3 If A = 5 = 1, suppose that {(x n , y„)}” = _ 3 are solutions of the system (1.7). 
Also, assume that x _ 3 , x 2 , x , , x 0 , y 3 , y _ 2 , y , and y 0 are arbitrary positive numbers and let 



x_ 3 = a, x 2 = b, i , = c, x 0 = cl, y 3 = e, y 2 = / , y , = g, y 0 = /? , then one has 



where n = 1, 2, 



*4„-3 = « 



n— 1 

n T 



1 + 2 iag 



(=o 1 + (2/ + l)ag 

-pi- 1 + (2 i + l)ce 
^4„-i = c[J- 



*4, ,-2 = 



w-1 
;=n 4 



1 + 2 /M 



;=o 



n-1 



. + (2 i + 2)ce 
1 + 2 ice 



x 4n 



> ' 4 " 3 TJl + (2/ + !)«?’ 



= 0 1 + (2/ + l)/?/r 

fT l + (2/ + l)ff 

Ul + (2/ + 2)c//’ 

1 + 2idf 



y 4n 



t4 l + (2i + l)ag 
8 , =0 1 + (2/ + 2)ag ’ 



y4 " _2=/ Ql + (2i + l)<ir 

l + (2/ + l)M 
>'4« =/ Ti7- 

i=0 1 



+ (2/ + 2)M 



4. Conclusions 

It is obvious that the system of two rational difference equations (1.7) is the extension of the 
models in [9, 10, 13, 14]. In this paper, we investigated the globally asymptotically stable of 
the equilibrium point (0, 0) for the difference equation (1.7) with the parameters A > 1, 5 > 1 , 
and the unstable of the equilibrium point (0, 0) with the parameter A < 1 or B < 1 using 
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linearization method. Moreover, the expressions of solutions of the system (1.7) with the 
parameters A = B are obtained according to the mathematical induction. This paper 
presents the use of a variational iteration method and mathematical induction for systems of 
nonlinear difference equations. This technique is a powerful tool for solving various 
difference equations and can also be applied to other nonlinear differential equations in 
mathematical physics. In addition, the sufficient conditions that we obtained are very simple, 
which provide flexibility for the application and analysis of nonlinear difference equation. In 
addition, the system can be used to analyze and describe the pier buffering isolation system. 
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Abstract. In this study, the joint distributions of order statistics of innid 
discrete random variables are expressed in the form of an integral. Then, the 
results related to pf and df are given. 
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1. Introduction 

The joint probability density function (pdf) and marginal pdf of order statistics of 

independent but not necessarily identically distributed(mniJ) random variables was 
derived by Vaughan and Venables[22] by means of permanents. In addition, 
Balakrishnan[3], and Bapat and Beg[8] obtained the joint pdf and distribution 

function!///) of order statistics of innid random variables by means of permanents. In the 
first of two papers, Balasubramanian et al.[5] obtained the distribution of single order 
statistic in terms of distribution functions of the minimum and maximum order statistics 
of some subsets of { X x ,X 2 ,...,X n } where X. ’s are innid random variables. Later, 

Balasubramanian et al. [6] generalized their previous results[5] to the case of the joint 
distribution function of several order statistics. Recurrence relationships among the 
distribution functions of order statistics arising from innid random variables were 
obtained by Cao and West[10]. Using multinomial arguments, the pdf of X rn+l ( l<r< 
n+1 ) was obtained by Childs and Balakrishnan[ 1 1] by adding another independent 
random variable to the original n variables X v X 2 ,...,X n . Also, Balasubramanian et 
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al. [7] established the identities satisfied by distributions of order statistics from non- 
independent non-identical variables through operator methods based on the difference 
and differential operators. In a paper published in 1991, Beg[9] obtained several 
recurrence relations and identities for product moments of order statistics of innid 
random variables using permanents. Recently, Cramer et al. [13] derived the expressions 
for the distribution and density functions by Ryser’s method and the distributions of 
maxima and minima based on permanents. 

A multivariate generalization of classical order statistics for random samples from a 
continuous multivariate distribution was defined by Corley[12]. Guilbaud[17] expressed 
the probability of the functions of innid random vectors as a linear combination of 
probabilities of the functions of independent and identically distributcd(7/f/) random 
vectors and thus also for order statistics of random variables. Expressions for 
generalized joint densities of order statistics of iid random variables in terms of Radon- 
Nikodym derivatives with respect to product measures based on df were derived by 
Goldie and Maller[16]. Several identities and recurrence relations for pdf and df of order 
statistics of iid random variables were established by numerous authors including 
Arnold et al.[l], Balasubramanian and Beg[4], David[14], and Reiss[21], Furthermore, 
Arnold et al. [ 1 ] , David[14], Gan and Bain[15], and Khatri[18] obtained the probability 
function!/;/) and df of order statistics of iid random variables from a discrete parent. 
Balakrishnan[2] showed that several relations and identities that have been derived for 
order statistics from continuous distributions also hold for the discrete case. In a paper 
published in 1986, Nagaraja[19] explored the behavior of higher order conditional 
probabilities of order statistics in a attempt to understand the structure of discrete order 
statistics. Later, Nagaraja[20] considered some results on order statistics of a random 
sample taken from a discrete population. 

In general, the distribution theory for order statistics is complex when the parent 
distribution is discrete. In this study, the joint distributions of p order statistics of innid 
discrete random variables are obtained as an p fold integral. 
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As far as we know, these approaches have not been considered in the framework of 
order statistics from innid discrete random variables. 

From now on, the subscripts and superscripts are defined in the first place in which 
they are used and these definitions will be valid unless they are redefined. 

Let X 1 ,X 2 ,...,X n be innid discrete random variables and X Vn <X 2 . n < ... < X trn be 
the order statistics obtained by arranging the n A. ’s in increasing order of magnitude. 
Let F. and f. be df and pf of X. (i =1, 2,..., n), respectively. For notational 



Xj x 2 X3 X p 



convenience we write 



ite E > I >1 and J instead of ^ ^ ^ ^ , 



z \ > z 2 »•••» z p m p ,k p ...,m u k x 



Z 1= U z 2 =zj z 3 =z 2 



n r r \ r 1 1 1 1 F i (*l) F i (*2) ^‘r ( X P ) ( x l) F i n ( x 2) F f p ^ X P^ 

n ~ r P r P V ~ r P - 1 r z -\-r 2 r 2 -\-r x r 2 -\-r x r x -\ ‘n KW r P p * n. p 

V V . V y V V . | I ... I and f f ... f 

m p = 0 k p = 0 m 2 =0 k 2 = 0 m,=0 ir,=0 p ( x ) p ( x ) p ( x ) 0 v d) v (p-V 

n 12 rp "i Vi) 



the expressions below, respectively (jc ; = 0 , 1 , 2 , . . .) (z 0 = 0) . 



2. Theorems for distribution and probability functions 

In this section, the theorems related to pf and df of X r:n ,X r/n ,...,X r :n 

( 1 < r x < r 2 < ... < r < n , p= 1, 2,. . ., n) will be given. We will now express the following 
theorem for the joint pf of order statistics of innid discrete random variables. 



Theorem 2.1. 



p + 1 r w - 1 



/„, wg- D ij n n t-r-o ik>. 



W=1 l=r^i + 1 
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where x, <x 2 <... <x , ^ denotes the sum over all n\ permutations (; \,i 2 ,...,i n ) of 



p + i 



(1,2 D = ]“f[(r M ,-r w _i-l)!] r 0 =0, Vl =« + 1, vf = 0 , v<f +1) =l and 



W=1 



/ (x ) 

v w =[v (w) -F. (x -)] ' ' f +F (x -). 

1. L l r l r \ W S' / \ I, V W / 

' ’ ’ fu (*J 



Proof. Consider the event 



{ X r,n =X l ,X r . n =X 2 ,...,X =XJ, 



The above event can be realized mutually exclusive as follows: 
observations are less than x, , k w + 1 + m w (w= 1 , 2,..., p) observations are equal to x w , 
n- 1 - r t _ x (£ =2,3,..., p) observations are in interval (x.^x.) and 

n - m p - r observation exceed x p . The probability function of the above event can be 
written as 



f ri ,r 2 ,..., rp -.»(x l ,X 2 ,...,X p ) = P{Xr i :„=X l ,Xr 2 : „=X 2 ,...,X rp .„=X p }. 

(2.2) can be expressed as 

f ri ,r 2 ,...,r p : n ( X l’ X 2’-’ X p) 



p+\ r w -\-k w 

= i c s n n 

m p ,k p ...,m l ,k l P 1=^ +m w _ l +1 



[^(*w-)-*LCv i)] 



p r w +m w 



II II f,p.x 

w=l j=r w -k w 



(2.2) 



(2.3) 



f p + i 



nifc -V,)!] 1 ntt*. +| -*.)!r‘, m. =0, =0, /•, w = 0, 

V w=l / W=1 



where C = 

F.(x p+1 -) = l, F ii (x w -) = P(X ii <x w ) and + k w < r w - r w _ x - 1 (w=l, 2,...,/H-l). 



(2.3) can be written as 

f p+ 1 r w -l-£ w A 

s c z n n it, <*.-,)] 
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- (k, + l + m w y.( A A 



n 

W=1 



k , ! m ,„ ! 



n As**) 

\j= r w~ k w 



ft ( X J 



r w +m w i 

n ftjM • ( 2 - 4 ) 

\j= r w +l ) 0 



Also, (2.4) can be clearly written as 

fr u r 2 ,...,r,n(^X 2 ,...,X p )= £ Z J J — J 



m p ,k p ...,m 1 ,k 1 P 0 0 0 



1 



0i -\-k x )\k x \ 



F. (x, -)F, (x, -). . .F (x, -)y, /; (x, M/l , (x, ).. .y,/: (x, My,/^ (x, ) 



(i - ^ (^i )(i - Ax )/; n+2 (^i )- a - Ax )[^ + „ 1+I -> - ■ 



• [*U_, (*2 -) - ^. i2 .,(A ) ] yj^ ( x 2 ) yj^ ( X 2 )• • -a 2 /;,_, (x 2 ) dyj (x 2 ). . . 



(,- - Vl -, Vl - 1) ! >• • > 



\F i (x -)-F i (x )]...[i^ (x —) — F i (x )] 



-ypfi^S x p)ypfi^^^p)"ypf r .S x p) d ypfi r J< x p) 

i 



(l-jOA ( vjd-rj./; .(x )...(l-y )./: _ (X )[1 -F _ (x ) |...|1 F,(x„) ]■ 



/ \| | v S P /J * r +I y P /y S P /J l r +2 V P 

(n-r -nt )\m l p p 



The following expression can be written from the last identity. 



ii i |>+i 



f *, 2 r p :n( X 1 , X 2 >-> X P ) = Z Z J J -J Ft 

m k ..,m l ,k l P 0 0 0 1 w=l Vw 1 



1 



- 1 - k w ~ m w _ x - r w _ x ) ! m w _ x \k w \ 



'w-l Tm w- 1 









A^2= / 'w-1 +W w-1+ 1 



r -1 



n yjy <x) mfijxjdy, ■ 

yt } =r w -k w ~ J | w=l 



(2.5) 
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In (2.5), if v\ w) = y w f\ (jc w ) + F t (jc w -) , the following identity is obtained. 



,(■*0 ^(* 2 ) 


Pj r (Jtp) r . 
P . [ P +1 


S 1 • 


" J n 


( x l~) F i (*2“) 


^ (*„-) 1 m,=i 



-fv-i) ! n W k J 



-l+»Vl hf r w~ l ~ k w ^ 

II [T.y.o-vy 1 ] || 



fl '>1 A *2 

V^l=Vl +1 /V2 = V-1 + " , W-1 +1 



ii icam ik- 

yt 3 =r w -k w )) w = 1 



By considering 






1 



y y y— 

£ 6 rSKn-T-Z)lTl 



Y *1 



n n 



T! II A A X A */ 3 

4=1 )\t 2 =%+\ Je 3 =n-T+l 



= - Z fl [G™ (*) + Of 1 (*> ■ + Of M] . 

n • P /=1 

where r + £ < n and using (2.7) for each m w _ x and k w in (2.6), we get 

fr i ,r 2 r:n( X l’ X 2’---’ X p) 



( 2 . 6 ) 



(2.7) 



^ P+1 1 A /" p + 1 r^-1 A p 

n zi n n n*r 



v w=1 ( r w Vi 1) v ^ " V w=1 /= vi +1 



Thus, the proof is completed. 



Specially, in Theorem 2.1, by taking p = 2, n — 3, r x = 1, r 2 = 2, 

h 2j = K 2) - y (* 2 -)] 4t-t + y (+ -) and for t < * 2 , 



4(+) 



F i 2 ( x i) 

f\,2:3( X l’ X l)= X j j 

P F h { Xi -) F i2 (x 2 -) 
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Z 4 (*, > \ A (* 2 ) ■ - d . 4 ) [4 ) ■ + 4 (*2 ->] ■ - 4 (-*1 )4 (*,-)] - 4 (* 2 > 4 , -> I 



4W 



= /l 0 | ) | / 2 (*2 ) + ^ / 3 (*2 ) F 2 (*2 ~ ^ / 3 (*2 ) F 2 (*2 ) “ f 2 ( X 2 ) F 3 ( X 2 



+/l Ol ) I f 3 ( X 2 ) + ^/ 2 ( X 2) F 3 ( X 2 -) - ^ / 2 (*2 ) F 3 (* 2 ) “ / 3 0 2 ) F 2 (* 2 “) I 



+/ 2 Ol ) j/ 3 (*2 ) + ^ /l 0 2 )0 0 2 “) - ^ /l ( X 2^ F 3 ( X 2 ) ~ / 3 0 2 ) F 1 0 2 “) j 



+/ 2 Ol ) j/l 0 2 ) + ^ / 3 0 2 ) F 1 0 2 -) - ^ / 3 0 2 ) F 1 0 2 ) - /l 0 2 )0 0 2 “) j 



+/ 3 Ol ) j /l 0 2 ) + ^ fl 0 2 ) F 1 ( X 2 “) “ / 2 0 2 ) F 1 0 2 ) - /l 0 2 )0 0 2 “) 



+/ 3 ( X 1 ) j / 2 0 2 ) + ^ /l 0 2 )0 0 2 -) - ^ /l 0 2 )0 (*2 ) “ / 2 0 2 ) F 1 ( X 2 ~) | • 



Morever, the above identity in the iid case can be expressed as 

1 , 2 : 3 Oi > * 2 ) = 6/Oi )/0 2 ) - 6 /Oi )/0 2 )F(x 2 ) + 3f(x l )f 2 (x 2 ) . 

This result is obtained, if i = 1 , j = 2 and n = 3 in equation (6) in [18]. 

In case x l < x 2 < ... < x , y (1> < v\ 2) < ... < v { . p) is automatically satisfied because of 

P \ l n. l r p 

4, 4, -)< <’ < F (x,), F (x, -)< v<» < 4 4, ),..., 4 4, -) < v“ < 4 4,). 



Also, in case x 1 — x 2 — ... — x p — x , the integration region is over 

F. (r-)<v (1) <v (2) <...<v (pl <f ( X ), F (x-)<v, (1) <F 0), 

b ' ' q ?2 r p r P ' ' b ' ' q *1 ' ' 

4 4-)<v!»<4 4),...,4 4 -)<v4<4 4) . 
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V*1> v*> 

So, if x, < x 2 < ... < x p , it should be written Iff instead of J J ... J 



F i„ (*1-) F i„ (*2“) F i. (*»-) 



in (2.1), where / ... is to be carried out over the region: v (1) <v ! (2) <...<v ! °’ ) , 

J J J n n r p 

T, (x, -)< v“’ < f (*,), T, (*, -) < vf' < \ (*,), -A r (x, -) < v“ < f (,,) . 

The proof was given only in case x t <x 2 < ... < x p , the proof for case *<x 2 <...<x, 
is omitted. 



Specially, in Theorem 2.1, by taking p = 2, n = 3, tj= 1, r 2 = 2, 

f. 2 ’ = [v‘ 2) - TL (x 2 -)] ^ + F (x 2 -) and for x, = x 2 = x , 



f>M 2 ) 



fl 2 . 3 (x,x)= X J J [l-vfVvfVv® 

P (*-) v« 



f i (x)f i (x) 1 r 1 f (x) 

(x)F; (x-) X-LLl [f< (X) + F< (x-)] /. (x)F t (X-) ^ - F h (x)F. (x-)f k (x) 



+— 

2 






= iF, 



(x)/(x)-i[F 1 (x) + ^(x-)]/ 1 (x)-iF J 2 (x)/(x)4^ + 7[J : ', 3 W-^; 3 (*-)]4r7 

2 2 / 2 (x) 6 L J / 2 (*) 



+F 2 (x)F 2 (X-) /l( y\ (x) - ^ [F, (x) + (x-)] ./; (x)F 2 (X-) " F 2 (*) 

/ 2 W 2 / 2 0) 

+ \ [ F l (*) + F l (■*“) ] f ( X ) F 1 ( X ~) j 
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+ !f 3 (x)/ 1 (x)-^[Fi(x) + F 1 (x-)]/ 1 (x)-^F 3 2 (x)/ 1 (x)4 7^ + 7 
[ 2 2 ; 3 W 6 

+F 3 (x)F 3 (X-) /l( * )/2( * } “ ft (*) + *i (*-)] /, (*-) ■ 

/ 3 0 ) 2 / 3 0 ) 

+ ^ [ ■ F i (x) + F 1 (x-) ] f (x)F 2 (x-) j 



+ j ■ F x (x)/ 2 (x) -Uf 2 (x) + F 2 (x-) ] / 2 (x) - ^ Fj 2 (x)/ 2 (x) 



AW , 

f(x) 1 

+F|(x)F,(x-) -1 [F,( I ) + F,( J -)]/,( J )F,(,-)M 

/(*) 2 /iW 

+ ^ [F 2 (x) + F 2 (x-)]f 2 (x)F 3 (x-)| 



+F 3 (x)F 3 (x-) f '- (x)f '< x) - ^ [F 2 (x) + F 2 (x-) ] / 2 (x)F 3 (x-) w 



/ 3 (X) 

+ ^ [F 2 (x) + F 2 (x-)] / 2 (x)Fj (x-)| 



/ 3 0) 



+ 1^2 (*)/ 3 (*) - TT [ F 3 (*) + F 3 (*“)] fi (*) - | F 2 (*)/ 3 (*) 



+ - 



fix) 
flix) » 

+F ; (x)F ; (x-) /i( ^y' (jr) -i[F i (j) + F i (j-)]/ 1 (j)F ; (j-)^ 
/ 2 0 ) 2 / 2 0 ) 

+ ^ |/ 3 (*) + ^ 3 (*-)] / 3 (X)^i (*-) j 



+ i^(x)/ 3 (x)-^[F 3 (x) + F 3 (x-)]/ 3 (x)-iF 1 2 (x)/ 3 (x)474 + ^ 

[ 2 2 fix) ( 

+F X (x)F (x-) - 1 [F 3 (x) + F 3 (x-) ] / 3 (x)F t (x-) ^ ' 

/iW 2 /iO) 

+ ^ |/ 3 (*) + ^ 3 (*“) ] / 3 0)^2 (*“) | • 



9 



rF 1 3 (x)-F 1 3 (x-)l^^ 
L J / 3 W 

- F 3 (x)F 2 (x-) f(x) 



L[ F 3( 4 _ F 3(,_)]|| 
-Fj(x)F 3 (x-)/ 2 (x) 



I[F=(x)-F=(x-)]^ 

-F 3 (x)Fj(x-)/ 2 (x) 



‘[F/(x)-F/(x-)]|^ 
— F 2 (x)Fj (x-)/ 3 (x) 



rF 3 3 (x)-F 3 3 (x-)l^^ 

13 3 /iW 

•Fj(x)F 2 (x-)/ 3 (x) 
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Morever, the above identity in the iid case can be expressed as 

= 6 F(x)f(x) - 3 [F(x) + F(x-)] f(x) - 3 F 2 (x)/(x) + {f 3 (x)-F 3 (x-)] + 6 F(x)F(x-)f(x) 
- 3 [F(x) + F(x-)] F(x-)f(x ) - 6 F(x)F(x-)f(x) + 3 [F(x) + F(x-)] Rx)F(x-) 

= 6 F(x)/(x) - 3 F{x) f{x) - 3 F(x-)f(x) - 3 F\x)f(x) + F 3 (x) - F 3 (x- ) 

= 3 f\x) - 3 F 2 {x)f{x) + fix) [3F 2 (x) - 3 F(x)/(x) + / 2 (x)] 

= / 3 (x) + 3/ 2 (x)[l-F(x)]. 



This result is obtained, if r — 1 , 5 = 2 and « = 3 in equation (2.4.3) in [14]. 



We will now express the following theorem to obtain the joint df of order statistics of 
innid discrete random variables. 

Theorem 2.2. 



/• 1 


( p + 1 r w - 1 






II II K” 


-v w l 

l l J 


v 1 


^ w=l l=r w _ j+1 


J 



w=l 



Proof. We have 

F , h r 2 r p A X ^ /,.* r p J Z l’ Z 2’-’ Z p) • 

Z X ,Z 2 ,...,Z p 

Using (2.1) in (2.9), (2.8) is obtained. 



(2.8) 



(2.9) 



3. Results for distribution and probability functions 



In this section, the results related to pf and df of X r :n ,X r :n ,...,X r :n will be 

given. We will express the following result for pf of the /ill order statistic of innid 
discrete random variables. 



Result 3.1. 

L:n( X l) = 



V*Yn-l V 



y f I fTv, w T][i-v<p] dv w. 



(3.1) 



Proof. In (2.1), if p = 1 , (3.1) is obtained. 



10 
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In Result 3.2 and Result 3.3, the pf ’s of minimum and maximum order statistics 
of innid discrete random variables are given, respectively. 



Result 3.2. 






1 

in- 1 )! 




(3.2) 



Proof. Putting r x = 1 in (3.1), one will get (3.2). 



Result 3.3. 



Fj (x t ) / j x 

) fK> k>- 

t n p F . (* 1 _)VZ= i 7 



(3.3) 



Proof. On taking t\ = n in (3.1), one will get (3.3). 



In the following result, we will give the joint pf of X l:n ,X 2:n ,...,X . 



Result 3.4. If x. < x. < ... < x 

1 — 2 — — p 



X 2i •••> X p) = 



ZJJ--J III • I P*f. 

p V i=p + i y w=i 



P (»-/>)! /> 

where Iff is to be carried out over the region: v (1) < vf < ... < v \ p) , 

F „ (*, -) < <’ < T, (.V, ) , /•, (.V, -) < V™ < (*, ), . . ., F (*, -) < v!" < F (*, ) . 



(3.4) 



Proof. On taking r w = w for w = l, 2 , ...,p and J" J'—J' i nstea d °f J i n (2-1), one 
will get (3.4). 



We will now give three results for the df of single order statistic of innid discrete 
random variables. 
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Result 3.5. 



i V*V»i-i y „ ^ 

F ,M = —rr r . I IK’ IIM’] 

Oi -!)!(«- n)\ p i [ l=l \ l=ri+l J n 



Proof. On taking p = \ in (2.8), one will get (3.5). 



Result 3.6. 






Proof. Putting t] = 1 in (3.5), one will get (3.6). 



Result 3.7. 






Proof. On taking r x = n in (3.5), one will get (3.7). 



■f ^ 

Specially, in (3.7), by taking n=2 and v* 1 * = [y: 11 - F (x,-)]— — — + F.(xj-), the 

fi 2 ( x i) 

following identity is obtained. 



F 2a( x i)= Z j v t )dv h 



f (v (1) ) 2 )f( x ) 

y ^Z-vf^Yx-) Aw + ( i) f( ) 

i—t o '2 h v 1 J f t v \ l 2 h v 1 ' 



AW 



f 2 M 



( x i) \fi( x \) 

^-F( Xl )F.(x-) ^^ + F{Xx )F( x -) 

2 * )M x i) 



2 /2O1) 



2 J/101) 
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Morever, the above identity for iid case can be expressed as 
F 2:2 (x i)= F 2 ( X] ). 

Also, the above identity for x, = 1 can be written as 

F I:2 (1)=F ! (1) 

= [/(0)+/(l)] 2 . 

In the following result, we will give the joint df of X l:n ,X 2:n ,...,X . 

Result 3.8. 

F\, 2 ,...,p:n ( X 1’ X 2 ’•••’ X p) 



Proof. On considering r , = w for w = \,2,...,p from (2.8), one will get (3.8). 
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Abstract 

Besides the feedforward neural networks, there are the recurrent net- 
works, where the impulses can be transmitted in both directions due to 
some reaction connections in these networks. Recurrent neural networks 
are linear or nonlinear dynamic systems. The dynamic behavior presented 
by the recurrent neural networks can be described both in continuous time, 
by differential equations and at discrete times by the recurrence relations 
(difference equations). The distinction between recurrent (or dynamic) 
neural networks and static neural networks is due to recurrent connec- 
tions both between the layers of neurons of these networks and within the 
same layer, too. The aim of this paper is to describe a Recurrent Fuzzy 
Neural Network (RFNN) model, whose learning algorithm is based on the 
Improved Particle Swarm Optimization (IPSO) method. Each particle 
(candidate solution), which is moving permanently includes the parame- 
ters of the membership function and the weights of the recurrent neural- 
fuzzy network; initially, their values are randomly generated. The RFNN 
presented in this paper is unlike the others variants of RFNN models, by 
the number of the evolution directions that they use: in this paper, we up- 
date the velocity and the position of all particles along three dimensions, 
while in [8] are used two dimensions. 

Keywords: recurrent networks; Improved Particle Swarm Optimiza- 
tion method; fuzzy rules; Wavelet Neural Network; feedback weight; de- 
layed operator. 



1 Introduction 

Neural network (NN) is one of the important components in Artificial Intelli- 
gence (AI). NN architectures used in modelling of the nervous systems can be 
classified into three categories, each with a different philosophy: feedforward, 
recurrent (feedback), self-organizing map. Neural networks (NNs) are used in 
many different application domains in order to solve various information pro- 
cessing problems. For several years now, neural network models have enjoyed 
wide popularity [4] , being applied to problems of regression, classification, com- 
putational science, computer vision, data processing and time series analysis. 

1 
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Figure 1: Schematic diagram of the WNN. 



The main drawback of the feedforward neural networks is that the updating 
of the weights can fall [17] in a local minimum. An other major drawback of the 
feedforward neural networks consists in the fact that their application domain 
is limited to static problems due their inherent feedforward structure. 

Since recurrent networks incorporate feedback, they have powerful represen- 
tation capability and can [17] successfully overcome disadvantages of feedfor- 
ward networks. This feedback implies that the network has [12] local memory 
characteristics that is able to store activity patterns and present those patterns 
to the network more than once, allowing the layer with feedback connections to 
use its own past activation in its preceding behavior. 

The Recurrent Neural Network (RNN) has the feedforward and feedback 
connections contrasted which provides it with nonlinear mapping capacity and 
dynamical characteristics, so it can be used [22] to simulate dynamical system 
and solve dynamic problems. Different architectures can be created [12] by 
adding recurrent connections at different points in the basic feedforward archi- 
tecture. 

Recently some researchers have proposed several recurrent neuro- fuzzy net- 
works. Kumar et al. 2004 compares the traditional feedforward approach of 
RNNs to forecast monthly river flows. Lin & Hsu, 2007 has proposed [10] a 
recurrent wavelet-based neuro- fuzzy system with the reinforcement hybrid evo- 
lutionary learning algorithm for solving various control problems. Carcano et 
al., 2008 has simulated [3] daily river flows for water resource purposes using the 
Jordan Recurrent Neural Network. Maraqua et al., 2012 has proposed [12] the 
use of a recurrent network architecture as a classification engine for automatic 
Arabic Sign Language recognition system. Ster, 2013 has introduced [18] an 
extended architecture of recurrent neural networks (called Selective Recurrent 
Neural Network) for dealing with long term dependencies. 

1.1 Wavelet Neural Networks 

Neural networks employing wavelet neurons are referred to as Wavelet Neural 
Networks(WNNs) [10]; they are characterized by weights and wavelet bases. 

Lin & Chin, 2004 was proposed a Recurrent Neural Fuzzy Network (RNFN) 
where each fuzzy rule corresponding to a WNN (see Figure 1) consists (see [11], 
[8]) of single-scaling wavelets. The shape and position of the wavelet bases are 
shown [11] in Figure 2. 

An ordinary wavelet neural network model is often used to normalize input 
vectors in the interval [0, 1]. The functions (f> a .b{xi) are used to input vectors 
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Figure 2: Wavelet bases are over-complete and compactly supported. 



to fire up the wavelet interval; a such value is given in the following equation, 
which gives the shape of the M wavelet bases </>o.o> </>i. 0 ) • • • , 



4>(xi) = cos(xi), —0.5 <Xi< 0.5 
0 otherwise, 4> a .b(xi ) = cos(aa;j — b ), 



(1) 



b = l,a, a = 1, ?7i, b being a shifting parameter and a meaning a scaling 
parameter corresponding to the maximum value of b. 

A crisp value ip a ,i, can be obtained as follows: 



( pa.b — 



Ej = l <t>a.b(Xi) 

\X\ 



(2) 



where |A'| represents the number of input dimensions and n is the dimension of 
the input vector to the model. 



1.2 Z- transform 

The Z- transform is [20] the discrete- time counterpart of the Laplace transform. 
The Z- transform can be considered to be an extension of the discrete- time 
Fourier transform as the Laplace transform can be considered an extension of 
the Fourier transform. 

The bilateral Z- transform of a discrete- time sequence x(n) is: 

OO 

Z{x(n)} = X(z) = x(n)z~ n . (3) 

n =— oo 

For causal sequences ( n > 0) the Z- transform becomes: 

OO 

Z{x(n)} = X(z) = Y / x(n)z~ n . (4) 

n = 0 

The equation (4) is called the unilateral Z- transform; it exists only if the 
power series from its expression converges. 
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There are several methods for computing the inverse Z- transform, namely 
the sequence x(n), given X(z): 

1. using the inversion integral: 

x(n) = (f X(z)z n ~ 1 dz, (5) 

2t rj J T 

where f r means the integration along the closed contour T in the coun- 
terclockwise closed contour in the region of convergence of X(z); 

2. by a power series expansion: expressing X(z) in a power series in z _1 , 
x(n) can be achieved by identifying it with the coefficient of z~ n in the 
power series expansion; 

3. by partial fraction expansion: for a rational functions, can be obtained 
a partial fraction expansion of X(z) over its poles and the table of Z- 
transform helps to identify the sequences corresponding to the terms in 
that partial fraction expansion. 

1.3 Application of Genetic Algorithms 

The specialists think that the Genetic Algorithms are a computational intelli- 
gence application as well as the expert systems, fuzzy systems, neural networks, 
the intelligent agents, hybrid intelligent systems, electronic voice. 

The genetic algorithms are some adaptive techniques of heuristic search, 
based on the genetic and selection natural principles, enunciated by Darwin 
(the best adapted will survive). The mechanism is similar to the evolutionary 
biological process. This process has a feature through that only the species 
which one adapt better to the environment are capable to survive and to develop 
into generations, while that those less adapted fail to survive and they disappear 
in time, as a result of the natural selection. The main notions that allow the 
analogy between the solution of the search problems and the natural evolution 
are: 

1. Population. A population consists in some individuals ( chromosomes ) 
that have to live in an environment to which they must adapt. 

2. Fitness. Each of the population individuals is adapted more or less to the 
environment. The fitness is a measure of the degree of adaptation to the 
environment. 

3. Chromosome. It is a ordered set of elements, named genes , whose values 
establish the individual features. 

4. Generation. A stage in a population evolution. If we see evolution as an 
iterative process in which a population turns to another population, then 
the generation is an iteration in this process. 

5. Selection. The process of natural selection has the survival of individuals 
with a high environmental fitness (high fitness) as effect. 
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Figure 3: The RNFN architecture. 



6. Reproduction. It is the process through which one passes from one gen- 
eration to another. The individuals of the new generation inherit some 
features from their precursors (parents) but they can also get some new 
features as a result of some processes of mutation that have a random 
character. In the case when in the reproduction process at least two par- 
ents occur, the inherited features of the survivor (son) are obtained by 
combining (crossover) of the parent features. 

The remainder of the paper is organized as follows. In Section 2 is discussed 
and analyzed the RNFN. We follow with the learning algorithm of the recurrent 
model in Section 3. We conclude in Section 4. 



2 RNFN Architecture 



The network construction is based on fuzzy rules, each corresponding to a 
Wavelet Neural Network (WNN). 

The figure Figure 3 illustrates the RNFN model, whose training algorithm 
is based on Improved Particle Swarm Optimization (IPSO) method. 

The nodes from the first layer constitute some input nodes; hence they only 
pass the input signal to the next layer, namely: 



O 






(6) 



The neurons in the second layer act as a membership function, meaning 
that they determine how an input value belongs to a fuzzy set. The following 
Gaussian function is chosen as the membership function: 
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X{z)z~ l 

Figure 4: Delayed cell. 




where: 



A 2 ). 



ogW 



• rriij and cr I? are the mean and standard deviation, respectively; 

• /F denotes the input of this layer for the discrete time scan: 



( 7 ) 



where 



j( 2) = o( 2) + 

± IJ ^ l ' ? 



(8) 



= 0%{t-l)6 ij . (9) 

/ n't 

The inputs of this layer contain the terms of memory OF (t — 1), that store 
network information at a previous time; this information, which is an additional 
input of the network will be reintroduced at the entrance of the second layer. 

The weight Oij constitutes the feedback weight of the network and z _1 sig- 
nifies the delayed operator. 

Figure 4 represents [14] a delayed cell, X(z) being the Z- transform of the 
signal x[n}. 

The neurons of the third layer achieve the product operation of their input 
signals: 






r( 2 )_ 



( 10 ) 



where n is the number of external dimensions. 

The neurons of the fourth layer receive both the output of a WNN, denoted 
i)j and of a neuron from the third layer, namely Oj. The mathematical function 
of each node j is: 



°j = Vj ■ 

y 1 ? being the local output of the WNN for the output y p and the j-th rule: 

M 

yP = ^ W P jk ip a . b , 

k = 1 



(ii) 



(12) 



with (p a j, from (2), where: 



• M = to + 1 denotes the number of wavelet bases, which equals the number 
of existing fuzzy rules in the considered model, 
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• the link Wj k is the output action strength associated with in the p output, 
j-th rule and fc-th ip a .b- 

The fifth layer acts as a defuzzifier namely it provides the nonfuzzy outputs 
y p of the fuzzy recurrent neural network: 



namely: 



Vp = 



1 + e 



— A 



^3 = 1 3 



1 + e 



-A 



y-M SjP.n* 
^3 = 1 V 3 U 3 



(13) 



Vp = 



1 + e 



-A- 



1 

Ejl, O f 



,)-Ol 



A e 3?. 



(14) 



3 Learning Algorithm of RNFN 

The training algorithm of the network is based on the Improved optimization 
method Particle Swarm Optimization (IPSO). The new optimization algorithm 
called the IPSO enhances the traditional PSO (Particle Swarm Optimization) 
to enable it to obtain optimal solution capability. 

We assume that each particle includes the mean, deviation and weight vari- 
ables of the RNFN, being d- dimensional. 

The following parameters w r ill be determined by the learning procedure: 

• the position vector X, = {xn, X &, . . . , Xid), 
and respectively 

• the velocity vector V) = (un,Ui 2 , . . . , Vid) 

of the i- th particle in the TV-dimensional search space. 

We denote by: 

• Pi = (Pii , Tj-i, . . . , Pid) the best position of each particle, 

• P g = (P g i,Pg 2 , ■ ■ ■ , P g d) the fittest particle found so far, 

according to an user-defined fitness function. 

The steps of the learning procedure are: 

Step 1 ( Individual initialization). Set the initial values for every particle like 
being random values. 

Step 2 ( Evaluate fitness). Evaluate each particle in a swarm, by defining 
the fitness function: 

fi = y, (15) 

where 



Y = 



N 



-^J2(y P -y P ) 2 , 

P= 1 



(16) 
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• N represents the number of input data, 

• 2/p; p = 1,N are the model outputs, 

• 2 7 P ; P = 1; N constitute the desired outputs. 

After a generation of learning, we achieve the following fifth best particles, 
ordered according to their fitness: unimportant, rather unimportant, moderately 
important , rather important, very important particles. 

The input (preferred) particles are: 

1. unimportant particle 



C u = (C ul , C u 2 , . . . , C u d), 

with the fitness F. u ; 

2. rather unimportant particle 

C r = (C r i,C r 2, . . . , C r d), 

with the fitness F r \ 

3. moderately important particle 

Cjn — ( C m 1 , ( 1 ^ 7712 ; • - * ; C m d)t 

with the fitness F m \ 

4. rather important particle 



C R = {C R1 ,C m ,...,C Rd ), 

with the fitness Fpp. 

5. very important particle 



C v = {C vl ,C, 



v2 > 



) C v d), 



with the fitness F v . 

The membership functions of the fuzzy terms unimportant, rather unimpor- 
tant, moderately important, rather important, and respectively very important 
can be represented as fuzzy numbers in Figure 5, 
being defined in the following relations: 

! i - gfg, if 0 < x < 0.25, 

0, otherwise. 
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|i(u) 




Figure 5: The membership functions of importance. 



5 % if 0 < x < 0.25, 



^ rather unimportant 



1 - 



x-0.25 

0.25 



if 0.25 < x < 0.5, 



(18) 



x-0.25 

0.25 



, if 0.25 < x < 0.5, 



^ moderately important 



1 - 



x — 0.5 
0.25 



, if 0.5 < x < 0.75, 



(19) 



x— 0.5 
0.25 



, if 0.5 < x < 0.75, 



d 1 rather important 



1 - 



x— 0.75 



0.25 
x— 0.75 



, if 0.75 < x < 1, 



l 1 very important 



0 25 i, if 0.75 < x < 1, 

0, otherwise. 

The output (created) particle is output particle : 



(20) 



(21) 



Co — (Col: C 0 2 , ■ ■ ■ , C 0 d), 



with the fitness F a . 

Step 3 ( Improve the capability of finding the global solution (ICFGS)). Set : 
D\ = D -2 = = 1 the magnitudes of the three evolution directions, T s = 1 

the initial index of the ICFGS, the number Nl of the ICFGS loop, the fifth 
particles with the best fitness values from the local best swarm to C u , C r , C m , 
C R , C v . 

Use a special equation to update the: unimpoHant particle, rather unim- 
portant particle, moderately important particle and rather important parti- 
cle to generate the migrant individuals, based on the best individual, X. L = 
(cCji, . . . ,Xid) in the aim of improving the fitness value [8]: 

f x id + p(xf d - x id ), if r± < x J L d Z x x b d 

x id =l " (22) 

[ Xid + p{xfd - Xid ) otherwise, 
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where p and r\ are random numbers in the range of [0, 1] and L , U meaning 
” lower” and ” upper” . 

Compute C 0 : 

C oj = C u j + Di(C u j — C r j)+ 

+D 2 (C U j — C m j ) + D 3 (C U j — Crj) (23) 

Evaluate the new fitness F a corresponding to the newly created output par- 
ticle C 0 - 

Update the unimportant particle C u , the rather unimportant particle C r , 
moderately important particle C m , rather important particle Cr and the very 
important particle C v as follows: 

(1) If F 0 > F v then 



C v = C 0 
C R = C v 
C m = Cr 
r< — c 

v_Y r 

c„ = c r . 



(2) Else if F 0 > F R and F 0 < F v then 




(3) Else if F 0 > F m and F 0 < Fr then 

C rn = C 0 
C r — C m 
C u = C r . 

(4) Else if F 0 > F r and F 0 < F m then 



C r = C 0 
C u = C r - 



(5) Else if F 0 > F u and F a < F r then 

C u = C 0 . 

(6) Else if F 0 = F u = F r = F m = F R = F v 
then 

Co = Co + Nr (N r e [0, 1]). 

(7) Else if F 0 <= F u then it will decrease the moving velocity: 

D\ = -0.5Di 
D 2 = -0.5I? 2 
D 3 = -0.5D 3 

to obtain a good fitness. 
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The random number N r is added at the statement (23) to prevent the learn- 
ing algorithm from falling into a local optimum. 

Test If Step 3 isn’t finished then T s = T s + 1; else update the global best: if 
the fitness value of the new particle is higher than that of the global best, then 
the global best will also be replaced with the particle. 

Step 4 ( Update the velocity and the position). Update the velocity and the 
position of all particles along each dimension using the equations: 

v^ 1 = v ' i’id + ci • rand(-)(P,d - x\ d ) + c 2 • rand {-){P g d - x^ d ) (24) 



X 



k + 1 _ 
id 



T k 

x id 



' V- 



k + 1 



(25) 



where: w is the coefficient of the inertia term; ci and c 2 are called the cognitive 
term and the society term, respectively; the function rand(-) yields uniformly 
distributed random numbers in [0, 1]. 

The second term from (24) known as the cognitive component, represents 
the personal thinking of each particle, which encourages the particles to move 
toward their own best positions. The third term from (24) called the social 
component represents the collaborative effect of the particles, in finding the 
global optimal solution. 



4 Conclusion 

Dynamic or Recurrent Neural Networks (RNNs) are unlike from static neu- 
ral networks since they include feedback or recurrent connections between the 
network layers and within the layer itself. 

The learning algorithm of the Recurrent Neural Fuzzy Network (RNFN) 
model presented in this paper is based on the Improved Particle Swarm Op- 
timization (IPSO) method, which is similar to evolutionary algorithms, but 
requires less computational bookkeeping and generally fewer lines of code. The 
new optimization algorithm called the IPSO enhances the traditional PSO (Par- 
ticle Swarm Optimization) to enable it to obtain optimal solution capability. 

The RFNN presented in this paper is unlike the others variants of RFNN 
models, by the number of the evolution directions that they use: in this paper, 
we update the velocity and the position of all particles along three dimensions. 

The network construction is based on fuzzy rules, each corresponding to a 
WNN (Wavelet Neural Network). 
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Abstract 



We obtain in this paper the analytical forms of the solutions for the following 
difference equations 



%n + 1 



%n— l%n — 4 

%n— 2 ( = tl i %n— l%n— 4 ) 



n = 0, 1, ..., 



where the initial conditions are arbitrary real numbers. Also, we study the 
dynamics behavior of the solutions of the considered equations. 



Keywords: difference equations, recursive sequences, stability, periodic solution. 

Mathematics Subject Classification: 39A10 



1 Introduction 



The behavior of the solutions of the difference equations has been investigated by 
many authors, see for examples: Agarwal et al. [1] investigated the global stability, 
periodicity character and gave the solution of some special cases of the difference 
equations 



%n+ 1 



ax n + 



bx n x n - 3 
CX n -2+dx n -3 ' 
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Cinar [2] investigated the solutions of the following difference equation 

CLXry — 1 

Xn + 1 = l+bx n X n -l ’ 

Elabbasy et al. [3] investigated the global attract-ivity of the equilibrium point and 
the asymptotic behavior of the solutions of the following difference equation and gave 
the solution of some special cases of the difference equation 



ax n — l x n — k 

^Tl - (-1 rT 

'-’•x n — p n — q 



Elsayed [8] deal with some properties of the solutions of the difference equation 



X n -\-l (ix n Y 



bx n 



CXn dx n — 1 ’ 



and obtained the form of the solution of special case of this difference equation 
Karatas et al. [11] get the form of the solution of the difference equation 



1 



%n—5 



IH - •En—2%n—5 



In [14] Wang et al. investigated the global attractivity of the equilibrium point, and 
the asymptotic behavior of the solutions of the following difference equation 

~. _ ^2i=i Ak i Xn ~ k i 

x n +i — 



Bo+ y 1 BljXn—lj 

In [15] Yalgmkaya studied the behavior of the following difference equation 

Xn+l = a + 

Zayed et al. [17] studied a qualitative behavior of the rational recursive sequence 

_ a+PXn+'YXn-l 

X n +1 — A+Bx„+Cx n - r 

Other related results on rational difference equations can be found in refs. [4-16]. 

In this paper, we study the existence of the analytical solutions for the following 
difference equations 

Xn—lXn—4 



Xn+1 



n = 0, 1, 



( 1 ) 



X n _ 2 (±l ±x n - 1 x n - ^l ) , 

where the initial conditions are arbitrary real numbers. Also, we study the global 
behavior of the solutions. 

The following theorem will be useful in our current study. 

Theorem A [13]: Assume that p t G A, i = 1, 2, ..., k and k G {0, 1, 2, Then 

k 

IaI < 



i = 1 



is a sufficient condition for the asymptotic stability of the difference equation 



X n+k + PlXn+k-l + ••• + PkX n = 0, U = 0, 1, 

In the following we investigate the behavior of the solutions for some different 
cases of Eq.(l). 
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2 On the Equation x n+ i = 



x n— l x n — 4 



x n— 2 ( 1 +£n— l x n— 4 ) 

In this section we give a specific form of the solution of the equation 

x n— l x n — 4 



x n + 1 



n = 0,1,..., 



*^72—2(1 “I” l^n— 4) 

where the initial values are arbitrary positive real numbers. 



(2) 



Theorem 1 Let {x n }ff = _ A be a solution of Eq. (2). Then for n = 0,1,... 



x 6 n -2 



x 6 n 



x 6 n + 1 



x 6 n + 2 



^6n+3 



X—2XQX r ^ 
rpTl Zn 



n— 1 

3 TT f (i+(3m)z-iz_ 4 A _ 

11 V (l+(3't+2):c 0 T_ 3 ) y ’ X 6n-1 - 
i =0 
n— 1 

+ +1 a+ TT f (nK3i+2p_^^\ 

x™iX™ A 111 (l+( 3 i+ 3 )£oz- 3 ) / ’ 



.n ~n 
-l X -4 



n 

i=0 



n +1 n +1 



n — 1 

/ (l+( 3 i+ 2 )a:o 3 :- 3 ) 



X- 2 XgX™ 3 (l + X-lX- 4 ) 11 y (l+( 3 i+ 4 )a;_i 3 ;_ 4 ) J ’ 
i = 0 



r "+i T "+i 



n — 1 

n 



/ (l+( 3 i+ 3 )z-iz- 4 ) 



®™t 1 ^" 4 (l+*03:-3) 11 v (l+(3i+4)a:oa:-3) / ’ 

i = 0 
n — 1 



n +1 n +1 



Xq +1 x™ 3 (1+2x-ix-4) n ^ (l+(3i+5)a:_ i a:_ 4 ) 
i = 0 



/ (l+(3i+3)xo3:_3) 



s-i la: -4 TT ( (i+( 3 i+i)^_ 3 ) 1 
xjx “ 3 11 y(l+( 3 i+ 3 )a;-i 3 ;- 4 )y ’ 
j=0 



Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption 
holds for n — 1. That is; 



x 6 n — 8 



x 6 n —6 



x 6 n — 4 



x 6 n — 3 






n —2 

n (l + (32+l)ig_itC_4) 

(1+(3z+2)^ 0 ^- 3 ) ’ 



x 6 n — 7 



n —2 

n (l+{ 3 i+l)x 0 x- 3 ) 
(l+( 3 i+ 3 )®_i®_ 4 ) ’ 



n —2 

ff-t i 

-3 TT l+( 3 i+ 2 ).T_ 1 x _4 

Z ™" 1 11 l+( 3 i+ 3 ).r 0 *-3 ’ 6n “ 5 



X- 2 Xq X n f 3 (I+X- 1 X- 4 ) 



n —2 

n 

i = 0 



l+( 3 i+ 2 )a- 0 x _3 
l + ('ii+‘i)x- 4 X -4 ’ 



^^^^(l+XQX-z) 



n —2 

n ( (l+( 3 i+ 3 )x-ia:- 4 ) 
y (1+ (3i+4)io^-3) / 

i =0 






x 



n 

-1 



X 



n 

-4 



+ *™3 1 (l+2a:_ia;_4) 



n—2 

n ( (l+(3i+3)a-QX-3) 
y (l+(3i+5)x_ia;_4) y 

i=0 



Now, it follows from Eq.(2) that 



x 6n-2 



^ 611 - 4 ^ 611-7 

£6?1 -5 ( 1 +*6n -4 £6?1 - 7 ) 
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x n x n 1 \~T 

x 0 x -3 j 


( (l + (3i+3)x_ 1 a;_4) N 


n n—1 n ^ 

1 x ~ lX -4 TT 1 


( ( 1+ (3* + l)x 0 a: _ 3 ) \ 


*™l !c "4 :l ( 1 + ! > ; 0 !c -3) Lo 


^ (l + (3*+4)x 0 3: — 3 ) ) 


1 n — l n—1 1 1 I 

Xrt X 0 ■ r\ 

0 —3 i=0 


^ (l+(3i+3)x_ix_4) J 



x x 



n — 2 

n 



( (l+(3i+2)x 0 3:— 3 ) 



1 + 



X-2XQ- 1 il+X-lX-i) ^ \ v ( 1 + (3*+ 4 )^-1^-4) 
x n x -i tt ( (l+(3t+3)a:-ia:-4) ^ x " 1 x" 4 1 J“J ( (l+(3i+l)a;oa:-3) 



^x^a+xox-s) n ^ (i+(3i+4)xox- 3 ) J x"- 1 ^ 1 V(l+(3i+3)*-i*- 4 ) 



xqxs 



TT-r / (l+(3z+l)a?oa;-3) 

(l+a^o^-3 ) 1^ \ (1+(3z+4)^o^-3) 



x_ 2 Xq 1 x' n i 3 1 {l+x_ 1 x_ A ) ^ V( 1 + (3i+4)x -l a: -4) 



n 



( (4 + (3^+2)xqx _ 3 ) 



xpX -3 tt / (l+(3i+l)a-Q3;— 3 ) 

+ (l+iox- 3 ) Lo V (l+( 3 *+4) x o:r-3) 



_ ( X- 2 Xq 1 x ™ 3 1 (1+.t_i3;— 4 ) \ I r ( (l+(3i+4)a:-ia:-4) '\ (l+(3n-2)xoX-3) 

) 11 V (l+( 3 *+ 2 )a-oa:- 3 ) / , x^x -3 



n— 2 

n 



y (l-\-(3i-\-2)xoX— 3 ) j 1^1 

1—0 ’ + (l+(3n-2)xoX-3) 



XQX-3 



_ f x-2ZoZ" 3 (1+z-13;-4) ^ 'j-j 2 ( (l+(3i+4)a:_ia:-4) 



Hence, we have 



Similarly 



V (l+(3*+2)*o a: — 3 ) 7 (l+(3n— l)a:ox— 3 ) ’ 
2 = 0 V 7 



n— 1 



= g-2gQg-3 TT f (l+(3i+l)x-ix- 4 ) 

6n-2 x r ^ 1 x r ^ 4 -L-L V (l+(3*H-2)®pa:_3) 

2=0 



*^6n— 1 



*^6n— 3%6n— 6 



*^622—4(1 H - *^6n— 3%6n— 6) 

2 n — 2 



x -l x -4 If 2 (4- + (3^+3)rc 0 j; — 3 ) \ ^‘^3 TT / (l + (3i+2 ) 3; _ 1 

^0 a: -3 1 (l+2^-l^-4) ,Lq V( 1+(3<+5)a: -l x -4)/ LoV (H-(3i+3)^ 0 ^ 



-1^-4) 

- 3 ) 



n—2 

n 



/ (l+(32+3)a?-iai-4) 



1 ~ I - „r>, „n — 1 



®”i®” 4 1 (1+®0®-3) . i V (H-(3£+4):Epa:_3) 

2=0 

/ (l+( 32 + 3 )rroai- 3 ) \ ^0^-3 1 i r / (l+( 32 + 2 )ai-iai- 4 ) 



n 



xfix^ 1 (1+2 x—ix—4) y (l+(32+5)ir_iai_4) j x‘^x 



X—lX—4 



0 x -3 TT 

~ 1 -"4 1 V (l+(3*+3)3-oa:-3) 

TT ( (l + (3i+2)3-_lZ-4) 

All (l+(3i+5)a:_ia:- 



(l+ 2 a:_ia:_ 4 ) 7_{) V (l+(3i+5)ar— 1 ®— 4 ) 



x 0 x —3 TT ( (l + (3i+3)g : _ 13! _4) \ \ [ X. 

l^”l 1 (l+^0 a: -3) LoV ( 1 + (3i+4)x 0 a:_3) ) I (1+2: 



v. n_ 1 ( 

i ‘ 

r n, 

l 0^-3 



-of i = 0 

n —2 



/ (l+(32+2)ir_ia;_4) 
t — 13 ; — 4 ) yi l v (l+( 3 i+ 5 )a;_i 3 ;_ 4 ) 



ri 



(l+xprr_ 3 ) \ -pr / (l+(32+4)^pai_3) \ (l+(3n— l)a?_ia;- 4 ) 

11 l (l+(32+3):r_i:r_4) 



2=0 



1 + 



X—IX —4 
l—l)X — i 
X—iX—4 



(l+(3n—l)x-\X-4) 



x 7 l 1 x r ^ 4 (l+rrp^-3) \ pr / (lH-(32+4)xpa;-3) \ X- 1 X -4 

XqX^s J 11 y (l+(32+3)ai_iic_4) J (l+(3n)x-iX-4) * 



Hence, we have 



_ x -l x -4 TT f (l+(3i+l)a:o3:_3) \ 

6n— 1 XqX^^ 11 yi+(3i+3)a;_i3;_4) J 

Similarly, we can easily obtain the other relations. Thus, the proof is completed. 
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Theorem 2 Eq.(2) has £ = 0 as a unique equilibrium point and it is unstable. 



Proof: For the equilibrium points of Eq.(2), set 

_ x 2 

X = — zioT ■ 

X (1 + x ) 

Then 

x 2 (l + x 2 ) = T 2 , => x 2 (l + x 2 — l) = 0, =>- x 4 = 0. 

Thus the equilibrium point of Eq.(2) is x = 0. 

Let / : (0, oo) 3 — > (0, oo) be a function defined by 



f(t,u,v,w) 



VW 

u(l-\-vw ) ’ 



Thus the linearized equation of Eq.(2) about the equilibrium point x is given by 



Un + 1 



4 



E 



df(x,x,x,x) 
— % 



The proof follows by Theorem A. 

Numerical examples 

For co nfirmin g the results of this section, we consider some numerical examples 
which represent different types of solutions to Eq.(2). 

Example 1. Consider Eq.(2) with X -4 = 0.21, a ;_3 = 2, X -2 = 0.5, X-i = 7, xo = 
0.3. See Fig. 1. 

Example 2. Consider Eq.(2) with x_ 4 = 9, x _ 3 = 2, x _ 2 = 6, x_i = 7, x 0 = 3. 
See Fig. 2. 



plot of x(n+1 )= x(n-1 )x(n-4)/(x(n-2)(1 +x(n-1 )x(n-4)) ptot of x(n+1 )= x(n-1 )x(n-4)/(x(n-2)(1 +x(n-1 )x(n-4)) 





Figure 1. 



Figure 2. 
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3 On the Equation x n+ i = 



x n—l' x n—A 



x n — 2 ( ^-Ex n — l x n— 4 ) 

In this section we obtain the solution of the difference equation 

^n-l^n-4 „ 1 /q\ 

x n+ i = — — r, n = 0, 1,..., (3) 

X n - 2 {~1 + Xn-iXn-4) 

where the initial values are arbitrary non zero real numbers with ::c_ 1 +_ 4 1, x^Xq =f 

1. 

Theorem 3 Every solution {x n }™ = _ A of Eq. (3) has the form, 



X\2n-A - 
Xl2n-2 = 
X\2n — 
X\2n+2 = 
X\2n+A = 
Xl2n+6 = 

Proof: For n = 

holds for n — 1. 

*^12n— 16 = 

X\2n—1A = 

Xl2n-12 = 

*^12n— 10 = 

Xl2n—8 = 
Xl2n-6 = 



_ '4 n ' x2 -3 (~l+X-lX- 4 )™ 

x 2 ™ [x 2 ^ -1 (-I+X- 3 X 0 )" 5 
X-2X$ n X 2 _ n 3 (-l+x- 1 x- i ) n 

x 2r ix 2 " 4 (-1 + X_ 3 X 0 )™ > 

2n+l 2n / 1 . \n 

^0 x —3 { — 1+X — 1X—4:) 

X^\x^\ (—l+X-3Xo) n 5 

2n+l 2n+l / -1 , \n 

^0 x _3 (— l+a?-ia;-4j 

x 2 " +1 x 2 " 4 (-l+x_ 3 xo)™ +1 ’ 
(-l+X_iX- 4 )" +1 
x 2 ™ +1 x 2 ’) 1 +1 (-l+x_3X 0 )™ ’ 

2n+2 2n+l , \n 

3-0 3 (— l+a?-ia;-4j 

x 2n+ 1 x 2_n+ 1 (_ 1+ X _ 3X() )»+1 > 



*^12n— 3 — 



_ X 2 J\X 2 _:\ (-l + g^Xpf 



^o’^-T 1 (-l+X-l x -4) n, 



_ Ffhh ( i+x — 3 x o) n 

Xl2n-1 x% n x% ( 1 | X . : 

J -l + J -4^ (— l+X-3Xo) n 

12^+1 “ X_ 2 X 2 "x 2 " 3 (-l+X-lX- 4 )™ +1 ’ 

_ gghy (-i+z_3z 0 r 

J ' 12n+3 (-l+x_ix_ 4 )™ ’ 

_ gfhy ( _ 1+x _ 33;o) ~+i 

,Zl2n + 5 x 2 ™ +1 x 2 ^ +1 (— H-^-ia;-4)"- +1 ’ 

2n+2 2n+2 , , n 

„ X -1 X -4 (—I+X- 3 X 0 ) 

Xl2n+7 ~ 



X- 2 xl n+1 X% +1 (-l+X_iX_ 4 ) r 



0 the result holds. Now suppose that n > 0 and that our assumption 
That is; 

2n — 2 2n — 2 



0 "-3 (-I+X-IX-4)” 1 

2n-2 x 2n-3 (_ l +a ,_ 3 ^ 1 , X 12n -15 

,n— 1 



„ 2n — 2 2n — 2 / ^ «. 

v- 2 X 0 x _ 3 (— I+X-1X-4) 



2n — 2 2n — 2 
X _ 4 



(— l+x_ 3X0) 



n— 1 5 



2n 1 2n 2 . \ 1 

^0 *-3 (-I+Z-IZ-4) 



V" 2 (-l+I_3a:o) 

2n— 1 2n — 1 



i-l 

i-l 



J 0 4—3 (— 1+X-1X-4) 7 

x 2 T 1;c -T 2 (-I+X-3X0)™ ’ 

(-i+x_ix_ 4 )" 

xlT^-T 1 (-i+x-sxo)"- 1 ’ 

~2n 2n — 1 , \n — 1 

^0 x -3 (— l+a?-ia;- 4 j 

xl"” 1 *-™!’ 1 ' (-I+X-3X0)™ ’ 



^12n-13 
^12n-ll = 
*^12n— 9 = 
Xl2n-7 - 
Xl2n-b = 



2 n 2 2n 2 . . ^ 1 

_ X-l X-4 (— 1+2: — 33:0) 1 

xl n ~ 2 x 2 X 3 (—1+2:— 12 i-i)" -1 ’ 

= ^-r^-T 2 (— 1 + 2 :— 32 : 0 ) n-1 

-271 — 2 -271 — 2 (_l +x _ ia: _ 4 )"-ll 
-4 (~ 1+X— 3X0) 7 



\n— 1 



-0 x -3 

3,271 — 1 2 , 2)1 — 1 

x.2xi n ~ 2 hr 2 (-i+*-ix_ 4 r 
. xir^ir 1 (— 1 + 2 :— 3 2: 0 ) n ~ i 

' x^x 2 ^" 2 (— 1 +X— ix— 4) 71- 1 ’ 
(-I+X-3X0) 77 

^-ix 2 "- 1 ( — 1+X— ix_ 4) 71 ’ 



^2+1 ~2n 
L -l X -4 



, (— 1+X-3X0)” 

- 2 Xo" _1 xi ? 3 _1 ( 1 +X— IX— 4) 



Now, it follows from Eq.(3) that 

T Tl2n-6Tl2n-9 

12n — 4 X12)i — 7(— l+X12n-6X12n-9) 



/ 2n 2n— 1 

/ 37 Q 37_g 


(- 1 +a7_i37_ 4 )" lN \ 


/ 2n— 1 2n — 1 

[ X -1 X — 4 


(-1+37-32: 0)™ 1 \ 


1 2n— 1 2n — 1 

V^-l X — 4 


(-i+^-S^o)" 1 


1 2n — 1 2 n — 2 

V^o x — 3 


(-l+27_ia7_ 4 ) rl_1 1 



x -\ x -4 1 (~l + x_ 3 x 0 ') ,< 



2 n— iyZri— ! ( — 1 + 37 — X X— 4 )^ 



— 1 + " 



i_3 v i ,7 y id 2 " 1 (-l+^-Sio) 7 ' 

XQX_3 



„2n„2n — 1 / \n- 1 2n— 1 2 n — 1 , \ r: 

s _ 3 (-l+x_ia;- 4 j a -4 (- 1 +^- 3 ^q) 



2 n — 1 2 n — 2 



( — l+X— 3x0) 



2 n — 1 



(- 1 +X- 3 X 0) 7 



( 1+X— ix— 4 ) r 



— 1 + 



XQX — 3 



( — 1 + X — 3x0) 



( — 1 + 37— 127— 4)^ 
-3 (-1+X-1X-4)" 

ci^x 27 ), -1 (-1+X-3X0)™ ’ 



3 . 0 3.-3 

y,2n~,2n 



6 



231 



El-Metwally et al 226-236 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



Xi2n-3 — 



Xl2n-5Xl2n-8 



Xl2n-&{—^+Xl2n-5Xl2n-8,) 



(~ 1 + x -3 x o) 



2n— 1 2n — 1 ( i _i_~ ~ 

E — 2^0 X -3 I - ^ ' X — l 3 " - 4/ 



n— 1 t „ T 2n-l 2n-l / - . \r. 

~2 x p x —3 ( 1+x — — 4 ) 



2n— 1 2n— 1 
X -1 X — 4 






,n — 1 



^ ^ — l+x_ia;_4) 

2n— 1 2n — 1/ , \r 

x_i a ;_ 4 (-l+x_ 3 x 0 J 



T?J\x 2 ™ 4 (-\+X-ZX0 Y 



2n — 1 2n — 1/ 1 . \ r 

— i - —it \ - ■ -- ^ -wy ^-2^0 x -3 ( — l+*-l*-4; 



(-l+X_ 3 J 0 ) n X — lX — 4 _ x^\x 2 J\ (-1 + X _ 3X0 )™ 

X^X 2 ^- 1 (—l+X—lX—4) n ~ 1 (—1+X — 1X — 4) X^X 2 ^- 1 (-1+X-1X-4)”'’ 

Similarly, we can easily obtain the other relations. Thus, the proof is completed. 

Theorem 4 Eq.(3) has three equilibrium . points which are x = 0 and x = ±\/2and 
all of them are unstable. 

Proof: The proof is similar to Theorem 2 and will be omitted. 

Lemma 1. It is easy to see that every solution of Eq.(3) is unbounded except in the 

case X- 3 x 0 = X-iX- 4 . 

Theorem 5 Eq.(3) has aperiodic solution of period twelve iffx- 3 x 0 = X-iX- 4 . More- 
over the periodic solution has the following form. 



x 



_4, X_3, X_ 2 , x- u x 0 , X _ 2 ^ 1+X _ 1X _ 4) , X _ 1{ - 1+X 3 _ 3X0) , X-3, X -2 (-1 + X_ lX _ 4 ) , 

X_1 ’ (-l+X-S^o)’ X_ 2 (-l+X_iX_ 4 ) ’ X ~ 4 ’ X _3 ’ 



Proof: First suppose that there exists a prime period twelve solution of Eq.(3) of 
the following form 



X-A, X- 3 , X_2, X-i,Xq, 



XQX-3 



X-2(~l+X-lX-4)’ X-i(—l+X-3Xo) 
rp X(± X—\X — /± 

4 ’ (— H-aj_ 3 aco) ’ x_ 2 (-l+X-iX- 4 )’ 4 ’ 3 ’ 



,X_ 3 ,X_ 2 (-l+X-!X- 4 ) , 



see from Theorem 3 that 

XqH-X 2 ^ (-l+X-iX-4)” a;2n 2n !_ l+ \n 

= x £ x zn-i \- 1+x _ 3X0 r = X ^12n-3 = ^*,-1 t 1+x _ ix _i r = X-3, 



x- 2 xl n x 2 _! z 3 (-l+x_ 1 X-4) n _ , , _ x^[ +1 x^ 4 (- l+x_ 3 xo) ra _ 

x^\x^p 4 ( — l+X-3Xo) n X—2i Xl2n — 1 x 2n x 2n^ (— l + £_ lX_4) n X—l, 



Xg n + 1 I?! 3 (— 1+* — 1 X — 4 ) n 

X‘^ l 1 X‘^\(—l+x— 3 Xo) n X 0 ,X 12 n+l 



^x^i-l+x-axo r 



X—lX—4 



Z-2Xo n X^ 1 3 (-l+X- 1 X-4 ) n+1 X- 2 (-l+X- 1 X- 4 ) ’ 



2 ) 1+1 2n+l 



U) jf-3 (-1+X-1X-4) 71 _ XQX-3 

X 2 P 1 +1 X ??4 (-l+X- 3 X 0 ) n+1 X-l(-l+X-3Xo) ’ 

(-1+X-3XQ)" _ 

xl n+ 1 X% (- 1 +X- 4 X- 4 r ~ '' ^ 3 ’ 



c — 3 
,2n + l 2n+l 



—3 



{~l+X- 1 X- 4) n+1 _ ( 1 | \ 

(-l+x- 3 xnP “ X - 2 + ^- 1^-41 , 



X-2X 0 

xl"i +1 x 2, 4 +1 (-l+x_ 3 xo) 

-2"+ 2 ^4+l (-l + s_3Z 0 r+ 1 _ 



x1 n+ 1 X 2 Pf ' 1 (—I+X- 4 X- 4 ) 



n+1 



= X_1, 



2 n 



2n+2 2nfl 



r - 3 



(-l+x-ix_4) n 



jro 



sll+VV 1 (-l+x-axo )^ 1 (-l+x-aso)’ 

^i’i +2 3: 2l 4 +2 (~ l+x-axp)” X-jX-4 

X_20:o” +l3; - 3 +1 (-l+^-13;-4) rl+1 X- 2 (— 1+X-1X-4) 
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Then we get (—1 + X- 3 X 0 ) = (—1 + X-\X - 4 ) . 

Second assume that (—1 + x_ 3 x 0 ) = (— 1 + x_ix_±) . Then we see from the form of 
the solution of Eq.(3) that 

%12n-4 = 21-4, ^12n-3 = ^-3; %12n-2 = ^-2) = ^-1, ^'l2n = ^’O; 

X—iX—4 XQX — 3 X—\X—4 

*^12n+l x—2(— 1+X— iX— 4 ) J *^12n+2 x_\ (— l+cc_ 3 a;o) ’ *^12n+3 XQ x — 3? 

x l2n+4 — x -2 { — 1 + X- 1 X- 4 ) , x 12n-\-5 = x -li 

Xq X — lX — 4 

•^12n+6 —I+X— 3 X 0 ’ ”^12n+7 3 ;_ 2 (— 1+:E— ix_ 4 ) ' 

Thus we have a periodic solution of period twelve and the proof is complete. 

Theorem 6 Eq.(3) has a periodic solution of period six iff x_ix_ 4 = x_ 3 x 0 = 2 and 
has the form {x_ 4 ,x_ 3 , x_ 2 , x_i, x 0 , x_ 4 , x_ 3 , x_ 2 , •••} . 

Proof: The proof is consequently from the previous Theorems and will be omitted. 
In the following we present some figures illustrate the behavior of the solutions of 
Eq.(3) under some different initial values. 



plot of x(n+1)= x(n-1)x(n-4)/(x(n-2)(-1+x(n-1)x(n-4)) 




£_i = 4, x 0 = 6. 



plot of x(n+1)= x(n-1)x(n-4)/(x(n-2)(-1+x(n-1))((n-4)) 




Figure 4. 

X -4 = 3, x_ 3 = 2, x _2 = 3, 
x_i = 2/3, x 0 = 1. 



The following cases can be treated similarly. 



4 On the Equation x n+ \ = 



^n— l x n — 4 



2(1 1*^71— 4) 

In this section we get the solution of the third following equation 

rn _ %ra-l%ra-4 H 1 

Xn+1 ~ * n _a(l-* B -ix„- 4 ) ’ ~ U ’ •••’ 

where the initial values are arbitrary positive real numbers. 



( 4 ) 
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Theorem 7 Assume that {x n }ff = _ A be a solution of Eq.(f). Then for n = 0,1, 



n — 1 



XQn-2 ~ 



x d n 



x 6 n +2 ~ 



x 6n+3 



Z-2Zqz" 3 TT ( (1— (3i+l)x -\x - 4 ) 



*^ — 1 4 

11 V (1— (3i+2)x 0 a: — 3 ) 1 7 X&n ~ 1 ~ ~ n ~ n 



n— 1 



—3 



y.n rr n 

l - 1 x -4 



n 

2=0 
n —1 

n f l—( 3 i+ 2 )x—iX —4 . 

I 1— (3i+3)s 0 a:_3 I ’ x 6n+l 



n / (l-(3i+l)x 0 3:_3) 
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Theorem 8 Eq.(f) has the unique equilibrium point, x = 0 and it is unstable. 



Example 3. Consider Eq.(4) with :r _ 4 = 3, x _3 = 5, X -2 = 2, X-± = 2/3, xo = 
0.4. See Fig. 5. 



plot of x(n+1)= x(n-1)x(n-4)/(x(n-2)(1-x(n-1)x(n-4)) 




Figure 5. 



5 On the Equation x n+ i — 



x n—l x n—A 



x n— 2 ( 1 x n— l x n— a) 

Here we obtain the analytical form of the solutions of the equation 

^+1 = Xn _ 2 i-!--Z:L-A 7 n = 0 ’ 1 ’-’ ( 5 ) 

where the initial values are arbitrary non zero real numbers with X-iX -4 =f — 1 , .x_ 3 .r 0 =f 

- 1 . 



Theorem 9 Let {x n }^h_ 4 be a solution of Eq.(5). Then for n = 0, 1, 2, ... the solution 
of Eq. (5) is given by 



x 12n-4 



x 12 n -2 
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x l 2 n-l ~ 



xi^Jl (_1_ 3 ,_ 33 , 0 )" 

Xq'x 2 ^- 1 ( — 1 — X- 1 X- 4) 71 7 

xfl^x^l (-l-x_ 3 X 0 ) n 
xl n x% {-l-x-tx^)" 7 
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Theorem 10 Eq.(5) has a: = 0 as a unique equilibrium, point which is unstable. 



Lemma 2. It is easy to see that every solution of Eq.(5) is unbounded except in the 
case x_ 3 x 0 = X-iX-^. 



Theorem 11 Eq.(5) has a periodic solution of period twelve iff x_ 3 x 0 = x_ix_ 4 . 
Moreover the periodic solution has the form {x_4, X- 3 , X-2, x_i, xq, — t, 



XQX-3 1 _ \ XQ X—lX—4 -I 

x i( — 1 — x 3 x 0 ) ’ X ~ 3 ’ X ~ 2 \ 1 X-IX-4) , X-i, _1 _ X _ 3X0 ) a;- 2 (-l-x_ix_ 4 ) ’ J ~ 4 ’ / 



Theorem 12 Eq.(5) has a periodic solution of period six iff X- 3 xq = X-iX-± = —2 
and will be taken the form {x_ 4 , x_ 3 , x_ 2 , x_i, x 0 , +^, x_ 4 , 



Example 4. Fig. 6 below shows the behavior of the solution of Eq.(5) whenever 
a:_4 = 3, X - 3 = 5, X -2 = —7, X-± =4, xq = 2. 
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Figure 6. 
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Abstract: Many studies have reported empirical evidence of asymmetries in asset 
return distributions. Meanwhile, optimal solutions to the Conditional Value-at-Risk 
(CVaR) minimization are highly susceptible to estimation error of the risk measure be- 
cause the estimate depends on only a small portion of sampled scenarios. In this paper, 
based on the robust optimization techniques Chen et al. (2007) [19], we propose a compu- 
tationally tractable worst-case Conditional Value-at-Risk (CVaR). In the situation, the 
sampled scenario returns are generated by a factor model with some asymmetric affine 
uncertainty set. The remarkable characteristic of the new method is that the robust 
optimization model retains the complexity of original portfolio optimization problem, 
i.e. , the robust counterpart problem is still a linear programming problem. Moreover, it 
takes into consideration asymmetries in the distributions of scenarios returns used for 
defining CVaR. We present some numerical experiments with simulated and real market 
data to illustrate the behavior of the robust optimization model. 

Keywords: Portfolio optimization, Conditional value at risk(CVaR), Robust optimiza- 
tion, Linear programming(LP). 



1. Introduction 

Portfolio optimization problem is an attractive and important research topic since the pioneering 
Markowitz work on optimal portfolio selection [I]. It is now well known that while mean- variance 
optimization is appropriate for symmetrically distributed portfolio returns, it results in unsatisfac- 
tory asset allocations when returns are asymmetrically distributed, or when downside risk is more 
weighted than upside risk. 

*E-mail: wfh@amss.ac.cn. 
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Since the middle of 1990s, Value-at-Risk (VaR, |3j ) , a new measure of downside risk, has become 
popular in financial risk management. It has even been recommended as a standard on banking 
supervision by the Basel Committee. However, Critics have pointed out numerous shortcomings 
of VaR [5]. On the other hand, Conditional Value-at-Risk (CVaR), defined as the mean of the 
tail distribution exceeding VaR, has attracted much attention in recent years. As a measure of 
risk, CVaR exhibits some better properties than VaR. First, it can deal with the asymmetric 
distribution of asset return better than mean-variance analysis, especially for assets with returns 
that are heavy-tailed. Secondly, minimizing CVaR usually results in solving a convex programming 
problem, such as a linear programming problem, which allows the decision maker to deal with a 
large-scale portfolio problem efficiently HE!- Finally, Artzner et al.[5j demonstrate that CVaR 
is a coherent measure of risk, which has been widely accepted as a benchmark to evaluate risk 
measures. All these stimulate the application of CVaR in practice, and CVaR is getting more and 
more popular in financial management. 

In fact, it is noted that in the process of portfolio selection, the original data brought to the 
model are not always accurate, i.e. , it may be subject to some errors. Thus the result may be 
influenced by perturbations in the parameters. As pointed out by Black and Litterman 0 , in 
the classical mean-variance model, the portfolio decision is very sensitive to the mean and the 
covariance matrix, especially to the mean. Chopra and Ziemba [9] showed that small changes in 
the input parameters can result in large changes in the optimal portfolio allocation. Thus, the 
modeling risk arises due to the uncertainty of the underlying probability distribution. 

Being aware of the importance of robustness in recent years, researchers from both finance 
and operations research have paid increasing attentions to the robust version of portfolio selection 
problems. Lobo and Boyd (2000) [TO], Goldfarb and Iyengar (2003) [11] studied the robust port- 
folio problem under the mean-variance framework. Instead of assuming precise information on 
the mean and the covariance matrix of asset returns, they introduced some types of uncertainties, 
such as polyhedral uncertainty, box uncertainty and ellipsoidal uncertainty, in the parameters in 
determining the mean and the covariance matrix, and they then transformed the problem into 
semidefinite programs(SDP) or second-order cone programs(SOCP), which can be efficiently solved 
by interior-point algorithms developed in recent years. Halldorsson and Tiitiincu (2004) [12] ap- 
plied their interior-point method for saddle-point problems to the robust mean-variance portfolio 
selection under the box uncertainty of the elements in the mean vector and the covariance matrix. 
El Ghaoui, Oks and Oustry (2003) {T3j investigated the robust portfolio optimization problem using 
worst-case VaR, where only the first- and second-moment information on the distribution is avail- 
able. Several formulations corresponding to various structures of partial information have been 
extensively exploited to derive the resulting portfolio selection problems in a form of a semidefi- 
nite program(SDP). Natarajan, Pachamanova, and Sim, (2008) [H] proposed a computationally 
tractable approximation method for minimizing the VaR of a portfolio based on robust optimiza- 
tion techniques in Chen et al. (2007) [T9]. The method results in the optimization of a modified VaR 
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measure, Asymmetry-Robust VaR, that takes into consideration asymmetries in the distributions 
of returns and is coherent. Zhu and Fukushima (2009) [15] further investigated the worst-case CVaR 
risk measure with several structures of uncertainty in the underlying distribution. They focus on 
the uncertainty in the probability distribution used for defining CVaR. Such a modeling is called 
distributionally robust modeling. It is true that the probability estimation itself is under uncertain- 
ty and we cannot know the true one. However, it is not easy to imagine what form of uncertainty 
set is proper for the probability measure. In this sense, employing the uncertainty of probability 
distribution may not provide investors with a satisfactory solution. 

On the other hand, since the estimate of CVaR is computed by using only an upper tail part of 
the loss distribution, a large number of samples are required for assuring the statistical reliability 
of the estimate. Especially when CVaR is employed as the objective of a portfolio optimization, a 
much larger number of samples are required for ensuring the accuracy of the optimal portfolio. In 
practice, however, the number of samples which is available for the estimation is limited, and the 
estimated CVaR and the resulting optimal portfolio may contain considerable estimation error. 

Meanwhile, many studies have reported empirical evidence of asymmetries and large kurtosis 
in asset return distributions. Empirically, however, there is evidence that both short- and long- 
horizon stock returns can be skewed and highly leptokurtic (Fama 1976 [22], Duffee 2002 |23|). 
Furthermore, the returns of portfolios involving derivatives or credit risky assets can have extremely 
left-skewed distributions (Schonbucher 2000 [24] 1. More recently, Ang and Chen ( 2002) 25 find that 
the asymmetries in the data reject the null hypothesis of multivariate normal distributions. Conine 
and Tamarkin (1981) [26] also claim that though diversification can change skewness exposure, the 
remaining idiosyncratic skewness is relevant in asset pricing and thus portfolio optimization under 
asymmetric distribution is a significant topic for research. 

In this paper, we further study the Worse-Case Conditional Value-at-Risk by supposing the 
sampled scenario returns are generated by a factor model with some asymmetric affine uncertainty 
set in order to Mitigate the fragility of CVaR-based portfolio optimization problem. Motivated 
by the works in Chen et al. (2007) [IS], we provide a computationally tractable robust optimization 
method for minimizing the Worse-Case CVaR of a portfolio. Moreover, it takes into consideration 
asymmetries in the distributions of returns used for defining CVaR. 

Notations: Throughout this paper, we use boldface letter such as x for vector to distinguish 
it from scalar x. 

2. Conditional value-at-risk (CVaR) 

The conditional value-at-risk (CVaR) has gained growing popularity in financial risk management 
due to the coherence property and tractability in its optimization. 

Let f(x, y ) be the loss associated with the decision vector a:, to be chosen from a certain subset 
X of R n , and the random vector y in R m . For convenience, the underling probability of y will be 
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assumed to have a density function p{.). 

The probability of f(x,y) not exceeding a threshold a is then given by 

'B(x,a)= [ p(y)dy. (2.1) 

Jf(x,y)<a 

As a function of a for fixed x, ^(s, a) is the cumulative distribution function for the loss associated 
with x. 

For a confidence level ft and a fixed x E X the value-at-risk, denoted by VaRg(aj) is defined as 



VaR^(ai) = min{a E R : T(a ;,a) > /?}. (2-2) 

The conditional value-at-risk, denoted by CVaR^(ai), is defined as the expected value of the loss 
that exceeds VaR^s), that is, 



CVaR^s) = (1 - /3)- 1 y 



f(x, y)p(y)dy. 



(2.3) 



’ f(x,y)>\aRp(x) 

The CVaR is a coherent risk measure [5]. We note that the problem involved CVaR^(ai) is difficult 
to proceed due to its convoluted and implicit version. Rockafellar and Uryasev made a remarkable 
contribution in [6] by introducing a simpler auxiliary function Fp on X x R, defined by 

Fp(x,a) = a + (1 - p)” 1 [ [f(x, y) — a] + p(y)dy , (2.4) 

JyeR m 

In practice, the probability density function p{y) is often not available, or is very difficult to 
estimate. Instead, we might have T different scenarios Y = (yy 1 j, yy 2 y, ■ ■ ■ , V[t]) that are sampled 
from the probability distribution or that have been obtained from computer simulations. Evaluating 
the auxiliary function Fp(x,a) using the scenarios Y, we have 

T 

F 0 (x, a) = a + (1 - /3) _1 ^ ir t [f(x, y [t] ) - a] + , (2.5) 

t = l 

where y^ denotes the fth sample (the subscript [t] is used to distinguish a vector from a scalar) 
generated by simple random sampling with respect to x according to its density function p(.), and 
T denotes the number of samples, where TT t are probabilities of scenarios yy t y If ir t is equal to T -1 
for all t, then (2.5) reduces to 

F a (x, a) = a + 



!][/(*> y[t}) - 



a\ 



( 2 . 6 ) 



Obviously, F a ( x,a) is convex and piecewise linear with respect to a. Further, F a (x,a ) is convex 
for (x,a) if f(x,y) is convex (see Theorem 2 in [6]). Replacing [/(*,ym) — a} + by the auxiliary 
variables dt along with appropriate constraints, we obtain the equivalent optimization problem 



mm 



Oi -\- 



1 



T 



(ai,(i,Q:)eR’ I xR xR 
s.t. 






r ( i - p) 

SEX 

d t > f(x, y [t] ) - a 

d > 0. 



t = 1,...,T, 



(2.7) 
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Generally, the loss and return functions of portfolio allocation are chosen by: 

/(*, y) = ~x T y, Rp(x) = E p [x T y] = x T E p [y] = x T r , (2.8) 

in which y is the vector of the assets’ return, r is the vector of the expected assets’ return, 
and x T r is the mean return of the portfolio. Hence, adding an auxiliary variable 8 £ U, the 
minimization model of CVaR (2.9) becomes the following linear programming (LP) problem with 
variables (x, d, a , 0) G R n x R r x R x R. 



mm 

s.t. 



x e x 



( y, 



1 



m - p) e 

T 



£dt<0, 



dt > -x y [t] - a, t = l,...,T, 

d > 0. 



(2.9) 



Portfolio optimization tries to find an optimal trade-off between the risk and the return ac- 
cording to the investor’s preference. Thus, the portfolio selection problem using CVaR as a risk 
measure can be represented as 

min CVaR^ai) 
aieX 

where X denotes the constraint on the portfolio position, which usually includes the budget con- 
straint and no short sales constraint 



x T l = 1, * > 0. 



( 2 . 10 ) 



Let y be the smallest expected return of the portfolio required by the investor, 
return requirement can be represented as 



From (2.8), this 



x T r > y. 



( 2 . 11 ) 



Therefore, the feasible decision set of portfolios can be denoted as 

X = {a;| x 7 1 = 1, x > 0, x T r > y}. 



(2.12) 



From (2.9) and 2.12, the mean-CVaR Portfolio optimization can be be written as the following 
linear program 



min 

s.t. 



0 

Oi V 



1 

T(l-P) 



T 



t = i 



dt > ~x T y [t] - a, 



t = 1,. 



T 

• ? J 



d > 0. 

x 7 1 = 1, x > 0, x T r > y. 



(2.13) 
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3. Worst-Case Conditional value-at-risk (CVaR) 



However, optimal solutions to the CVaR minimization are highly susceptible to estimation error of 
the risk measure because the estimate depends on only a small portion of sampled scenarios, for 
example Y = (y { 1 ] ,y [2] ,. . . , y [T] ). 

A practical way to alleviate the effect of such a perturbation is to employ a statistical model. 
For example, Konno, Waki and Yuuki (2002) replace the observed returns Y = (yp], ypp • • • , y\T)) 
in |2.6| with values estimated by a regression approach. Based on the robust optimization techniques 
in Chen et al. (200T) [19] , we suppose that future asset returns f are generated by the following factor 
model 

r = r° + Arz, z € C (3.1) 

in which r° is a vector of expected returns, and A r is a matrix of factor loadings. The factors z 
are stochastically independent with following support set 

C = jz : 3v, w E R+, z = v — w , ||P _1 v + Q -1 w|| < f2 j, (3.2) 

and P = diag (p\, ■ ■ ■ ,p N ), Q = diag(g 1; . . . , q N ). The parameters p 3 > 0 and q 3 > 0 are the 
’’forward” and the ’’backward” deviations of random variable z rj , j = 1 , . . . , JV, respectively. The 
uncertainty set C is convex, and its size is controlled by f 2. Intuitively speaking, the uncertain 
factors z are decomposed into two random variables: v = max{,z,0} and w = max{— z,0}, so 
that 2 : = v — w. The multipliers ^ and J normalize the effective perturbation contributed by 
both v and w such that the norm of the aggregated values falls within the budget of uncertainty. 
Therefore, considered sampling error of the samples, we present the Sample-based Worst-Case 
CVaR, its mathematical definition is as follows: 



where 



WSCVaR^a?) = sup CVaR^(*),) 
(■ r 1 ,...,r T )eSn 



Sa = \r t : r t = r° t + A r t z u z t E C))}, 



(3.3) 



(3.4) 



C t = [ z t :3v, w€ R+, z t = v t - w t , ||P f 1 v* + 1 w*|| < h|. 



(3.5) 



Next, we prove the WSCVaR 3.3 is a coherent risk measure. 

Theorem 3.1 If (ri, . . . , np) E Sq, then WSCVaR is a coherent risk measure. 



Proof. Letting p(x) = CVaR^(ai), p w (x) = WSCVaR i a(a;), we have 

p w (x) = sup p(x). 

(r 1 ,...,r T )eS'n 

As CVaR^a;) is a coherent risk measure, so p(x) satisfies four axioms of Coherent risk measure. 
In what following, we prove p w (x) also satisfies four axioms of Coherent risk measure. 
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• Monotonicity: if x < y, then p(x) < p(y). Therefore 

Pw(x) = sup p(x) < sup p{y) = Pw(y)\ 

{r 1 ,...,r T )eS n {r 1 ,...,r T )eS n 

• subadditivity: for all x, y, we have 

p w {x + y)= sup p(x + y)< sup [p(x) + p(y)\ = p w (x) + p w {y)\ 
(ri,...,r T )eSn ( r 1 ,...,r T )&S n 

• positive homogeneity: for any A > 0, we have 

p w ( Xx) = sup p{^x) = A sup p{x) = A p w (x); 
{r 1 ,...,r T )eSn {r 1 ,...,r T )eS n 

• translation invariance: for any constant a G R, we have 

p w {x + a) = sup p(x + a) = sup p{x) + a = p w (x) + a. 

(r 1 ,...,r T )eS n ( r 1 ,...,r T )&S n 



Therefore, the theorem is true. 

Chen, Sim and Sun m stated the uncertainty set Sq is convex, and its size is determined by 
f2. Therefore, Sq is a compact convex set. Let f(x,y ) = —x T r be the loss associated with the 
decision vector x, to be chosen from a certain subset X of R n , and the random vector r in R m . 



So, from 2.6 WSCVaR can be converted to the following form: 



WSCVaR i a(aj) = max min <{ a + 
(r 1 ,...,r T )e5'n 1 



1 



1 

E max {— rf x — a, 0} j. 



(3.6) 



Next, we will show the WSCVaR enjoys an important nature, in the process the dual-norm 
| till*, (see Bertsimas and Sim |18| ) is required. It is defined as: 



it = max it x. 



Theorem 3.2 If (n,. rr) G Sq, we have 



n 



WSCVaRp(x) = CVaRp(x) + ^ E Kl 



(3.7) 



Proof. From 3.6 we can obtain 



WSCVaR^®) = max min -{ a + 
(ri,...,r T )e<Sn 



= max min{a + — — ^max{-(r?) T ai - (Ar t z t ) T x - a, 0}} 



1 T 

{« + T(1 - /j) ^ x ~ °}} 

T 



Zt&Ct 






i T 

= C VaR/j (a;) + max max { T ^_ ^ E( Ar ^) Tg: } 



1 T 

= CVaR^z) + — - — E max [z T t y t }, y t = A rjx. 



2?3 
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Observe that 



T 

max z f y f 
{z t &Ct} * yt 

= max ( Vt — wt) T y t 

{v t ,w t ei2+:||P7 1 Vt+Q7 1 Wt||<n} 

= max (P ty t ) T v t - ( Q t y t ) T w t 

{Vi,w t ei? + :||t) t +Wi||<n} 

= nw 



where u t = max{P f y t , -Q t y t ,0} = max{P t y t , -Q t y t } 

Note: Theorem |3.7| indicates that the WSCVaR can be seen as the original CVaR plus a regular 
item. It is easy to know that CVaR i a(ai) < WSCVaR^*). Obvious, WSCVaR is more cautious 
than the original CVaR. 



4. Computing WSCVaR and its application in portfolio manage- 
ment 



By the Chen, Sim and Sun m Theorem 2 and Theorem |3.2[ adding an auxiliary variable ht £ 
R,t = 1,2 , . . . , T, the WSCVaR (3.7) can be transformed into the following form 

T 



nun 



s.t. 



a T 



1 



^2dt + +- r 



n 



T( T( l-/3)^x 

u t II* <h t ,t = l,2,...T, 






ut > -P(Ar^ x,t = 1, 2, ... T, (4.1) 

u f > A rfx,t = 1, 2, ... T, 
dt > (r^) T x — a, t = 1, . . . , T, 



d > 0. 



The complete formulation and complexity class of the robust counterpart depends on the repre- 
sentation of the dual norm constraint, ||tit||* < ht, t = 1, 2, . . . T. Table 1 lists the common choices 
of norms, the representation of their dual norms which is come from reference [IS] (See page 14, 
Table 2). 

Table 1: Representation of the dual norm for u > 0. 



Norms 


\n 


||u||* < h 


h 


\\th 


w 2 < h 


h 


pm 


Uj < h,Vj = {1, ■ • ■ , N} 


^OO 


Plloo 


N 

X) Uj < h 
3 = i 


n ^oo 


max{P||f||i, Halloo } 


N 

Q5 + v j < h;vj + 6 > u-j , Vj £ A; 8 £ R + , v £ R+ 

3 = 1 
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In [18], Bertsimas and Sim discussed the nature and size of the proposed robust conic problem. 
In terms of keeping the model linear and simplicity in size, the l± norm also is an attractive choice. 
In this paper, we adopt l\ norm. So under l\ norm, the constraints ||ut||* < ht,t = 1,2, ...T in 
(4.1) is equivalent to 

u 3 t < h t ,Vj = {l,...,N},t = l,2,...T. (4.2) 



Hence, the resulting problem (4.2) is still a linear constraint. 

For the constraint term u t > — Y*tArJ x,t = 1,2,. ..T in (4.1), as discussed in [T8], when all 
the data entries of the problem have independent random perturbation, we can further reduce 
the size of the robust model. In this article, we assume that the dimension of x and u is identical 
(n=N), that is, zj. in ( 3.4 )is the independent random variable associated with the j-th data element, 
and Arj contains mostly zeros except at the entries corresponding to the data element, such as 
A r{ = (0, . . . , 0, Ar{,0, . . . , 0) T . Then v( > —p{(Ar{) T x will reduce to > —p 3 Arj ■ x J . Then, 
the constraint term > —PtAr-fx,t = 1,2,.. . T in (4.1) can be transformed into the following 
form 



> -pi Ar t = 1> t= 1,2,... T. 



(4.3) 



Based on investor preferences, portfolio optimization try to find the balance between risk and 
return. Therefore, the WSCVaR-based portfolio problem can be expressed as 



min WSCVaR/^ai), 
seX 

where X denotes the constraint on the portfolio position, which usually includes the budget con- 
straint, no short sales constraint, and the return requirement. Therefore, the feasible decision set 
of portfolios can be denoted as 

X = {ai| x T l = 1, x > 0, x T r > //}. (4.4) 

From (4.1) (4.2) and (4.3), adding an auxiliary variable 6 G R, the AWCVaR-based robust port- 
folio selection problem can be written as the following linear programming problem with variables 
(*, d , u t , h t , 9, a) 



min 

s.t. 



a + 



^2 d t + + 



n 



T( l-/3) t tt r (l-/3) f tt 






u 3 < h t ,\/j = {1, • • • , N},t = 1, 2, ... T, 
yj > -p> t Ar 3 t -x\j = 1 ,...,n,f = 1,2 , . . . T, 
4 > q 3 Ar{ ■ x J ,j = 1, ... ,n,t = 1,2, . . . T, 



d t > (r° t ) T x - a, t = l,...,T, 



d > 0, u t > 0, 

x T l = 1, x > 0, x T r > p. 



(4.5) 
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5. Computational Experiments 

We compare the performance of minimizing-portfolio WSCVaR under our approach with the initial 
CVaR method [2]. Firstly, we use simulated asset returns and show that our WSCVaR approach 
performs well for negatively-skewed returns. Secondly, we compare initial CVaR method and the 
robust portfolio optimization methods by employing a widely available data set of Hedge Funds 
returns, from http://www.hedgeindex.com. 

In our numerical experiments, the methods have the following meanings: 

• ’’CVaR” stands for the initial mean-CVaR Portfolio optimization model (2.13)|6j; 

• ’’WSCVaR” stands for the robust mean-WSCVaR Portfolio optimization model (4.5). 

We utilize Matlab2012 to solve models CVaR and WSCVaR, which are linear programming prob- 
lems. 

5.1. Experiments with Simulated Data 

Consider a portfolio of n = 20 assets with uncertain returns f\,i = 1 ,n,t = 1, . . . ,T. Each 
return r\ is determined by a simple single factor model f\ = r\ + z(uij), where r\ = 1 . The factors 
z l { Ui ) are independent and distributed as follows: 

^ Uli u i ~ Ui ~ ’ w hh probability cjj, 

/. ,t/i ,t\ 

- V t , with probability 1 - uj\ . 

Note that the mean and the standard deviation of z(Loj) are the same for all £ (0, 1) - they are 
0 and 1, respectively. However, the degree of symmetry of can be different. Higher values 

for u\(e.g., uj = 0.9) result in larger negative skew. We generate values for uj as follows: 

w* = \{ l + = l,-..,n,t = l,...,T. (5.2) 

Therefore, the return distributions for stocks with high index numbers in the portfolio are more 
negatively skewed than those for stocks with low index numbers. 

We use exact values for the parameters in the CVaR and WSCVaR optimization problems. 
These parameters include the standard deviation and average returns for the CVaR approaches, 
and the backward and forward deviations for the WSCVaR approach are set to = 1.5, qj = 2. 
A rj is set to the vector of standard deviation of asset returns estimated by the T samples. We 
use a training set of 1,000 simulated returns from the above distributions that is T = 1000. The 
optimal portfolio allocations resulting from the five approximate CVaR optimization approaches 
for /3 = 1% are shown in Figure 1. 
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Figure 1-Optimal portfolio weights (as proportions) for assets numbered 1 through 20 resulting 

from different optimization formulations. 

The behavior of the CVaR approach is erratic. In fact, the optimal weights for the portfolios 
found by the CVaR approach vary widely from sample to sample. WSCVaR is able to detect the 
asymmetry in the distributions, and allocates less in assets with more negatively skewed return 
distributions (those with high index numbers). 

5.2. Experiments with Hedge Funds 

We select 12 Credit Suisse/Tremont Hedge Fund Indices (listed in Table 2) as the candidates 
for constructing hedge fund portfolios. Monthly returns of these indices, from January 1994 to 
December 2012 (240 samples in total) are used as the data set, which can be freely downloaded 
from http: / / www.hedgeindex.com. 

Table 2: Credit Suisse/Tremont Hedge Fund Indices 



1 


Convertible Arbitrage 


2 


Dedicated Short Bias 


3 


Emerging Markets 


4 


Equity Market Neutral 


5 


Event Driven 


6 


Distressed 


7 


Multi-Strategy 


8 


Risk Arbitrage 


9 


Fixed Income Arbitrage 


10 


Global Macro 


11 


Long/Short Equity 


12 


Managed Futures 



•+ WSCVaR 
O CVaR 



4-. 

>.‘* 



Hr 
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To construct an optimal portfolio with an accuracy to certain degree, we need to generate 
adequate scenarios with the given 240 samples. A question we face first in scenario generation is 
which distribution the asset returns follow. Statistic test shows that most of the distributions of 
returns of these hedge fund indices are skewed and exhibit a high kurtosis. Thus, the returns should 
not be modeled by a normal distribution. Table 3 shows the means and standard deviations of 
these 12 asset returns within three different but overlapped time periods. Each of these three time 
periods covers 100 months. The beginning and the end dates for each time period are specified 
in Table 3. We find that, for most assets, there exist remarkable differences among three periods 
for both the mean and the standard deviation, especially for the mean. For example, the mean of 
asset 4 during the time period of 1/31/1994-4/30/2002 is 15 times of that during the time period 
of 6/30/2002-9/30/2010. 



Table 3: Mean and standard deviation of asset returns within different time periods 



Time 


1/31/1994-4/30/2002 


8/31/1997-11/30/2005 


6/30/2002-9/30/2010 


Asset 


Mean 


Std 


Mean 


Std 


Mean 


Std 


1 


0.0084 


0.0143 


0.0066 


0.0147 


0.0046 


0.0254 


2 


0.0005 


0.0534 


- 0.0003 


0.0534 


- 0.0036 


0.0454 


3 


0.0061 


0.0554 


0.0048 


0.0448 


0.0091 


0.0296 


4 


0.0090 


0.0094 


0.0076 


0.0070 


0.0006 


0.0424 


5 


0.0094 


0.0178 


0.0080 


0.0178 


0.0072 


0.0175 


6 


0.0110 


0.0202 


0.0092 


0.0193 


0.0070 


0.0182 


7 


0.0086 


0.0193 


0.0073 


0.0192 


0.0074 


0.0184 


8 


0.0078 


0.0130 


0.0056 


0.0134 


0.0041 


0.0109 


9 


0.0057 


0.0117 


0.0039 


0.0117 


0.0029 


0.0214 


10 


0.0117 


0.0381 


0.0088 


0.0270 


0.0087 


0.0160 


11 


0.0107 


0.0342 


0.0096 


0.0320 


0.0062 


0.0226 


12 


0.0038 


0.0332 


0.0062 


0.0358 


0.0075 


0.0347 



Since the distribution of asset returns is unknown, we adopt a distribution free method to 
generate scenarios given in Topaloglou et al. (2002) J20| and Zhu et al. (2013) [TB]. 

We use back test method to check the performances of the robust approaches and the traditional 
approach in portfolio management, and the initial wealth is set at 1. Firstly, asset returns of the 
first N=162 (from 1/31/1994 to 7/31/2007) months are used to generate T=500 scenarios. Portfo- 
lio optimization models of the CVaR, and WSCVaR are then, respectively, solved to generate the 
traditional and the robust portfolio strategies. In month N+l, the two portfolios are constructed 
according to the derived strategies. At the beginning of month N+2, the scenarios are reproduced 
using the data from month 2 up to month N+l. The portfolio models are then re-solved, respec- 
tively, using the updated scenarios to generate new portfolio strategies for month N+l. The above 
procedure repeats until the end of the data set. 

In this experiments, we also use exact values for the parameters in the CVaR, WSCVaR 
optimization problems. These parameters include the standard deviation and average returns 
for the CVaR, and the backward and forward deviations for the WSCVaR approach are set to 
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p{ = 1.5 ,ql = 2. A r{ is set to the vector of standard deviation of asset returns estimated by the 
i — th T samples. 




Figure 2-Portfolio Values for Out-of-Sample Observations When a Simple Buy-and-Hold Strategy 

is Employed 

From Figure 2, we can see the optimal portfolio allocation based on the WSCVaR approach 
tends to result in stable returns, whereas, for example, the behavior of the optimal portfolio obtained 
with the CVaR approach is some erratic. In addition, the portfolio Values for generated by the 
WSCVaR model is better than the initial CVaR model at the end of investment period. But, during 
the gradually declining period from June to October, 2008, robust portfolio strategies perform better 
than the traditional ones in most cases. 

6. Conclusion 

With an asymmetric affine uncertainty set based on the factor model, which is often employed 
in practice for estimating the asset return distribution, we propose a computationally tractable 
robust optimization method for minimizing the Worse-Case CVaR of a portfolio. The remarkable 
characteristic of the new method is that the robust optimization model retains the complexity of 
original portfolio optimization problem, i.e., the robust counterpart problem is still a linear pro- 
gramming problem. Specially in the new method, we incorporate information about asymmetries 
in the distributions of uncertainties. We present some numerical experiments with simulated and 
real market data to illustrate the behavior of robust optimization model. 
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Abstract. In this paper, we introduce an interval-valued capacity which is motivated by 
the goal to represent reasonable capacity and to define the Choquet integral with respect 
to an interval-valued capacity. We also investigate some properties of the Choquet integral 
with respect to an interval-valued capacity on the space of fuzzy sets and discuss their 
applications, for examples, interval-valued similarity measure and interval-valued distance 
measure induced by the Choquet integral with respect to an interval-valued capacity. 



1. Introduction 

The theory of fuzzy sets defined by Zadeh (1965) has been researching many new approaches 
and theories, for examples, entropy, similarity measures, distance measures, Choquet integrals, 
fuzzy sets, and intuitionistic fuzzy sets which are applied to theories treating reasonability and 
uncertainty. Note that measuring the similarity between fuzzy sets is important in pattern 
recognition research and decision making. 

Balopoulos-Hatzimichailidis-Papadopoulos [2], Fan-Ma-Xie [5], Hong-Lee [6], Li-Slreng [13], 
Liu [11], Turksen [22], Wang-Li [23], Wei-Chen [25], Xu-Xia [26], Zeng-Li [27], Zeng-Guo 
[28], and Zhang-Zhang-Mei [29] have studied some properties and applications of similarity 
measures, entropy, and distance measures on interval- valued fuzzy sets (or fuzzy set), and 
Choquet [3], Murofushi-Sugeno [15,16], and Narukawa-Murofushi-Sugeno [18,19] have studied 
the theory of fuzzy measures(or capacity) and Choquet integrals. Couso-Montes-Gil [4], Jang 
[12], Murofushi-SugenO-Suzaki [17], Pedrycz-Yang-Ha [20], and Wang [24] have studied various 
convergence properties of the Choquet integral with respect to a capacity. 

By using interval-valued functions, we have studied the Choquet integral with respect to a 
fuzzy measure of interval-valued functions which are able to better handle the representation 
of decision making and information theory (see [7-11]). Recently, we studied some convergence 
properties of the Choquet integral with respect to an interval-valued capacity functional (see 
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[12]). Main purpose of this paper is to provide some applications of the Clroquet integral with 
respect to an interval-valued capacity on the space of all fuzzy sets. 

In section 2, we define an interval- valued similarity measure and an interval- valued distance 
measure, and discuss some basic properties of them. In section 3, we define an interval- valued 
capacity and the Choquet integral with respect to an interval-valued capacity of a fuzzy 
set, and discuss some properties of them. In section 4, we prove that an interval- valued 
mapping induced by the Choquet integral with respect to a continuous from below interval- 
valued capacity is an interval- valued similarity measure on the space of fuzzy sets, and discuss 
their applications, for examples, the interval-valued similarity measure and the interval- valued 
distance measure. In section 5, we discuss various convergence properties of the interval- valued 
distance measure induced by the Choquet integral with respect to an interval- valued capacity. 
In section 6, we give a brief summary results and some conclusions. 

2. Choquet integrals and interval-valued similarity measures 

In this section, we consider the Choquet integral with respect to a capacity and discuss 
their properties. Let [0, 1] be the unit interval in the set of real numbers and 52 be a cr-algebra 
on a set X. 



Definition 2.1. ([14-17]) (1) A real-valued set function /.t : 52 — »• [0, 1] is called a capacity if 
it satisfies the following properties: 

(1) n(%) = 0 and n(X) = 1, and 

(ii) n(Ei) < fi(E 2 ) whenever Ei,E 2 £ 52 and E\ C E 2 . 

(2) A capacity /.t is said to be continuous from below if for each increasing sequence {E n } C 
52, fj,(U n=1 E n ) = linin-^oo /r(L/ n ). 

(3) A capacity /j is said to be continuous from above if for each decreasing sequence 
{ E n } Cl 52, /.i(D n _^L/ n ) = lim n _$. 00 [i(E n f 

(4) A capacity ^ is said to be continuous if it is continuous from above and continuous 
from below. 

(5) A capacity fi is said to be subadditive if /j,(Ei U E 2 ) < /j(-Ei) + n{E 2 ) whenever 
E \ , E 2 £ 52 and E\ PI E 2 = 0 . 



We consider the Choquet integral with respect to a capacity which was introduced by 
Murofushi at el ([15-17]). Throughout this paper, we assume that the membership function 
of a fuzzy set A is a measurable function rjA from X to [0, 1]. 



Definition 2.2. ([14-17]) (1) The Choquet integral with respect to a capacity g of a fuzzy 
set A is defined by 



(C) J Adfx = n n A (r)dr 



( 1 ) 



where ^^(r) = M{ x £ A) t]a{x) > r}) for all r £ [0,1] and the integral on the right-hand 
side is the Lebesgue integral of n VA . 

(2) A fuzzy set A is said to be /r-integrable if the Choquet integral of A on X exists. 



We note that if A, B are fuzzy sets on X, then A < B means t]a(x) < t]b{x) for all x £ X 
and that t/a\/b{x) = Va{x) V tib(x) and t]aab{x) = t/a(x) A ijb(x) for all x € X. 



Theorem 2.1. ([14-17]) Let A and B be / i-integrable fuzzy sets. 

(1) If A < B, then (C) f Ad/u < ( C ) J Bd[i. 

(2) If Ei, E 2 £ 52 and E\ C E 2 , then (C) f Ei Adfj, < ( C ) f E 2 Ad/i. 
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(3) If we define ijawb = V a(x) V Pb{x) and t]aab{x) = Va(x) A tjb{x) for all x £ X , then 



iCj 


f AV Bdp > (C) J 


[ Adp V 


< c )j 


[ Bdp , 


(C)J 


(a A Bdp < (C) j 


[ Adp A 


(°)j 


[ Bdp. 



Let [[0, 1]] is the set of all closed intervals in [0, 1] as follows: 

[[0, 1]] = {a = [a - , a + ]|a“, a + £ [0, 1] and a~<a + }. 

For any a £ [0, 1], we define a = [a, a]. Obviously, a £ [[0, 1]] (see [7-13, 21-223, 25, 27-29]). 

Definition 2.3. Let I be an index set. If a = [a~ ,a + ],b = [5", b + ], a n = [a~, a+] £ [[0, 1]] for 
all n £ N and k £ [0, 1], then we define arithmetic, minimum, maximum, order, and inclusion 
operations as follows: 

(1) ka = [ka~ , ka + ], 

(2) ab = [a~b~ ,a + b + ], 

(3) a A b = [a - A b~ , a + A b + ) , 

(4) aVb= [a - V b~ , a + V b + ] , 

(5) a < b if and only if a~ < b~ and a + < b + , 

(6) a < b if and only if d < b and a =fib, 

(7) a C b if and only if b~ < a~ and a + < b + , 

(8) 1 — a = [1 — a + , 1 — a - ], 

(9) sup ng/ a n = [sup neJ a-,sup ne/ a+], and 

(10) inf„ 6 / a n = [inf„ e ja“,inf„ 6 /a+]. 

Theorem 2.2. For a,b,c £ [[0,1]], we have 

(1) idempotent law: a A a = a and a V a = a, 

(2) commutative law: a A 6 = b A a and aVb = 6 V a, 

(3) associative law: (a A b) A c = a A (b A c) and (a V b) V c = a V (b V c), 

(4) absorptive law: a A (a V b) = a V (d A b) = a, and 

(5) distributive law: a A (b V c) = (a A b) V (a A c) and a V (b A c) = (a V b) A (a V c). 

Let d(X ') be the family of all fuzzy sets A of X with the membership measurable function 
r)A : X -A- [0, 1]. Recall that for A,B £ $(X), A= B means p{{x £ X\pa(x) ^ t]b{x)}) = 0, 
where p is a capacity on X. We introduce the definitions of similarity measures and distance 
measures on g'(.X’), and some characterizations of them(see [2,5,6,14,26-29]). 

Definition 2.4. (1) A real-valued function s : 5(A) x 5(A) — > [0, 1] is called a similarity 
measure if it satisfies the following properties: 

(1) s(A, A c ) = 0 if A is a crisp set, 

(11) for A, B £ 5(A), s(A, B) = 1 if and only if A = B, 

(iii) for A,B £ 5(A), s(A, B) = s(B,A), and 

(iv) if A, B,C £ 5(A) and A < B < C, then ,s(A, C) < 

(2) A real-valued function d : 5(A) x 5(A) — > [0, 1] 
satisfies the following properties: 

(i) d(A, A c ) = 1 if A is a crisp set, 

(ii) for A,B £ 5(A), d(A, B) = 0 if and only if A = B, 

(iii) for A,B £ 5(A), d(A, B) = d(B,A), and 

(iv) if A,B,C £ 5(A) and A < B < C, then d(A, C ) > 



s(A,B) and s(A,C) < s(B,C). 
is called a distance measure if it 



d{A, B ) and d(A, C) > d{B , C). 
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It is easy to see that if s is a similarity measure and we define l\ = 1 — s, then l\ is a 
distance measure and that if d is a distance measure and we define I 2 = 1 — d, then I 2 is a 
similarity measure. 

Definition 2.5. (1) An interval- valued function S = [s~,s + ] : ${X) x 5(A) — > [[0,1]] is 
called an interval-valued similarity measure if it satisfies the following properties: 

(1) S(A, A c ) = 0 if A is a crisp set, 

(ii) for A, B £ 5(A), S(A, B) = 1 if and only if A = B, 

(iii) for A,B £ 5(A), S(A,B ) = S(B,A), and 

(iv) if A,B,C€ 3(X) and A < B < C, then S{A, C ) < S(A, B) and S(A, C ) < S(B, C). 

(2) An interval-valued function D = [d~ ,d + ] : 5(A) x 5(A) — > [[0, 1]] is called a distance 
measure if it satisfies the following properties: 

(i) D(A, A c ) = 1 if A is a crisp set, 

(ii) for A,B £ $(X), D(A, B) = 0 if and only if A = B, 

(iii) for A,B £ J(A), D(A, B) = D(B,A ), and 

(iv) if A,B,C £ 5(A) and A < B < C, then D(A, C ) > D(A, B ) and D{A, C) > D{B , C). 



By the definitions of an interval-valued similarity measure and an interval- valued distance 
measure, we can obtain the following theorem. 

Theorem 2.3. (1) An interval-valued function S = [s _ ,s + ] is an interval-valued similarity 
measure if and only if real-valued functions s~ and s + are real-valued similarity measures, 
and 0 < s~ < s + < 1. 

(2) An interval-valued function D = [d - , d + ] is an interval-valued distance measure if and 
only if real-valued functions d~ and d + are real-valued distance measures, and 0 < d~ < d + < 

1. 

(3) If S is an interval-valued similarity measure and we define H = 1 — S = [1 — s + , 1 — s~], 
then H is an interval-valued distance measure. 

(4) If D is an interval-valued distance measure and we define L = 1 — D = [l — d + ,l — d~], 
then L is an interval-valued similarity measure. 



Proof. (1) (=>) Suppose that S is an interval-valued similarity measure. If A is a crisp 
set, then 

0 = 5(A,A C ) = [ S -(A,A C ), S +(A,A C )]. 

Thus s~{A,A c ) = 0 and s + (A, A c ) = 0. Since S(A,B) = S(B,A) for all A,B e 5(A), 
s~ (A, B) = s~ (B , A) and s + (A,B)=S + (B,A). 

Let A,B,C £ 5(A) and A < B < C . Then we have 



S(A, C) < S{A, B) and S(A, C) < S(B, C). 

Thus, we have 

s~ {A, C) < s~ (A, B) and s~ (A,C) < s~ (B,C), 

and 

s + (A,C) <s+(A,B) and s+{A,C) < s+{B,C), 

Therefore, we obtain that s~ and s + are real-valued similarity measures and 0 < s - < s + < 1. 
( 4 =) The proof is similar to the proof of (=>)• 

(2) The proof is similar to the proof of (1). 

(3) Let S be an interval- valued similarity measure and we define H = 1 —S = [1— s + , 1 — s - ]. 
If A is a crisp set, then S(A,A C ) = 0. Thus, H(A,A C ) = 1 — S{A,A C ) = 1 — 1 = 0. Let 
A, B £ 5(A). Then, A = B if and only if S(A,B) = 1, that is, H(A,B) = 1 — S(A,B) = 0. 
If A, B £ 5(A), then S(A, B) = S(B, A). Then, 

H(A , B) = 1 — S(A, B) = 1 - S{B, A) = H{B , A). 
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If A,B,C€ $(X) and A < B < C , then 

S(A, C) < S(A, B) and S(A,C) < S(B,C). 



Thus, we have 



H{A, C) = 1 - S(A, C)> 1 - S(A, B) = H(A, B) 



and 

H(A, C) = 1 - S(A, C)> 1 - S(B, C) = H(B, C). 

Therefore, If is an interval-valued distance measure. 

(4) The proof is similar to the proof of (3). 



3. The Choquet integral with respect to an interval-valued capacity 

In this section, we define an interval-valued capacity and the Choquet integral with respect 
to an interval-valued capacity of a fuzzy set. Note that a mapping dn '■ [[0, 1]] x [[0, 1]] — > 

[0, oo ) is the Hausdorff metric defined by 

du(A, B) = max < sup inf \x — y |, sup inf \x — y\ > (2) 

{xeAV^B yG B^ A J 

for all A,Bg [[0,1]], and ([[0, 1]], du) is a metric space. By the definition of the Hausdorff 
metric, it is easy to see that for any a = [a~ ,a + ],b = [b~ ,b + ] G [[0, 1]], we have 

d H (a,b) = max{|a _ — 6 - |, |a + — 1 } . (3) 

We recall that for any {a n } C [[0, 1]] and a € [[0, 1]], 

dn — lim a n = a means lim dn (a n , a) = 0. (4) 

n — >oo n — >oo 

We clehne an interval- valued capacity p, = [fi~ , fi + ] : Q — > [[0,1]] on a measurable space 
(X, Cl) as follows: 

Definition 3.1. (1) An interval-valued set function p : Cl — > [[0,1]] is called an interval- 
valued capacity if it satisfies the following properties: 

(1) p(0) = 0 and p(X) = 1, and 

(ii) p(Ei) < p(E 2 ) whenever E\,E 2 G Cl and E\ C E 2 . 

(2) An interval-valued capacity p, is said to be continuous from above if for each increasing 
sequence {E n } C Cl, p(\J^ =1 E n ) = d H - liiUn^oo p(E n ). 

(3) An interval-valued capacity p is said to be continuous from below if for each decreasing 
sequence {E n } C Cl, p(r\^ =1 E n ) = d H - lim^oo p(E n ). 

(4) An interval-valued capacity p, is said to be continuous if it is continuous from above 
and continuous from below. 

(5) An interval-valued capacity p is said to be subadditive if p(Ei U E 2 ) < p{E{) + p{E 2 ), 
whenever E\, E 2 G Cl and Ei n E 2 = 0. 

It is easy to see that for each increasing sequence {E n } C Cl with E = U ^ =1 E n , 
lim dH{p(E n ),p(E)) = 0 if and only if lim /j,~ (E n ) = /j,~ (E) and lim n + (E n ) = /i + (E), (5) 

n— >oo n — >oo n — >00 

and for each decreasing sequence {E n } C Cl with F = n^L l E n , 

lim dH{p(E n ), p(F)) = 0 if and only if lim fi~(E n ) = n~(F) and lim yA (E n ) = y + (F) . (6) 

n— >oo n— >• oo n— >oo 

By (5) and (6), we can directly derive the following theorem. 
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Theorem 3.1. (1) An interval-valued set function fi = [p~ , p + ] : S! — > [[0, 1]] is an interval- 
valued capacity if and only if p~ and p + are capacities and p~ < p + . 

(2) An interval-valued capacity p = [p~,p + ] is continuous from below if and only if p~ 
and p + are continuous from below and p~ < p + . 

(3) An interval-valued capacity fi = [p~,p + ] is continuous from above if and only if p~ 
and p + are continuous from above and p~ < p + . 

(4) An interval-valued capacity p = [p~ , p + ] is continuous if and only if p~ and p + are 
continuous and p~ < p + . 

(5) An interval-valued capacity p = [p~ , p + ] is subadditive if and only if p~ and p + are 
subadditive and p~ < p + . 

Recall that if ([0, l],9Jt, m) is the Lebesgue measure space and G([0, 1]) is the family of all 
closed subsets of I , then the Aurnann integral of a closed set-valued function G : [0, 1] — >■ 
G([0, 1]) is defined by 

(A) J Gdm = | J gdm\ g G S^G) j , (7) 

where S(G) is the set of all integrable selections of G, that is, 

S(G) = {g : [0, 1] — > [0, 1] | J gdm. < oo and g(r) € G(r) m — a.e.}. (8) 

We note that m — a.e. means almost everywhere in the Lebesgue measure m (see[l,16]). 
Then, we introduce the following theorems which are used to define the Choquet integral 
with respect to an interval- valued capacity of a fuzzy set. 

Theorem 3.2. f[13, Lemma 2.1]) If a closed set-valued function G : [0,1] — >■ G([0,1]) is 
Wl-measurable, then (A) f Gdm is convex in [0, 1] . 

Theorem 3.3. ("[13, Lemma 2.2]) If a closed set-valued function G : [0, 1] — > G([0, 1]) is 911- 
measurable and integrably bounded, that is, there exists a integrable function ip : [0, 1] — > [0, 1] 
such that 



sup x < p(r) for r £ [0, 1], (9) 

x£(?(r) 

then (A) f Gdm is nonempty compact convex in [0, 1]. 

From Theorem 3.3, we can see that (A) f Gdm is a nonempty bounded and closed subset in 
[0, 1] under the same assumption of G. Thus, we obtain the following corollary (see [12,13,21]). 



Corollary 3.4. If an interval-valued function G = [g ,g + ] : I — > [[0,1]] is DJI-measurable 
and integrably bounded, then g~ ,g + € S(F) and 




Gdm = 



J g dm, 




where the integrals on the right-hand side are the Lebesgue integral with respect to m. 



( 10 ) 



We write J gdm = J] ' g{r)dm{r) for all measurable functions g. By using an interval-valued 
capacity, we define the Choquet integral with respect to an interval-valued capacity of a fuzzy 
set A. 



Definition 3.2. (1) The Choquet integral with respect to an interval-valued capacity p of a 
fuzzy set A G 5 is defined by 

(G) J Adp = (A) J p A (r)dr, (11) 
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where ija is the membership measurable function of A, Pa{x) = P({x € X\t]a(x) > r}) for all 
r £ [0, 1], and the integral on the right-hand side is the Aumann integral in (7). 

(2) A fuzzy set A £ g is said to be /I-integrable if (C) J Adp £ [[0, 1]]. 

Note that if an interval-valued capacity p is continuous from below and A £ g(X), then 
pA '■ I — > [[0, 1]] is continuous from below on [0, 1]. Thus, we obtain that pA is 2H- measurable 
and integrably bounded on [0,1]. Thus, by Definition 3.2 and Corollary 3.4, we can easily 
obtain the following theorem. 



Theorem 3.5. If an interval-valued capacity p is continuous from below and A £ g, then we 
have 

(C) J Adp = (C) J Adp~,(C) J Adn + , (12) 

where the integrals on the right-hand side are Choquet integrals. 

Proof. By Definition 3.2 and Corollary 3.4, we can derive 

(C) J Adp = (A) J pA{r)dr 

= ( A ) [ [PA( r )’PA( r )] dr 

Jo 

/ PA.( r )dr, / dA.( r ) dr 
J 0 JO 

(C) J Adp- , (C) J Adp 

By Theorem 3.5, we can easily obtain the following basic properties of the Choquet integrals 
with respect to a continuous from below interval- valued capacity of a fuzzy set. 

Theorem 3.6. Let ( X , O) be a measurable space. Assume that an interval-valued p is con- 
tinuous from below. 

(1) If A, B £ St-X”) and A< B, then 

(■ C ) J Adp < (C) J Bdp. 

(2) If A, B £ $(X) and we define P(a\/b){ x ) = Va{x) V t]b(x) for all x £ X, then 

(C) J AV Bdp > {C) J Adp V (C) J Adp. 

(3) If A, B £ $(X) and we define P(aab){x) = t]a{x) A t]b{x) for all x £ X, then 

(C) J A A Bdp < (C) J Adp A (C) J Adp. 



4. Interval-valued similarity measures induced by the Choquet integral 

In this section, we discuss some applications of the Choquet integral with respect to a 
continuous from below interval- valued capacity of a fuzzy set. 

Theorem 4.1. Assume that an interval-valued p is continuous from below and p{X) = 
{p}(X) = 1. If we define an interval-valued function Sp, : $ x § — > [[0, 1]] as following 

Sp{A,B) = 1 - (C) J \t]A-r]B\dp (13) 

for all A 1 B £ g^X), then Sp is an interval-valued similarity measure. 
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Proof, (i) If A is a crisp measurable set, then the membership measurable function va of 
a fuzzy set A is defined by 



, x f 1 if x € A 
Va( x ) — | 0 if xeA c = I\A. 



We note that if the membership measurable function va c of the complement of a fuzzy set A, 
then 

0 if x £ A 
1 if x £ A c = I \ A. 

Thus, we have \va(x) — va c (x)\ = 1 for all x £ X. Therefore, we have 



r]A c (x) = 



S fi (A, A c ) = 1 - (C) J \ VA - VAc\dfl 

= 1 - f JJ{{x £ X\ \t] A (x) — va c (x)\ > r})dr 

Jo i 

= 1 — f fi{X)dr = 0. 

Jo 

(ii) If A = B, then t)a = Vb P- ~ a.e. on X. Thus, we have 

Sji{A, B) = 1 ~ (C) j \va ~ V B \dfi 

= 1 -/ Jf{{x £ X\ \r] A (x) - Vb(x)\ > r})dr 

J o 

= 1 — f /i(0)dr = 1. 

Jo 



If Sn(A, B) = 1, then 



f n({x £ X\ \t]a{x) — t]b(x)\ > r})dr = 0. 
Jo 



(14) 



Then, it is easy to see that 

fi({x £ X\ 1^(2;) — Vb(x) I > r}) = 0 to — a.e. on I. 

From (14), we have 

P{{x £ x\ I 7]a(x) - t)b(x ) I ^ 0}) = 0, 
that is, tja = r/s fi — a.e. on X and hence A = B. 

(iii) If A, B £ S(X), then we have 

Sp.(A, B) = 1 - (C) J \t) A - r} B \dJJ 

= 1 ~ (C) J \Vb — rjA\djJ = Sjj(B, A). 

(iv) If A.B.C £ $(X) and A < B < C, then ija < Vb < VC- Thus, we have 

\va{x) - Vb(x) I < | Va{x) - vc{x) | and \vb(x) - vc{x)\ < \va(x) - Vc{x)\, (15) 

for all x £ X. By (15) and Theorem 2.2 (1), we have 

S n {A,C) = 1 - (C) J \va - VcW 

< 1 -(C)/ \va - VB\dJl = Sfi(A,B), 
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and 

Sfi(A,C) = 1 - (C) J \rj A - ncW 

< 1-(C)J \VB-Vc\dfi = Sp(B, C), 

By (i),(ii),(iii), and (iv), we see that S p is an interval- valued similarity measure. 

By Theorem 4.1 and Theorem 2.3(3), we can easily obtain the following corollary. 

Corollary 4.2. Assume that an interval-valued fi is continuous from below and p(X) = 
{/a}(X) = 1. If we define an interval-valued function D p = 1 — Sp = ( C ) f \ija — r]B\dfi for 
all A,Bg (?(X), then Dp, is an interval-valued distance measure. 

In order to illustrate the proposed similarity measure are reasonable, we give the following 
example. 



Example 4.1. Let X = {*i, x 2 , £ 3 } and = p(X) be the power set of X. Suppose that 
p : fi — 1 - [[ 0 , 1 ]] is defined by 

p(E) = [ l i~(E)^+(E)], (16) 

where m{E) is the cardinality of E G fl, (E) = ( m(Y) ) ’ an d A i+ {E) = • Since X 

is a finite set, clearly, we see that p, is a continuous from below interval- valued capacity on 
a measurable space (X, fl) and p(X) = {/x}(X) = 1. . The three patterns are denoted as 
follows: 

Ai = {(* 1 , 0.3), (x 2 , 0.2), (* 3 , 0.1)}, 

A 2 = {(*1,0.2), (* 2 , 0.2), (* 3 , 0.2)}, and 
A 3 = {(*i,0.4), (*2,0.4), (*3,0.4)}. 

Assume that a sample B = {(* 1 , 0.3), (* 2 , 0.2), (* 3 , 0.1)} is given. In order to interpret the 
measure of similarity of B with these patterns, we calculate the proposed interval-valued 
similarity measure Sp as follows: 

3 

Sp(A 1 ,B) = 1-^(| VAi(x(i)) - r]B{x(i))\){p{A {i) ) = 1, (17) 

i= 1 



3 

Sp(A 2 ,B) = 1-^(| VA 2 ( x (i)) (*(*)) |)(A(Ao) 

2 = 1 



14 43 
15’ 45 



and 



(18) 



3 

Sp(A 3 ,B) = 1 - ^(l 7 ^ (*«) ~ ^{x^DiPiA^) 
2=1 



4 38' 
5’ 45 ' 



(19) 



By (17), (18), and (19), we interpret that B is equal(or, absolutely similar) to A\ and B is 
more similar to A 2 than similar to A 3 . 



Example 4.2. Let X = {* 1 , * 2 , * 3 } and fl = p(X) be the power set of X. Suppose that 
v : fl — > [/] is defined by 

v{E) = [u~{E),v + {E)l (20) 

where m(E) is the cardinality of E € fl, v~ (E) = ^ m[x \ ) > an d u+ (^) = ^ Y) ) • 

The three patterns are denoted as follows: 

Ai = {(*i,0.3), (*2,0.2), (*3,0.1)}, 

A 2 = {(* 1 , 0.2), (* 2 , 0.2), (* 3 , 0.2)}, and 
A 3 = {(*i,0.4), (*2,0.4), (*3,0.4)}. 
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Assume that a sample B = {(a?!, 0.3), (£ 2 , 0.2), (x 3 , 0.1)} is given. In order to interpret the 
measure of similarity of B with these patterns, we calculate the proposed interval-valued 
similarity measure S„ as follows: 



S P (A 1 ,B) = 1, S p (A 2 ,B) 



43 131 
45’ 135 



and S„(A 3 ,B) 



38 13 
45’ 15 



( 21 ) 



Thus, we can see that there is an interpretation of the notions of these patterns under two 
different interval-valued capacity ft and v as follows: 



Sn(A 2 ,B) = 



S-„(A 1 ,B) = l = S i? (A 1 ,B), 
14 43 



S fi (A 3 ,B) = 



15 45 
4 38 
5’ 45 



< 



< 



43 131 
45’ 135 
~38 13 
45’ 15 



= S P (A 2 ,B), and 



= S,(A 3 ,B). 



Therefore, this means that v has more positive sense than p. 



5. Convergence in the interval-valued distance measure 



Throughout this section, we assume that ft = [p~ , p + ] is continuous from below. At 
first, we introduce uniformly /z-integrability and convergence in the interval- valued distance 
measure on 3(X). 

Definition 5.1. ([26]) Let /./ be a capacity on a measurable space (X, 11), {A n } be a sequence 
of fuzzy sets and A be a fuzzy set. 

(1) A sequence {A„} converges to A almost everywhere on X if there exist a null set N £ 12 
with p(N) = 0 such that 

t]a(x) = lim r/A n (x), for all x€N c . (22) 

n — >00 

(2) A sequence {A n } converges in the distance measure to A if 

lim d^(rj An ,riA) = 0, (23) 

n— >■ 00 

where d ll {r] An ,VA) = (C) f \ ? 7 a„(x) - r/ A (x)\d/u for all n e N. 

Remark that convergence in the distance measure d/i is equal to convergence in /z-mean(see 
[4 ]) 

Definition 5.2. ([4]) Let /.t be a capacity on a measurable space (X, 11) and I C N be an 
index set. A class {A„} ne j of fuzzy sets is said to be uniform /j-integrable if 

(i) sup d M (A„, 0) < 00 , (24) 

(ii) Ve > 0, 3<5(e) > 0 such that dE,n(A n , 0) < e if E € H and n(E) < (1(e), (25) 

where dE^{A n , 0) = (C) f E \riA n \d[i for all n € N. 

We also introduce various convergence properties of the Choquet integral on $(X) as 
follows: 

Theorem 5.1. ([4]) Let a capacity /j be subadditive and {A n } a sequence of fuzzy sets in 
S’(X). Then {A n } is an uniformly p-integrable if and only if 

lim supd[| | >a] , M (A„,0) = 0. (26) 

o->°o 
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Theorem 5.2. ([4]) Let a capacity p be subadditive and a sequence {A n } of fuzzy sets in 
$(X) converges to a fuzzy set A in 5(X) p-almost everywhere on X and A n < B for some 
p-integrable fuzzy set B, then we have 

(1) A n and A are p-integrable for all n G N, and 

(2) {A n } converges to A in the distance measure dp, that is, 

lim dp(A n , 0) = 0. (27) 

n — >oo 

We assume that an interval- valued capacity p.(X) = [p~ , p, + ] is continuous from below. 
Then we define convergence in the interval-valued distance measure D p and uniform fi- 
integrability on f(X). It is easy to see that 

Dp(A,B) = [dp-(A,B),dp + (A,B)}, for all A,Be $(X). (28) 

Definition 5.3. Let I C N be an index set. 

(1) A sequence {A n } converges in the interval- valued distance measure Dp to A if 

d H ~ lim Dp(A n ,A) = 0, (29) 

n — >oo 

where 

d H - lim Dp(A n ,A) = lim d H {Dp(A n , A), 0} 

n — >oo n— > oo 

and 

Dp(A n , A) = [dp- (A n , A), dp- (A n , A)\ 

for all n G N. 

(2) A class {A n } neI of fuzzy sets in (?(X) is said to be p-integrable if 

(i) sup Dp(A. n ,0) < oo, (30) 

ne/ 

(ii) Ve > 0, 3<5(e) > 0 such that DE,p,(A n , 0) < e if E £ Ll and p,(E) < 6(e), (31) 

where D E ,p(A n , 0) = (C) f E \r]A n \dfi for all n G N. 

By (3), it is easy to see that (29) holds if and only if 

lim max{dp-(A n ,A),dp+(A n ,A)}) = 0, (32) 

n— >00 

By Definition 5.1 and Definition 5.3, we obtain various convergence properties of the interval- 
valued distance measure Dp as follows: 



Theorem 5.3. Let I C N be an index set. 

(1) A class {A n } nG i is uniformly fi-integrable if and only if it is uniformly -integrable 
and uniformly p + -integrable, and p,~ < p + . 

(2) A sequence {A n } of fuzzy sets in$(X) converges to a fuzzy set A G S’(A) in the interval- 
valued distance measure Dp if and only if {A n } converges to A in the distance measures dp- 
and dp+, and dp- < dp+. 

Proof. (1) Let {A n } be a sequence of fuzzy sets in (?(W). If {A. n } converges to A in the 
interval-valued distance measure Dp, then, by (12) and (29), 

lim dp- {An, A) < lim (max{d p-(A n ,A),d +(A n ,A)}) 

= lim d H (Dp(A n , A),0) = 0. (33) 

n — >oo 

As in the same method with (33), we obtain 

lim dp+(A n , A) = 0. (34) 

n — >oo 

Thus, by (33) and (34), {A n } converges to A in the distance measure dp- and dp+. 
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Conversely, if we take an interval- valued distance measure p = [p~,p + ], then, similarly, 
we can obtain the converse result. 

(2) Suppose that {A n } n& j is uniformly /j-integrable and p is continuous from below. By 
(12) and Definition2.3 (9), we have 

sup Dji (A n , 0) — sup[d M - (A n , 0), (A n , 0)] 

nG/ nG/ 

= [swpd^-(A n ,0),supd fJ/ +(A n ,0)} < oo, (35) 

nG/ nG/ 

and for arbitrary e > 0 and E £ i 2, there exists 6(e) > 0 such that 
sup D E ,p(A n , 0) = sup[d Etfl -(A n: 0),d E ^+(A n ,0)} 

n€l nG/ 

= [sup d Eili - (A n , 0), sup d E ^+ (A n , 0)] < e, (36) 

nGl n£l 

if p < 6(e). By (35) and (36), {A n } converges to A in the distance measures d fl - and d^+, 
nd d ^ d^+ . 

Conversely, if we take an interval- valued distance measure p = [p~ , p + ], then, similarly, 
we can obtain the converse result. 

Theorem 5.4. Let an interval-valued capacity p be subadditive and {A n } a sequence of fuzzy 
sets in 3(X). Then, {A n } is an uniformly p-integrable if and only if 

lim supDn VA i >o]i/z (y1„,0) = 0. (37) 

a->oo 

Proof. Since an interval-valued capacity fi = [p~ , p + ] is subadditive, by Theorem 3.1(5), 
p~ and p + are subadditive. From Theorem 5.3 (1), { A n } is an uniformly )7-integrable if 
and only if {A n } is an uniformly /j~-integrable and an uniformly /x + -integrable. Thus, by 
Theorem 5.1, {A n } is an uniformly /j _ -integrable if and only if 

lim supdn^ \ >a] ^-(A n ,0) = 0 (38) 

a->oo neN 

and {A n } is an uniformly yn + -integrable if and only if 

lim sup d[ \ v \ >a ],n+ ( A n, 0) = 0 (39) 

a->oo 

By (38) and (39), and (12), we have 

lim swpd H (D\ , >a]til (A n ,0),0) 

a— too 

= lim supmax{d[| | >a]i/i -(T„,0),d[|^ | >a])M +(2l„,0)} = 0. (40) 

Conversely, by the similar method of the above proof, we can obtain the converse result. 

Lemma 5.5. Assume that an interval-valued capacity p = \p~ ,p + ] is continuous from below. 

Then {A n } is p-integrable if and only if {A n } is p~ -integrable and p + -integrable 

Proof. The proof is trivial. 

Theorem 5.6. Let an interval-valued capacity p be subadditive. If a sequence {A n } of fuzzy 
sets in 3(X) converges to a fuzzy set A in 3(X) p- almost everywhere on X and A n < B for 
some p-integrable fuzzy set B, then we have 

(1) A n and A are p-integrable for all n € N, and 

(2) {A n } converges to A in the interval-valued distance measure D^, that is, 

d H — lim Djx(A n , 0) = 0. (41) 

n— Yoo 
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Proof. Since B is /i-integrable fuzzy set and A n < B , by Theorem 5.3 (1), we have 

(i ) A n and A are /i“-integrable and /r _ -integrable for all n £ N, and 

(ii) {A n } converges to A in the distance measure d and in the distance measure d M +. 

Thus, by Lemma 5.5 and Theorem 5.3 (1) and (12), we obtain 

(1) A n and A are /i-integrable for all n £ N, and 

(2) {A n } converges to A in the interval-valued distance measure D^, that is, 

d H - lim D p (A n , 0) = 0. (42) 

n—¥ oo 

6. Conclusions 

In this paper, we define the concept of interval- valued capacity which means reasonable ca- 
pacity. By using Aumann integral of integrably bounded interval- valued functions in Corollary 
3.4, we consider the Choquet integral with respect to a continuous interval- valued capacity 
of a fuzzy set. 

From Definitions 2.3, 3.1, 3.2 and Theorems 3.5, 3.6, we discuss interval- valued similarity 
measures induced by the Choquet integral with respect to a continuous interval- valued ca- 
pacity on S(A^). By Examples 4.1 and 4.2, it is possible that we interpret the interval- valued 
measure of similarity of a sample with the three patterns. From Definitions 5.1, 5.2, 5.3, and 
Theorems 5.3, 5.4, and 5.6, we can provide the concept of convergence in the interval- valued 
distance measure and discuss various convergence properties of the interval-valued distance3 
measure on the space of fuzzy sets for the Choquet integral. 

In the future, by using these results of this paper, we can develop various problems and 
models for representing uncertain similarity measures and uncertain distance measures in 
pattern recognition research, information theory, decision making, and fuzzy risk analysis, 
etc. 

Acknowledgement This paper was supported by Wonkwang University in 2013. 
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n- JORDAN ^-DERIVATIONS ON INDUCED FUZZY C*- ALGEBRAS 

GANG LU, YANDUO WANG, AND PENGYU YE 



Abstract. Using the fixed point alternative theorem, we investigate the Hyers-Ulam 
stability of of n-Jordan ^-derivations on induced fuzzy C*-algebras associated with the 
following functional equation f (y — x) + f (x — z) + f (3x — y + z) = f (3a;). 



1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [43] 
concerning the stability of group homomorphisms. Hyers [ ] gave a first affirmative par- 
tial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized 
by Aoki [1] for additive mappings and by Rassias [38] for linear mappings by considering 
an unbounded Cauchy difference. Those results have been recently complemented in [9], 
A generalization of the Aoki and Rassias theorem was obtained by Gavruta [21], who 
used a more general function controlling the possibly unbounded Cauchy difference in 
the spirit of Rassias’ approach. The stability problems for several functional equations 
or inequalities have been extensively investigated by a number of authors and there are 
many interesting results concerning this problem (see [8, 15], [23]— [31 ] , [39]— [41] ) . 

We recall a fundamental result in fixed point theory. 

Let X be a set. A function d:IxlA [0, oo] is called a generalized metric on X if 
d satisfies 

(1) d(x,y ) = 0 if and only if x = y\ 

(2) d(x,y) = d(y,x ) for all x,y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z G X. 

Theorem 1.1 (see [14, 18]). Let (X,d) be a complete generalized metric space and let 
J : X — > X be a strictly contractive mapping with Lipschitz constant L < 1. Then for 
each given element x G X, either 

d(J n x, J n+1 x ) = oo 

for all nonnegative integers n or there exists a positive integer n 0 such that 

(1) d(J n x, J n+l x) < oo, for all n > n 0 ; 

(2) the sequence {J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y G X\d(J n °x,y) < oo}; 

\i)d(y,y-)<X L ^j y f for J yeY . 

By using the fixed point method, the stability problems of several functional equations 
have been extensively investigated by a number of authors (see [10, 13, 14, 17, 19, 28, 
33, 34, 37, 46]). 



2010 Mathematics Subject Classification. Primary 39B62, 39B52, 46B25. 

Key words and phrases. Fuzzy norrned space; additive functional equation; Hyers-Ulam stability; 
induced fuzzy C*-algebra. 
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In 1984, Katsaras [27] defined a fuzzy norm on a linear space and at the same year 
Wu and Fang [44] also introduced a notion of fuzzy normed space and gave the general- 
ization of the Kolmogoroff normalized theorem for fuzzy topological linear space. In [ ’] , 
Biswas defined and studied fuzzy inner product spaces in linear space. Since then some 
mathematicians have defined fuzzy metrics and norms on a linear space from various 
points of view [ 6 , 20, 30, 42, 45]. In 1994, Cheng and Mordeson introduced a definition 
of fuzzy norm on a linear space in such a manner that the corresponding induced fuzzy 
metric is of Kramosil and Michalek type [29]. In 2003, Bag and Samanta [ 6 ] modified 
the definition of Cheng and Mordeson [16] by removing a regular condition. They also 
established a decomposition theorem of a fuzzy norm into a family of crisp norms and in- 
vestigated some properties of fuzzy norms (see [3]). Following [ ], we give the employing 
notion of a fuzzy norm. 

Let X be a real linear space. A function N : X x R — > [0, l](the so-called fuzzy subset) 
is said to be a fuzzy norm on X if for all :r, y G X and all a, b G R: 

(Ah) N(x, a) = 0 for a < 0; 

(A 2 ) x = 0 if and only if N(x, a) = 1 for all a > 0; 

(N 3 ) N(ax, b ) = N(x, ^ ) if a ± 0; 

(Ah) N(x + y, a + b) > min{N(x, a),N(y, £>)}; 

(Ah) N(x, .) is a non-decreasing function on R and lim^oo N(x,a ) = 1; 

(Ah) For x 7 ^ 0, N(x, .) is (upper semi) continuous on M. 

The pair (A, A) is called a fuzzy normed linear space. One may regard N(x,a) as the 
truth value of the statement the norm of x is less than or equal to the real number a . 



Definition 1.2. Let (. X , N) be a fuzzy normed linear space. Let x n be a sequence in X. 
Then x n is said to be convergent if there exists x G X such that lim^oo N(x n — x, a) = 1 
for all a > 0. In that case, x is called the limit of the sequence x n and we denote it by 
N-lirrin^oc x n = x. 

Definition 1.3. A sequence x n in X is called Cauchy if for each e > 0 and each a > 0 
there exists n 0 such that for all n > n 0 and all p > 0, we have N(x n+P — x n , a) > 1 — e. 

It is known that every convergent sequence in fuzzy normed space is Cauchy. If each 
Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed space is called a fuzzy Banach space. 

We say that a mapping / : X — >• Y between fuzzy normed vector space X, Y is 
continuous at point x 0 G X if for each sequence {x n } converging to x 0 in A", then the 
sequence {f(x n )} converges to f{x o). If / : X — > Y is continuous at each x e A", then 
/ : X — > Y is said to be continuous on A" (see [2]) 

Definition 1.4. [36] Let A" be a ^-algebra and (X,N) a fuzzy normed space. 

(1) The fuzzy normed space (A, N ) is called a fuzzy normed ^-algebra if 

N(xy,st) > N(x,s) ■ N(y,t) and N(x*,t) = N(x,t). 



(2) A complete fuzzy normed ^-algebra is called a fuzzy Banach *-algebra. 
Example 1.5. Let (A, ||.||) be a normed *- algebras . Let 

a > 0 , x G A, 



SI"’"’ «<»,.« 



Then N(x,t ) is a fuzzy norm on X and (A, N(x,t)) is a fuzzy normed *-algebra. 
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Definition 1.6. Let (A", || • ||) be a C*-algebra and N a fuzzy norm on A. 

(1) The fuzzy normed ^-algebra (A, N ) is called an induced fuzzy normed ^-algebra. 

(2) The fuzzy Banach ^-algebra (X, N ) is called an induced fuzzy C*-algebra. 

Definition 1.7. Let (A", || • ||) be an induced fuzzy normed ^-algebra. Then a C-lincar 
mapping D : (X,N) — > (X ,N) is called a fuzzy n- Jordan *-derivation if 

D(x n ) = D(x)x n ~ l + xDfx)x n ~ 2 + • • • + x n ~ 2 D(x)x + x n ~ l D{x) ) 

D(x*) = D{x)* 
for all x G A. 

Throughout this paper, assume that (A, N ) is an induced fuzzy C*-algebra. 



2. Main results 

Lemma 2.1. Let ( Z,N ) be a fuzzy normed vector space and f : X -A Z be a mapping 
such that 

N (/ (y * x) + / (x - z) + / (3x - y + z) ,t) > N (3x) , 0 (2.1) 

for all x,y,z G A and all t > 0. Then f is additive. 

Proof. Letting x = y = z = 0 in (2.1), we get 

N(3f(0),t) = N (/(0), 0 > N (/(0), fj 

for all t > 0. By (A 5 ) and (A 6 ), N(f(Q),t) = 1 for all t > 0. It follows from (A 2 ) that 
/( 0 ) = 0 . 

Letting x = z = 0 in (2.1), we get 

N(f(y) + rn + /(-»), t)>N (f( 0 ), 0 = 1 



for all i > 0. It follows from (A 2 ) that f(—y ) + /(y) = 0 for all y G A". Thus 

/(-y) = -f(y) 

for all y E X. 

Letting x = 0 and replacing z by — z in (2.1), we get 

N(f(y) + /W + f(-y-z),t)>N (/( o). 0 = i 

for all t > 0. It follows from (A 2 ) that 

f(y) + f(z) + f{-y-z) = 0 



for all y, z G A". Thus 
for all y, z G A", as desired. 



f(y + *) = f(y ) + /(-) 



□ 
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Theorem 2.2. Let 0 : A" 3 — > [0, oo) be a function such that there exists an L < 1 with 




for all x,y, z G X. Let f : X — > X be a mapping such that 

N (/ 00 -x)) + f 00 -*)) + / 0(3z -y + z))- yf (3x ) , t) 

> * (2.3) 

“ t + </>(x,y,zY 



N ( f(w n ) — f(w)w n 1 — wf{w)w 

+/(«*) -/M*,0> 



n—2 



t + 4>(w,v, 0) 



w ?l z f(w)w—w n f(w ) 



(2.4) 



/or all x,y,z,w,v G X, all t > 0 and all y G T 1 := {c G C : |c| = 1}. Then the limit 
AO) = N — Hindoo 3 n f ( exists for each x G X and the mapping A : X — > X is a 
/uzzy 7i-Jordan *-derivation satisfying 



N(f (x) - A(x),t) > 



3(1 -L)t 

3(1 — L)t + L(j) (x, 2x, 0) 



for all x G X and all t > 0. 



(2.5) 



Proof. Letting y 



1, y — 2x , z — 0 in (2.3), we have 



X(3/ O) -f(3x),t) > 



t 

t + 0 O, 2x, 0) 



and so 



X 



3 /(| 



/0)o) > 



t + 0(|,^,o) t + |0 O, 2x, 0) 



for all x G X. Thus 



^(^(s) /W’ 3 *) - | t + 100,221,0) t + 0O,2a:,O) 

for all :r G X. 

Consider the set 

G := O : X -G X} 

and introduce the generalized metric on G: 



% 0 ) 



inf {a G M + : N(g(x) — h(x), at) > 



t 

t + 00, 2x, 0) 



} 



( 2 . 6 ) 



(2.7) 



for all iGl and all t > 0, where inf 0 = +oo. It is easy to show that (S, d) is complete 
(see the proof of [32, Lemma 2.1] 

Now, we consider the linear mapping Q : G — >■ G such that 

Qg(x) := 3 g 

for all x G X. 
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Let g, h £ G be given such that d(g, h ) = e. Then 



N(g(x) — h(x), et) > 



t + (f)(x, 2x 1 0) 



for all and all t > 0. Hence 



, Let} = N 

Lt Lt 

~ T+0(f>T>°) ~~ § + f i x , 2x , 0) 

t 

t + cj)(x, 2x, 0) 

for all x G X and all t > 0. Thus d(g, h ) = e implies that d(Qg, Qh ) < Le. This means 
that 

d(Qg, Qh) < Ld(g, h ) 

for all g,h G G. 

It follows from (2.7) that d(f,Qf ) < 

By Theorem 1.1, there exists a mapping A : X — > X satisfying the following: 

(1) A is a fixed point of Q , i.e., 



N(Qg(x) - Qh(x), Let ) = N ( 3 g - 3h (|) 




aQ-Ia ( x) 

for all x € A". The mapping A is a unique fixed point of Q in the set 

M = {9 6 G : </(/, g) < oo}. 



( 2 . 8 ) 



This implies that A is a unique mapping satisfying (2.8) such that there exists an a G 
(0, 00 ) satisfying 



N(f(x) - A{x), at) > 



t 

t + 4>(x, 2x, 0) 



for all x £ X. 

(2) d(Q k f, A) — * 0 as k — » 00 . This implies the equality 

N - (&) = A(x) 

for all x £ X; 

(3) d(f,A) < j^j;d(f,Qf), which implies the inequality 



d(f,A) < 



L 

3(1 -£)' 



This implies that the inequality (2.5) holds. 
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Next we show that A is additive. It follows from (2.2) that 



k = o 









X y Z 



3 3 3 



x y z 



3 2 ’ 3 2 ’ 3 2 



< (j)(x, y, z) + L<j>{x, y, z) + L 2 cj)(x , y, z) + 

1 

<!>{x,y,z) < oo 



1 -L 



for all x,y,z G X. 
By (2.3), 



2 V I 3 fc / ( - ) + 3*/ ( ) + / ( r ) - 3V/ ( GB ■ 3*t 



3 fc 



x — z 



3 k 



3 x — y + z 



3 k 



3 

3* 



> 



t + (j> (jpT) 3 F) ^k) 



and so 



JV 3 7 D 



> 



y -x 
3 k 

t 

3 fc 



+ 3 k f ( I 1 



x — z 



3 k 



+ 3 k f ( y 



3x — ?/ + £ 
~3* 



3 V/ \^k x ) >t 



t + 3 k t ($.£,£) 

for all x,y,z G X, all t > 0 and all y G T 1 . Since linr^-s. 
x,y, z G X and all t > 0, 



t+3 k <j>( ^ , ~ k ) 

N (A (y(y — x)) + A (y(x — z)) + A (y(3x — y + z)) — yA (3x ) , t) — 1 



= 1 for all 



for all x, y,z G A", all t > 0 and all y G TT 1 . So 

A (//(?/ — x)) + A (/i(x — z)) + A (/i(3x — y + z)) — yA (3a; ) (2.9) 

for all x,y,z G A", all t > 0 and all y G TT 1 . Letting x = y = z = 0 in (2.9), we have 
A(0) = 0. Let y — 1, x — 0 and replace z by — z in (2.9). By the same reasoning as in 
the proof of Lemma 2.1, one can easily show that A is additive. Letting y = 2x, z = 0 
in (2.9), we get 

yA(x) = 3 A (y — j = A{yx) 

for all x G X and y G TT 1 . The mapping A : X — > X is C-linear by [35, Theorem 2.1]. 
By (2.4) and letting v — 0 in (2.4), we get 
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for all w E X and all t > 0. Thus 



iv(3.ug)-3»V©(|r-3^/g)fe 



w 



-‘(I rv 



w \ 



) W - 3 nk [ -=- ) 



V3 k J 



w \ 



n— 1 



3 k J 






n— 2 



t 

Qnk 



— t 



^ + 0(f,O,O) 



> 



t 



fc^oo t+(3n-iL)^ {wfi ,0) = 1 for a]1 W G X alld a11 



t + (3 n 1 L) fc 0(ta, 0,0) 

for all w E X and all t > 0. Since lirn, 
t > 0, we get 

N(D(w n ) - D(w)w n ~ 1 - wD(w)w n ~ 2 w n ~ 2 D(w)w - w^Dfw)^) = 1 

for all x E X and all t > 0. So 

D(w n ) — D(w)w n ~ 1 — wD(w)w n ~ 2 — • • • — w n ~ 2 D(w)w — w n ~ 1 D(w ) = 0 
for all w E X. 

Letting w — 0 in (2.4), similarly, we get D{v*) — D(v)* = 0 for all v E X. 
Therefore, the mapping D : X — > X is a fuzzy n-Jordan ^-derivation. 



□ 



Corollary 2.3. Let p be a real number with p > 1 , 6 > 0, and X be a normed vector 
space with norm || • ||. Let f : X — > X be a mapping satisfying 



N (/ (Kv ~ x )) + f 00 --)) + / (A*(3a: - y + z)) - pf (3x ) , t) 
> 1 



t + 9 (\\x\\p+ ||?/|| p + ||z||p)’ 
N ( /« 

+/o*)-/oro)> 



f(w)w n — wf(w)w 
t 



n — 2 



w n ~f(w)w — w n f(w ) 



( 2 . 10 ) 



(2.11) 



t + 9(\\w\\P+ ||v||p) 



for all x, y, w, v E X, allt > 0 and all p E T 1 . Then the limit A(x) = N— lim n ^. 0O 3 n f ( J^) 
exists for each x E X and the mapping A : X — >■ X is a fuzzy n-Jordan *- derivation 
satisfying 



N(f (x) - A(x),t ) > 



(3 P - 3 )t 



(3 p - 3)t + 6(1 + 2 p)\\x\\p 

for all x E X and all t > 0. 

Proof. The proof follows from Theorem 2.2 by taking 

00 ,y,z) = 0(||a;|| p + \\y\\ p + \m 

and L = 3 1_p . □ 

Theorem 2.4. Let 0 : X 3 — > [0, oo) be a function such that there exists an L < 1 with 

3L< ^ (I s I’ i) - ^ x ' y ’ z ) o- 12 ) 
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for all x,y,z E X. Let f : X — > X be a mapping satisfying (2.3) and (2.4). Then the 
limit A{x) = N — lim^oo Af (3 n x ) exists for each x E X and the mapping A : X — * X 
is a fuzzy n-Jordan *-derivation satisfying 



N(f(x) - A(x),t) > 



3(1 — L)t 



3(1 — L)t + 0 (x, 2x, 0) 



(2.13) 



for all x E X and all t > 0. 

Proof. Let (G, d) be generalized metric space defined in the proof of Theorem 2.2. Con- 
sider the linear mapping Q : G -E G such that 



Qg{%) ■= gs( 3x) 



for all x E X. 

It follow from (2.6) that 



N ( fix) /( 3x), -t] > 77 r 

\ 3^ 3 / t + 0 (x, 2x, 0) 

for all x E X and all t > 0. Thus d(f, Qf ) < |. Hence 



d(f, A) < 



3(1 -LY 



which implies that the inequality (2.13) holds. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Let 9 > 0 and let p be a positive real number with p < 1. Let X be a 
normed vector space with normed || • ||. Let f : X — > X be a mapping satisfying (2.10) 
and (2.11). Then A(x) = N — lim„_ 5 . 00 A.f(3 n x ) exists for each x E X and defines a 
fuzzy n-Jordan *- derivation A : X — » X such that 

N(f(x) - A(x), t) > 

for every x E X and all t > 0. 

Proof. The proof follows from Theorem 2.4 by taking 

00 *,y,z) = 0(IMr+ \\y\\ p + Ikin 

and L = S^" 1 . □ 
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Abstract 

In this paper, we study the global properties of a viral infection model with antibody immune response. 

The incidence rate is given by a general function of the populations of the uninfected target cells, infected 
cells and free viruses. The model contains two types of intracellular discrete time delays to describe the 
time required for viral contacting an uninfected target cell and viral emission. We have established a 
set of conditions on the general incidence rate function and determined two threshold parameters Ro 
(the basic infection reproduction number) and Ri (the antibody immune response activation number) 
which are sufficient to determine the globai behavior of the modei. The giobai asymptotic stability of 
the equilibria of the model has been proven by using direct Lyapunov method and applying LaSalle’s 
invariance principle. 

Keywords: Virus dynamics; Intracellular delay; global stability; antibody immune response; Lyapunov 
functional. 
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1 Introduction 

In recent years, several works have been devoted to study and develop mathematical models of the virus 
dynamics such as human immunodeficiency virus (HIV) (see e.g. [1]- [14] ) , hepatitis B virus (HBV) [15]- [18] , 
hepatitis C virus (HCV) [19]-[21] and human T cell leukemia HTLV [22], etc. Mathematical models of viral 
infection can help for understanding the viral dynamics and developing antiviral drug therapies. In reality, 
the immune response needs an indispensable components to do its job such as antibodies, cytokines, natural 
killer cells, and T cells. The antibody immune response is a part of the adaptive system in which the body 
responds to pathogens by primarily using antibodies that produced from the B cells. While the other part 
is the Cytotoxic T Lymphocytes (CTL) immune response where the CTL attacks and kills the infected cells 
[4]. In some infections such as in malaria, the CTL immune response is less effective than the antibody 
immune response [23]. Mathematical models of viral infection with antibody immune response have been 
proposed and analyzed in ([24]- [29]). The basic model of viral infection with antibody immune response has 
introduced by Murase et. al. [24] and Shifi Wang [29] as: 



x{t) = s — dx(t) — fiv(t)x(t), 


(1) 


y{t) = /3v{t)x(t ) - ay{t), 


(2) 


v(t) = ky(t) — bz(t)v(t) — cv(t), 


(3) 


z(t ) = rz(t)v{t) — ixz(t), 


(4) 



where x(t ), y{t), v(t) and z(t) denote the populations of uninfected target cells, infected cells, free virus 
particles and antibody immune cells at time t, respectively. Parameters s, k and r represent, respectively, 
the rate at which new healthy cells are generated from the source within the body, the generation rate 
constant of free viruses produced from the infected cells and the proliferation rate constant of antibody 
immune cells. Parameters d, a, c and y are the natural death rate constants of the uninfected cells, infected 
cells, free virus particles and antibody immune cells, respectively. Parameter /3 is the infection rate constant 
and b is the removal rate constant of the virus due to the antibodies. All the parameters given in model 
(l)-(4) are positive. 

2 
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The intracellular time delay between the time of the virus contacting the target cells and the time of 
generating new infectious viruses has been neglected in system (l)-(4). In fact, the intracellular delay in 
the infection process is actually exists (see e.g. [8]-[12]). Note that, the infection rate in model (l)-(4) 
is presented to be bilinear in x and v. which can not be completely describe the interaction between the 
uninfected target cells and viruses. Nevertheless, there are many types of improved incidence rates which are 
more commonly used due to their benefit for helping us gain the unification theory through passing over the 
unessential details (see e.g. [30] and [31]). Variety of viral infection models with antibody immune response 
have been considered with different forms of the incidence rate such as saturated incidence rate, /, xv where 
a > 0, [27], Beddington-DeAngelis functional response, 1+ ^+ av . a, 7 > 0 [26], and general form, ip(x,v)v 
[28] . In [28] , a discrete time delay has been incorporated within the model. However, the infection rate does 
not depend on the infected cells y. In some viral infections such as HBV, the infection rate depends on x, y 
and v [17], [16]. In [32], the infection rate is given by ip(x, y , v)v, however the antibody immune response has 
been neglected. Our aim in this paper is to investigate the global stability analysis of a viral infection model 
with general incidence rate function and antibody immune response taking into consideration two types of 
discrete time delays. 

The rest of the paper is designed as follows. In the next section, we introduce the model and discuss 
the non- negativity and boundedness of the solutions. In Section 3, we define two threshold parameters and 
discuss the existence of the model’s equilibria. In Section 4, we study the global asymptotic stability of the 
equilibria using suitable Lyapunov functional and applying LaSalle’s invariance principle. Finally, conclusion 
is given in Section 5. 
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2 The mathematical model 

In this section, we consider the following viral infection model with general incidence rate taking into con- 



sideration the antibody immune response. 

x(t) = s- dx(t) - ip(x(t), y(t),v(t))v(t), (5) 

y(t) = e _MlTl ^(a;(t - n), y(t - n), v(t - n))v(t - n) - ay(t), (6) 

v(t ) = ke~ >J,2T2 y(t — T 2 ) — bz{t)v{t) — cv(t), (7) 

z(t) = rz(t)v(t) — yz(t), (8) 



where tt and 72 are the delay parameters. We assume that, the virus contacts an uninfected target cell at 
time t — Ti, the cell becomes infected at time t. The term e _AllTl represents the probability of surviving the 
contacted cell during the time delay interval, where yi is the death rate constant of the contacted cells. In 
addition, we assume that a cell infected at time t — T 2 starts to generate new infectious viruses at time t. The 
term e -M2T2 denotes the probability of surviving the infected cell during the time delay interval, where 
is a constant. The definitions of all variables and parameters are identical to those given in Section 1. The 
incidence rate of infection is presented by a general function in the form ip(x, y , v)v, where ip is continuously 
differentiable and satisfies the following assumptions [28] and [32]: 



Assumption Al. ip{ 0, y,v) = 0 for all y, v > 0 and ip(x, y,v) >0 for all x > 0, y > 0, v > 0. 

Assumption A2. (- > fo v ) > 0 for all x > 0, y > 0 and v > 0. 

ox 

Assumption A3. Ww) < „ for „ 

oy ov 

d ('ibix v v)v) 

Assumption A4. ’ — ' > 0 for all x,y,v > 0. 

ov 

Let the initial states of system (5)-(8) be given as: 



x(v) = Ci(v), V(V) = biy ),v(r]) = C3 (v), z(rj) = (4(11), 

Cj(v) > 0, y G [-r,0), j = 1, ..., 4, 

0(0) >0, j = 1 4, (9) 



where r = max{n,T 2 }, (Ci(’?), < 2 (^ 7 ), ( 3 (d), ( 4 ( 11 )) G C([-r, 0],M> 0 ). We denote by C = C{[-t, 0], K> 0 ) the 

4 
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Banach space of continuous functions mapping the interval [— r, 0] into K > 0 ; with norm ||£|| = sup \C(v)\ 

— T<77<0 

for (eC. We note that the system (5)-(8) with initial states (9) has a unique solution [33]. 

2.1 Non- negativity and boundedness of solutions 

In this section, we show that the solutions of model (5)-(8) with initial states (9) are non-negative and 
ultimately bounded. 

Proposition 1 . Assume that Assumption A1 is satisfied. Then the solutions of (5)-(8) with the initial 
states (9) are non-negative and ultimately bounded. 

Proof. At the beginning, we show that x(t) is positive for all t > 0. Let us assume in contrary that 
x[t) < 0 on the time interval [ 0 , 7 ] where 7 is a constant, and let where t € [ 0 , 7 ] be such that x(t) = 0 , 
. Then from Eq. (5) we get x(t) = s > 0. Thus, for sufficiently small e > 0, we have x(t) > 0 for some 
t € (t, t + s). This contradicts our assumption and then x(t) > 0, V t > 0. Now from Eqs. ( 6 )-( 8 ) we get 

t 

y(t) = y(0)e- at + e -/ilTl J e~ a< ' t ~ ri) il)(x(r] - n), y{r] - n), v(r) - r 1 ))u (?7 - T^drj, 

0 

t 

v(t) = u( 0 )e~ fo -|- fce _,i2T2 J e~ ^^ c+bz ^ d ^y(r] — 

0 

z{t) = z( 0)e-/o‘(/*-™«))«, 

which yield y(t), v(t), z(t) > 0 for all t £ [0, t]. By a recursive argument, we get that y(t),v(t), z(t) > 0 for 
all t > 0 . 

Next we prove the ultimate bound of the solutions of system (5)-(8). From Eq. (5) we get x(t) < s — dx(t ) 
and thus limsup^^ x(t) < Let T\(t) = e~ fJ,lTl x(t — n) + y(t), then 

Ti(t) = e _MlTl (s - dx(t - n) - ip{x{t - r{),y{t - n ),v{t - ri))u(t - n)) 

+ e~ lllTl ip(x{t - ri), y(t - ri), v(t - n))v(t - ri) - ay(t), 

= se _A<iri — de~ fllTl x(t — t\) — ay(t ) < se _AllTl — o\ (e _AtlTl a :(t — ri) + y(t)) 

= se _A<iri — uiTi(f) < s — <7\Ti(t), 
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where <ti = minld, a}. Hence lim sup t ^ Ti (t) < L\, where L\ = — . Since x(t) and y(t) are non-negative, 

o i 

then limsupj^^ y(t) < L\. Moreover, let T 2 (t) = v(t) + ^z(t), then 

T 2 (t) = ke~^ 2T2 y(t — t 2 ) — cv(t) — — z(t) < fce _M2T2 Li — <jo(v(t) H — z(t)) 

r r 



= ke M2T2 Li — a 2 T 2 (t) < kLi — a 2 T 2 (t ), 



kL\ 



where a 2 = min{c, y}. It follows that, limsup^^ T 2 (t) < L 2 , where L 2 = . Since v(t) and z(t) are 

O'l 

non-negative, then limsup^^ v(t) < L 2 and limsup^^ z(t) < L$, where L 3 = \L 2 . Therefore, all the 
state variables of the model are ultimately bounded. 



2.2 The equilibria and threshold parameters 



At any equilibrium we have 



s — dx — ip{x, y, v)v = 0, 
e~^ lTl ip(x, y, v)v — ay = 0 , 
ke~^ 2T2 y — bvz — cv = 0, 

{rv — y,)z = 0 . 

From Eq. (13), either z = 0 or z / 0. If z = 0, then from Eqs. (10)-(12) we get 

s — dx c k(s — dx) 

V = = 3 v, v = ; . 

ae^ lTl ke~ fl2T2 ace^ Tl +^ 2T2 

Substituting from Eq. (14) into Eq. (11) we get: 

s — dx k(s — dx) 



i’ x, 



ae /2lTl ’ ace^ lTl+/i2T2 ) k 6 



H1TL+H2T2 



v = 0 . 



(10) 

( 11 ) 

(12) 

(13) 



(14) 



(15) 



Eq. (15) has two possible solutions v = 0 or v ^ 0. If v = 0, then from Eqs. (10) and (11), we get x = s/d 
and y = 0 which leads to the infection- free equilibrium Eq(xo, 0, 0, 0) where Xq = s/d. If v ^ 0, then we have 



Let 



$ 



/ s-dx k(s-dx) \ _ ac elliTi+fl2T2 = 0 

v ’ ae^ Tl ’ ace ^ Tl +^ T2 J k 

( X ) = i u( x k(s-dx) \ _ oc e/ilTl+M2T2 = 0 

^ ^ \ ’ ae^ lTl ’ ace ^ Tl+ ^ 2T2 ) k 
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then, we have 



(x) = 



dip 



d dip 



kd 



dip 



dx ae^ lTl dy ace /ilTl+ ^ 2T2 dv 
Because of Assumptions A2 and A3, we have (x) > 0 which implies that function <I>i(x) is strictly 

increasing w.r.t. x. Moreover, 

ks 



$i(0) = ip 0 



C1C CIC 

_ _gAl T l+M2T2 _ _ _gMl' r l+A2T2 < Q 

ae' ilTl ’ ace /JjlTl+ ^ 2T2 / k k 



$i(x 0 ) =^(® o ,0,0) - ^ e ' ilTl+ ' t2T2 = ^ e #ilTl+ ^ r2 ( _ A 

k k \ ac J 

Therefore, if ^^ x °’ g-pm-^ > 1, then there exist a unique x\ € (0, Xo) such that $i(xi) = 0. 

ac 

It follows from (12) and (14) that y\ = ^ ° — — — > 0 and Vi = - — T — — > 0. It means 

v ' v ’ ae /J-lTl ace^ lTl+ ^ 2T2 

that, a chronic-infection equilibrium without antibody immune response -Ei(xi, j/i, iq, 0) exists when 

kip(x o,0,0) _ _ 

e Air* A 2 T 2 > 1 Let us define the basic infection reproduction number as: 



Rq — 



kip(x o,0, 0) _ 



Mi r i— M2T2 



The parameter Ro determines whether a chronic-infection can be established. The other possibility of Eq. 

(13) is 2 ^ 0 which leads to v 2 = From Eq. (10) we let 

r 

s — dx 

$ 2 (x) = s - dx- ip(x, — — — , v 2 )v 2 = 0. 

ae^ lTl 

According to Assumptions A2 and A3, we know that $2 is a decreasing function of x. Clearly, $ 2 ( 0 ) = s > 0 



and $ 2 (xo) = —ip{xo,0,V2)v2 < 0. Thus, there exists a unique x 2 € (0, Xo) such that $ 2 (^ 2 ) = 0. It follows 

from Eq. (14) 
kip(x 2 ,y 2 ,v 2 ) 



from Eq. (14) that, y 2 = ^ ~ > 0 and a = k *}^^ - c . = i ( ***>,».*) _ j |. Then , if 

v y ae^ lTl abe ^ Tl+ ^ 2T2 b b \ ace ^ lTl +^ 2T2 ' 



aC eA i ' ri +A2T 2 



> 1 then z 2 > 0. Now we define the antibody immune response activation number as 



Ri = 



kip{x 2 ,y 2 ,v 2 ) 
ace^ Tl +' i2T2 ’ 



which determines whether a persistent antibody immune response can be established. Hence, z 2 can be 

Q 

rewritten as z 2 = ~{R\ — 1). It follows that, there is a chronic-infection equilibrium with antibody immune 

b 

response E 2 (x 2 , y 2 , v 2 , z 2 ) when Ri > 1. 

Clearly from Assumptions A2 and A3, we have 

_ kip(x 2 ,y 2 ,v 2 ) kip(x 0 ,y 2 ,v 2 ) kip(x o ,0,0) _ 

x£l — ~ < ~ ~ I < 77— Z — Mq- 



QggAiTi+A 2 ^ 2 



ace ^ lTl+ ^ 2T2 acem-Ti+A 2 ^ 2 
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2.3 Global stability analysis 

In this section, the global asymptotic stability of the three equilibria of model (5)-(8) will be established by 
using direct Lyapunov method and applying LaSalle’s invariance principle. In the remaining parts of the 
paper we shall use the following function: H : (0, oo) — > [0, oo), 



H (it) = u — 1 — In u. 



Theorem 1. Let Assumptions A1-A3 be hold true and Rp < 1, then the infection- free equilibrium Ep is 
globally asymptotically stable (GAS). 

Proof. We construct a Lyapunov functional as: 



Up = x - x 0 - 




d d + e>llTl y + ye^ lTl+ ^ T2 v + ^ e Am+/*2T 2 
ip(ri, 0, 0) k rk 



t 



t—Tl 



tl>{x(r]),y(i ) ), v(r]))v(r])dri + ae MlTl 




t — T 2 



We calculate diE along the solutions of model (5)-(8) as: 



(16) 



dUo 

dt 



( _ ip(x 0l 0, 0) \ 
V ip(x,o,o) ) 



(s 



dx - ip(x, y, v ) v) + ip(x(t - ri), y(t - n), v(t 



T\))v{t - n) - ae MlTl y 



+ ae^ lTl y(t - r 2 ) 



C ^ e HlTl+H2T2 v _ ^ gA»l Tl +M2 T 2 zy __ gMl Tl +/X 2 T 2 

fc /c fc r/c 



+ ip(x,y,v)v - ip(x(t - ri),y(t - Ti),u(f - n))u(f - n) + ae MlTl (y - y(i - r 2 )) 



/ _ iI>(xq, 0, 0) \ 

S V ^(^,0,0) ) 

( _ ip(xp, 0, 0) \ 

V #*,0,0) J 




(^P{x,y,v) 



ipjxp, 0, 0) 
?/>(£, 0,0) 



ac 

T 



0 Mi t i+M2T 2 



v - ^e^n-i+^z 
rk 




_|_ _ e MlTl+M2T 2 

k 



( i>{x,y,v) 

\tp(x, 0, 0) 




v - 

rk 



(17) 



From Assumptions A2-A3 we know that ip(x, y, v) is an increasing function of x and decreasing function of 
y and v. Then, the first term of Eq. (17) is less than or equal zero aucl 



tp{x, y, v ) < ip(x, 0, 0), x,y,v> 0. 



It follows that 



dUp < G _ tpjxp, 0, 0) \ 
dt ~ \ ip(x, 0,0) J 




+ ^e' tiri+/i2T2 (R 0 -l)v- °^ e ^+^ 2 z _ 
k rk 

8 



(18) 
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Therefore, if Rq < 1, then < 0 for all x, y,v,z > 0. We note that the solutions of system (5)-(8) converge 
to f 2, the largest invariant subset of = 0}[33]. From (18), we have = 0 iff x = a;o, v = 0 and z = 0. 
The set O is invariant and for any element belongs to satisfies v = 0 and z = 0. We can see from Eq. (7) 
that 

v = 0 = ke~^ 2T2 y{t — 72). 



It follows that, y = 0. Hence = 0 iff x = Xo and y = v = z = 0. Using LaSalle’s invariance principle, we 
derive that E 0 is GAS. 

Assumption A5. 



1 - 



j>{x,y,v) \ 
ip(x,y.i,Vi)) 



( tp{x,yi,Vj) 

V i’i x,y,v ) 




< 0, i = 1,2 for all x,y,v > 0. 



Theorem 2. Let Assumptions A1-A5 be hold true and R\ < 1 < Rq, then the chronic- infection equilibrium 
without antibody immune response E\ is GAS. 

Proof. Define: 



u , = * - x, - r + «<»„i ( » 

Jx! V{r],yi,vi) \y 1 

+ ye^ Tl+ll2T2 viH ( — ) + ^- e ^ Tl+f22T2 z 
k \ v i J rk 

t 

'tp(x(v),y(i i),v(v))v(v) 



■ip{x i,yi,vi)vi J H 

t T\ 



V>(a:i,yi,ui)ui 



d?7 + ae MlTl yi [ H ( ) di 7. 



t-r 2 



V yi 



(19) 
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Calculating the time derivative of U\ along the trajectories of system (5)-(8), we obtain 



= (i - ~~r~ ) (s-dx- ip(x, y, v ) v) 



+ e PlTl ^1 - ^ (e ^ lTl ip(x(t - n), - ri),n(t - ri))n(t - n) - ay) 

+ ^e Miri+/ * 2r2 fl — — ^ {ke~ ti2T2 y(t — t 2 ) — cv — bvz ) + a ^-e fllTl+IJ ' 2T2 (rvz — yz) 

+ V’Ou y, v)v - ip(x(t - n), y(t - n), u(f - Ti))u(f - n) 

'ip(x(t - Ti) , y(t - Ti),n(f - ri))n(f - ti) 
ip(x,y,v)v 
y(t - t 2 ) 

y 



+ ip{xi,yi,v 1 )v 1 in 
+ ae MlTl (y-y(t- r 2 ) + yi in 



A ^(ai,2/i,ui)\ , , x . ,/ 

= 1 y- (s- £to) +^(*1,2/1, 

V ^{x,y\,v\) J 



Vl, 



ip(x,y,v)v 

tp{x,yi,vi) 



- —ij>(x(t - n),y(t - ri),n(t - Ti))u(f - n) + ayie'" 17 

y 

- ^eMin+M2T2 W _ oy ( t _ r 2 ) — e^ lTl + ^V iri+#i 2 T 2 i;i 

fc v k 



ab 

~k & 



M1T1+P2T2 _ e HlTl+H2T2 , 

^1^ J C •< 

rk 



+ i/j{x 1 ,yi,v 1 )vi in 
+ ae MlTl yi in 



1p{x(t - Tl),y(t - Ti),v(t - Ti))v(t - Ti) 



ip(x,y,v)v 



— Tvg) 



2/ 



(20) 



Using the equilibrium conditions for E\: 



nr 

s = dxi +ae MlTl yi, ip(xi, yi, ui)ui = ae MlTl yi = — e ' ilTl+Al2T2 



vi, 
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we obtain 



g£=<fc ,( ( 1 -± ]+3ae ^ yi 

at V i’{x,yi,v 1 ) J \ x\ ' 



ae^ 1 x yi— 7 w 

■0(^7, 2/1, ^i) 



fi 1 r 1 rv“ii#ii v iy . jujn ^{x,y,V)V 
f- ae^ 1 1 j/i 






„„ U in„. Vii’ixit - n), y(i - n), v(i - ri))w(t - n) 
y i / / \ 

Wl^ij 2 /i? v i) v i 

u lTl U mn Viy(t-T 2 ) 
ae ^ 1 1 y\ ae^ 1 1 i/i 

Vi vyi 

Ip(x(t - Ti), y(t - Ti), u(t - Ti))v(t - Ti) 



+ ‘ ri yi In 



ip(x,y,v)v 

+ ae^ Tl yi In ~ T2 ^ + ^ e ' ilTl+ ' i2T2 (iq - 2 . 



(21) 



Using the following equalities: 

'ip{x(t - Ti),y(t - ri),u(i - ri))i;(t - n) 



In 



ip(x,y,v)v 



= In 
+ In 



yiip{x(t - n), y(t - n), v(f - n))i;(t - n) 



y>P(x i,j/i, ui)^i 

+ In 



In 



y(t - t 2 ) 



= In ( ^ + In 



ip(x,y,v) 
vi y(t - r 2 )' 



( + 1„ ( +ln (Ml 

V V(®)J/i)Ui) / \ ip{x,y,v) J \vyij 

vyi 



vy i 



we get 



dU 

df 



1 = / _ ^(xi,yi,ui) \ A ®\ f *l>(x,y,v)v _ v_ _ . ^(g.yi.fi) 

V i>(x,yi,vi) ) \ any WOudi^i)^ ${x,y,v) 



ae^ lTl y 1 



( _ 1 _ ln { ip{xi,yi,vi) 
\ip(x,y i,wi) V i>(x,yi,vi) 



+ ^ yi^jxjt - Ti),y(t - Ti),v(t - Ti))n(f - n) _ x _ ln / yii>{x(t - Ti), y(t - Ti), - Ti))u(t - Ti) 

yi>(xi, yi, ^i)ui V 2/^(®i>2/i>ui)ui 

+ [ " uiy(t-r 2 ) _ x _ ln / - r 2 ) 



+ 



vyi 

il>(x,yi,vi) 

ip(x,y,v) 



— 1 — ln 



vyi 

ipjx, yi,vi) 
ip(x,y,v) 



_|_ ^ c fl j lT 1 +fJ, 2 T 2 


U - *) 


k 


\ r ) 



(22) 
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Eq. (22) can be simplified as: 



dUi f tp(xi,y\, Vi] 

dt \ i/)(x,yi,vi) 



i-i 



+ ae^ lTl yi 1 — 



Xi 

ip(x,y,v) \ S ' _ v 
i>(x,yi,vi)J V ip{x,y,v) tq 
/ f vi y(t - t 2 ) 

V ${x,yuvi) ) V v vi 

f yi^jxjt - Ti), y(t - Ti),v{t - Ti))v(t - Tl) 



— ae^ 1 L y\ 



+H 



H 



ab 



.A11T1+A12T2 



y^{x l,J/l,Ul)ui 

(w - 7) *• 



H 



il)(x,yi,vi) 

ip(x,y,v) 



(23) 



From Assumptions A1 and A5, we get that the first and second terms of Eq. (23) are less than or equal 
zero. Now we show that if Ri < 1 then v\ < - = v 2 . Let i?o > U then we want to show that 

sgn(x 2 - xi) = sgn{vi - v 2 ) = sgn{yx - y 2 ) = sgn(Ri - 1). 



From Assumptions A2-A4, for xi, x 2 , yi, y 2: V\, v 2 > 0, we have 



(■ ip{x 2 ,y 2 ,v 2 ) - i>{xi,y 2 ,v 2 )){x 2 - xi) > 0, (24) 

(^(xi, 2/i, vi) - ip(x!,y 2 , v 1 ))(y 2 - yi) > 0, (25) 

(ip(xi,yi,vi) - ip{xi,y 1 ,v 2 ))(v 2 - vi) > 0, (26) 

(ip(x 2 ,y 2 ,v 2 )v 2 - ip(x 2 ,y 2 ,vi)vi)(v 2 - vi) > 0. (27) 

First, we claim sgn(x 2 — x\) = sgn(vi — v 2 ). Suppose this is not true, i.e. , sgn{x 2 — xi) = sgn(v 2 — V\). 
Using the conditions of the equilibria Ei and E 2 we have 



(s - dx 2 ) - (s - dxi) = i’{x 2 ,y 2 ,v 2 )v 2 - ip(xi, tq, vi)vi 
= ae MlTl (j/2 - 2/1 )• 



(28) 



Then, 



sgn(x 2 - Xi) = sgn(yi - y 2 ) 



(29) 
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Moreover, 



(s - dx 2 ) - (s - dx i) = y 2 , v 2 )v 2 - ip(xi, y u Ui)i>i 

= (ip(x 2 ,y 2 ,v 2 )v 2 - ip(x 2 , y 2 ,v\)vi) + (i>(x 2 ,y 2 ,vi)v 1 - ’ip(xi 1 y 2 ,v 1 )v 1 ) 
+ (ip(xi, y 2 , vi)vi - ip(xi, yi, ui)ui). 

Therefore, from inequalities (24) and (29) we get: 

sgn ( x\ — x 2 ) = sgn (x 2 — Xi ) , 



which leads to contradiction. Thus, sgn ( x 2 — aq) = sgn (iq — v 2 ) . Using the equilibrium conditions for Ei 
we have then 

kip(x 2 ,y 2 ,v 2 ) kip(x 1 ,y 1 ,v 1 ) 

Hi — 1 — ; ; 

(2C6^ lTl ' ^ 27 " 2 

= — e~ >ilTl ~ ,l2T2 [ip(x 2 ,y 2 ,v 2 ) - ip{x 2 ,y 2 ,v 1 ) + ip(x 2 ,y 2 ,v 1 ) 
ac 

-il>{xi,y 2 ,vi) + tp{x 1 ,y 2 ,v 1 ) - ip(x\, yi, fi)] . 



We get sgn(Ri — 1) = sgn{v\ —v 2 ). Hence, if Rq > 1, then X\, yi,V\ > 0, and if Ri < 1, then iq < v 2 = -. It 
follows from the above discussion that < 0 for all x, y,v,z > 0. The solutions of system (5)-(8) converge 
to Q, the largest invariant subset of {(x,y,v,z) : = 0} [33]. We have = 0 iff x = aq, v = tq, z — 0 

and H = 0 i.e. 



yiip(x(t - T!),y(t - Ti),u(f - T-i))v{t - n) Vi y(t - t 2 ) 



yip(x 1 ,y 1 ,v 1 )v 1 



vy i 



= 1 for almost all 7* € [0, r], i = 1, 2. (30) 



From Eq. (30), if v = v\ then y = yi and hence '§= 0 iff x = x±, y = y\, v = v\ and 2 = 0. So fl contains a 
unique point, that is E\. Thus, the global asymptotic stability of the chronic-infection equilibrium without 
antibody immune response E\ follows from LaSalle’s invariance principle. 

Theorem 3. Let Assumptions A1-A5 be hold true and R\ > 1, then the chronic- infection equilibrium 
with antibody immune response E 2 is GAS. 
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Proof. We construct a Lyapunov functional as follows: 



U 2 — X — X 2 — 



k e ' 



A»lTl+/X 2 T2 



+ 1 p{x 2 ,y 2 ,V 2 )v 2 J H 

t — Tl 



, r, H (V.) 

2 1p{V,y2,V2) V 2/2 / 

v 2 H ( “1 + ( i 

\V 2 J rk \Z' 

t 

i>(x{v),y(v),v{r]))v(v) 



1p(x2,y2,v 2 )v2 



drj + ae MlTl / H 



t-T 2 



f yW 

V 2/2 



dy. (31) 



Function U 2 satisfies: 



^ = (i- U ^ 2 ' !J 2 ' 1 ^ ) ( s-dx-tp(x,y,v)v ) 
at V f{x,y 2 ,v 2 ) 



+ e MlTl ^1-^ (e ^ iri V>(a;(t - ri),y(t - n),n(t - n))i;(t - n) - ay) 



+ 



A»lTl+^ 2 T2 



^1 — — ^ (fee M 2 T 2 y(f — T2) — cu — bvz) + 



ab 



,/lin+ M 2 T -2 



fc V W v " ' ' rfe 

+ ip(x,y,v)v - ip(x(t - n),y(t - ri),u(t - Ti))v(i - n) 

'ip(x(t - ri),y(t - ri),u(t - Ti))u(f - Ti) 



^1 — — ^ (rvz — y,z) 



+ ip(x 2 ,y 2 ,v 2 )v 2 In 



+ ae MlTl - y(t - r 2 ) + y 2 In 
Applying s = dx 2 + ae MlTl y 2 , we get 



ip(x,y,v)v 

y(t-r 2 y 



dt \ i>[x,y2,V2) J 



— x) + ae^ lTl y2 — ae MlTl y 2 



V>( X 2 ,V2,V2 ) 



. ,/ \ y(x 2 ,y2,v 2 ) , 

+ ip{x, y, v)v— - ip{x 2 , 2/2, n 2 )u 2 

1p{X,y2,V2) 



i>( x,y 2 ,v 2 ) 

y2lp{x{t - Ti),y(t - Ti),v(t - Ti))v(t - n) 
y^{X2,y2,V 2 )V2 



+ ae» lTl y 2 - ^V lTl+ ^ 2T2 u - ae^ylt - r 2 )— + ^V 1 ^ 272 ^ 
k v k 



_|_ Q ^ c MlTl+M2T2 

k 



V 2 z - ^V lTl +/i2T2 z - ^-e lilTl+ ^ T2 Z2V + ^V lTl+/i2T2 * 2 
rk k rk 



+ », «)« In | ' V-(x(^n),,Xi -n).nU-T,)M t -n) \ + ae „„ / »(t - r,) 

ip{x,y,v)v J 



(32) 



(33) 



By using the equilibrium conditions of E 2 



ip(x 2 ,y2,V2)v 2 = ae MlTl y 2 , cv 2 = ke M 2 T 2 y 2 - bv 2 z 2 , y = rv 2 , 
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and the following equalities 



= cv 2 — = (fee ^ T2 y 2 - bv 2 Z 2 ) — , 

V 2 V 2 



In 



- Ti),y(t - Ti),v(t - Ti))v(t - Ti) 

ip(x,y,v)v 



In 



f y(t - t 2 ) 
V y 



= In 
+ In 
= In 



y 2 ip{x{t - ri), y(t - n), v(t - n))v(t - n) 



( l/>(X2,y2,V2) 

V ip(x,y 2 ,v 2 ) 

+ In 



yi’(X2,V2,V2)V2 
tp(x,y 2 ,v 2 ) 



In 



yy 2 
v 2 y 



ip(x,y,v) 
v 2 y(t - t 2 )' 
vy 2 



In 



V2V\ 

vy2j 



we obtain 



dU 2 

dt 



= d 1- 



^{x 2 ,y 2 ,v 2 ) 



ae^ Tl y 2 



(x 2 - x) + ae /J,lTl y 2 
- 1 - in 



+ 



+ 



ip(x,y 2 ,v 2 ) 

Y j’( X 2,y2,V2) 

\ip{x,y 2 ,v 2 ) * “ V tp(x,y 2 ,v 2 ) 

y 2 ip{x(t - Ti),y(t - T\),v(t - n))v(t - n) 
ylp{X 2 ,y 2 ,V 2 )V 2 



ip(x,y,v)v _ v_ _ x t/;(x,y 2 ,v 2 ) 

ip(x,y,v) 



1p(x,y 2 ,V 2 )v 2 v 2 
f i>{X2,y2,V 2 ) 



v 2 y{t - t 2 ) 



- 1 - in 



vy 2 

We can rewrite (34) as 



V 2 y(t - t 2 ) 



vy 2 



- 1 - in 

ip(x,y 2 ,V2) 

ip(x,y,v) 



( y 2 lp(x(t - Ti),y{t - Ti),v(t - Ti))v(t - n 

V yi>(x 2 ,y 2 ,v 2 )v 2 

ip(x,y 2 ,v 2 ) 



- 1 - in 



%l>(x,y,v) 



(34) 



dU 2 

dt 



= dx 2 1 - 



+H 



j’(X2,y2,V2) 
ip(x,y 2 ,v 2 ) 

H 

f V2 y(t - T 2 ) 

V v y-2 



i - 



X2 



+ ae^ lTl y 2 1 - 



tp(x,y,v) \ ( ip(x,y 2 ,v 2 ) v 



ip(x,y 2 ,v 2 )J V ${x,y,v) v 2 



ae^ Tl y 2 



( tp(x 2 ,y 2 ,V2) \ H ( y 2 ip(x{t - T\),y(t - ri), v(t - n)M t - Ti) 

v ip(x,y 2 , v 2 ) ) V yi>(x 2 ,y 2 ,v 2 )v 2 

i>{x,y 2 ,v 2 ) 



H 



i>(x,y,v) 



(35) 



We note that from Assumptions A2 and A5, the first and second terms of Eq. (35) are less than or equal 
zero. Noting that x,y,v,z > 0, we have that < 0. The solutions of model (5)-(8) converge to Q, the 
largest invariant subset of {(x,y,v,z) : = 0}[33]. We have = 0 iff x = x 2 , v = v 2 and H = 0 i.e., 

y 2 ip(x(t - tt ), y(t - ri), v(t - Ti))v{t - n) v 2 y(t - t 2 ) 



yfp(X2,y2,V2)v 2 



vy 2 



= 1 for almost all t* € [0, r], * = 1, 2. (36) 



If v = v 2 , then from Eq. (36) we get y = y 2 - The set f 1 is invariant and for any element belongs to Q satisfies 
v = V 2 = — ■ From Eq. (7) we get z = z 2 . Therefore, = 0 iff x = x 2 , y = y 2 , v = v 2 and z = z 2 . The 
global asymptotic stability of the chronic-infection equilibrium with antibody immune response E 2 follows 
from LaSalle’s invariance principle. 
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3 Conclusion 

In this paper, we have proposed a delayed viral infection model with general incidence rate function and 
antibody immune response. The model has been incorporated with two kinds of discrete time delays repre- 
senting the time needed for infecting an uninfected target cell and viral production. We have derived a set of 
conditions on the general functional response and have determined two threshold parameters Ro and Ri to 
prove the existence and the global stability of the model’s equilibria. The global asymptotic stability of the 
three equilibria, infection-free, chronic-infection without antibody immune response and chronic-infection 
with antibody immune response has been proven by using direct Lyapunov method and LaSalle’s invariance 
principle. 
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STABILITY OF GENERALIZED CUBIC SET- VALUED 
FUNCTIONAL EQUATIONS 

DONGSEUNG KANG 

Abstract. We will show the general solution of the functional equation 
f(ax + by) + f(bx - ay) + (a + b) 2 (a - b)f(y) 

= a 2 bf(x + y) + ab 2 f(x - y) + (a + b)(a - b) 2 f(x) 

and investigate the Hyers-Ulam stability of cubic set-valued functional 
equation when 6=1. 



1. Introduction 

The theory of set-valued functions in Banach spaces is connected to the 
control theory and the mathematical economics. Aumann [4] and Debreu [8] 
wrote papers that were motivated from the topic. We refer the reader to 
the papers by [1], [18], [10], [3], [17], [7] and [9]. 

The stability problem of functional equations originated from a question 
of Ulam [25] concerning the stability of group homomorphisms. Hyers [11] 
gave a first affirmative partial answer to the question of Ulam. Afterwards, 
the result of Hyers was generalized by Aoki [2] for additive mapping and 
by Rassias [23] for linear mappings by considering a unbounded Cauchy 
difference. Later, the result of Rassias has provided a lot of influence in the 
development of what we call Hyers-Ulam stability or Hyers-Ulam-Rassias 
stability of functional equations. For further information about the topic, 
we also refer the reader to [13], [12], [5] and [6]. 

Jun and Kim [15] introduced the following cubic functional equation: 

f{2x + y) + /( 2x - y) = 2 f(x + y) + 2 f(x - y) + 12 f(x) 

and established a general solution. Najati [20] investigated the following 
generalized cubic functional equation: 

(1.1) f(ax + y) + f{ax - y) = af(x + y) + af{x - y) + 2 (a 3 - a)f(x) . 

In this paper, we deal with the following functional equation: 

(1.2) f(ax + by) + f(bx - ay) + (a + b) 2 (a - b)f(y) 

= a 2 bf(x + y) + ab 2 f(x - y) + (a + b){a - b) 2 f(x) 

2000 Mathematics Subject Classification. 39B55; 47B47; 39B72. 

Keywords : Hyers-Ulam-Rassias Stability, Cubic Mapping, Set-Valued Functional 
Equation, Closed and Convex Subset, Cone, Fixed Point. 
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2 DONGSEUNG KANG 

for all x , y E X and integers a, b(a > b > 1) . We will show the general 
solution of the functional equation (1.2) and investigate the Hyers-Ulam 
stability of cubic set-valued functional equation when 6 = 1. 

2. A GENERALIZED CUBIC FUNCTIONAL EQUATION 

In this section let X and Y be vector spaces and we investigate the general 
solution of the functional equation (1.2). 

Theorem 2.1. A function f : X -» Y satisfies the functional equation (1.1) 
if and only if it satisfies the functional equation 

(2.1) f(ax + y) + f(x - ay) - a 2 f{x + y) - affix - y) 

= (a - 1 )(o 2 - 1 )/(x) - (a + l)(a 2 - 1 )ffiy) 

Proof. See [16, Theorem 2.1]. □ 

Theorem 2.2. A function f : X — > Y satisfies the functional equation (1.1) 
if and only if it satisfies the functional equation (1.2). 

Proof. Suppose that / satisfies the equation (1.1). Since / satisfies the 
equation (1.1), it is easy to show /( 0) = 0 ,f(x) = —f(—x) and ffiax) = 
a 3 /(x) for all x E X and integer a (a 0 , ±1). Replacing x and y in the 
equation (1.1), we obtain 

(2.2) ffix + ay) - ffic - ay) = a[ffix + y)~ ffix - y)\ + 2 a(a 2 - 1 )ffiy) 

for all x,y E X and an integer a ( a 0,±1). By letting x = ax in the 
equation (2.2), we have 

(2.3) ffix + y) - ffiax - y) = a 2 [f(x + y) - ffix - y)\ + 2(1 - a 2 )f{y) 

for all x , y E X and an integer a (a 0 , ±1). By replacing x and y in the 
equation (2.3), we get 

(2.4) ffix + ay) + f(x - ay) = a 2 [f(x + y) + ffix - y)] + 2(1 - a 2 )f(x) 

for all x , y E X and an integer a (a 0,±1). Replacing a by 6 in the 
equation (1.1), we have 

(2.5) ffibx + y) + ffibx - y) = bf(x + y) + bffix - y) + 2(6 3 - b)ffix) 
Letting y = by in the equation (1.1), 

(2.6) f(ax + by) + f(ax - by) = affix + by) + affix - by) + 2 (a 3 - a) ffix) 
Letting y = ay in equation (2.5), 

(2.7) ffibx + ay) + ffibx - ay) = bffix + ay) + bffix - ay) + 2(6 3 - b)f(x) 
Replacing x and y in the equation (2.7), 

(2.8) f(ax + by) - f{ax - by) = bf(ax + y) - b ffiax - by) + 2(6 3 - b)ffiy) 
Replacing x and y in equation (2.6), 

(2.9) ffix + ay) - ffix - ay) = affix + y) - affix - y) + 2 (a 3 - a)ffiy) 
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CUBIC SET- VALUED FUNCTIONAL EQUATIONS 3 

Adding two equations (2.6) and (2.8), we obtain 

(2.10) 2 f{ax + by) = af(x + by) + af(x - by) + 2 (a 3 - a)f(x) 

+bf(ax + y) - bf (ax - y) + 2(b 3 - b)f(y) 
Subtracting (2.9) from (2.7), we have 

(2.11) 2 f(bx - ay) = bf(x + ay) + bf(x - ay) + 2 (b 3 - b)f(x) 

—af(bx + y) + af (bx - y) - 2(a 3 - a)f(y) 

Now, adding two equations (2.10) and (2.11), we get 

(2.12) 2 [f (ax + by) + f{bx - ay)] = a[f(x + by) + f{x - by)] 

+b[f(ax + y)~ f(ax - y)] + 2 (a 3 - a)f(x) + 2(6 3 - b)f{y) 

+b[f(x + ay) + f(x - ay)] - a[f{bx + y) - f(bx - y)] 

+2(6 3 - b)f(x) - 2 (a 3 - a)f(y) 

The desired result is obtained from the equation (2.12) by using the equa- 
tions (2.3) and (2.4). Conversely, suppose that / satisfies the equation (1.2). 
Letting b = 1 in the equation (1.2), we have the equation (2.1). The remains 
follow from Theorem 2.1. □ 

If / satisfies the equation (1.2), we call / a generalized cubic mapping. 

3. Stability of the generalized cubic set- valued functional 

EQUATION 

In this section, we first introduce some definitions and notations which 
are needed to prove the main theorems. Let Y be a Banach space. The 
family of all closed subsets, containing 0 , of Y will be denoted by C Z (Y) . 
Let A , B be nonempty subsets of a real vector space X and A a real number. 
We define 



A + B = {a + b <E X \ a e A,b <E B} 

A A — -(An £ X | a £ A ]■ . 

Lemma 3.1 ( [21]). Let A and y be real numbers. If A and B are nonempty 
subset of a real vector space, then 

A {A + B) = XA + XB 
(A T y)A (7 A A T yA . 

Moreover, if A is a convex set and Xy > 0 , then we have 

(A T y)A = A A T yA . 
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A subset A C X is said to be a cone if A + A C A and A A C A for all 
A > 0 . If the zero vector in X belongs to A , then we say that A is a cone 
with zero. 

Let Cb(Y) be the set of all closed bounded subsets of Y , C c (Y) the set 
of all closed convex subsets of Y and C c b(Y) the set of all closed bounded 
convex subsets of Y . For elements A , B of C c (Y) and positive real values 
A , // . we denote 

A® B = A + B . 

For a subset A of Y , the distance function d{- , A) and the support function 
s (- , A) are defined by 

d(x,A ) := inf {||x — y\\ \ y £ A} for all x £ Y 

s(x* ,A) := sup {(x* , x)|| | x £ A} for all x* £ Y* . 

For A, A 1 £ Cb(Y ) , the Hausdorff distance h(A,A') between A and A' is 
defined by 

h(A , A') := inf {a > 0 | A C A 1 + aBy , A 1 C A + aBy} , 

where By is the closed unit ball in Y . Castaing and Valadier [7] proved that 
(Ccb(Y) , © , h) is a complete metric semigroup. Radstrom [22] showed that 
(C c b(Y) , © , h) is isometrically embedded in a Banach space. The following 
remark is directly obtained from the notion of the Hausdorff distance. 

Remark 3.2. Let A, A 1 ,B ,B' ,C £ C c b(Y ) and a > 0 . Then the following 
properties hold: 

(1) h{A ®A',5® B’) < h(A , B) + h{A ' , B') 

(2) h(aA , aB) = ah(A , B) 

(3) h(A,B) = h(A®C,B®C). 

First, let X be a real vector space , A C X a cone with zero and Y a 
Banach space. 

Theorem 3.3. If f : A + (— 1)A -A C Z (Y) is a set-valued mapping with 
/( 0) = {0} satisfying 

(3.1) f(ax + y) + f(x - ay) + (a 2 - l)(a + l)/(y) 

C a 2 f(x + y) + af(x - y) + ( a 2 - l)(a - 1 )f(x) 

and 

sup{diam(/(x)) | x £ A} < oo 

for all x ,y £ A and an integer a (a > 2) , then there exists a unique gen- 
eralized cubic mapping C':A + (— 1)A— >T such that C{x) £ f(x) for all 
x £ A. 

Proof. Letting y = 0 in (3.1), we have 

(3.2) f(ax ) C a 3 /(x) 
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CUBIC SET- VALUED FUNCTIONAL EQUATIONS 5 

for all x € A and an integer a (a > 2) . Replacing x by a n x , n G N in (3.2) , 
we get 

f(a n+1 x ) C a 3 /(a n x) 

and 

for all x e A and an integer a (a > 2). Let f n {x ) = ~^f{a n x) for each 
iei,n£N. Then {/ n (x)} n >o is a decreasing sequence of closed subsets 
of the Banach space Y . Also, we obtain 

diam(/ n (x)) = ^diam(/(a n x)) . 

Since sup{diam(/(x)) | x € A} < oo , we have 

lim diam(/ n (x)) = 0. 
n— >oo 

Using the Cantor theorem for the sequence {f n (x)} n >o i w e get that 
r\ n >ofn(x) is a singleton set and we denote this intersection by C(x) for 
all x E A . Hence we obtain a map C : A + (— 1 )A Y and 

C(x) G fo(x) = f(x) 

for all x G A . We claim that C is generalized cubic. We note that 
fniflx + y ) + f n (x - ay) + (a 2 - l)(a + 1 )f n {y) 

^ f(a n (ax + y)) f{a n {x - ay)) (a 2 - l)(a + l)f{a n y) 

~ a 3n a 3n a 3n 

c a 2 f(a n (x + y)) af(a n (x - y)) (■ a 2 - l)(a - l)f{a n x) 

a 3n a 3n a 3n 

= a 2 f n (x + y) + af n (x - y) + (a 2 - 1 )(a - l)/„(x) 

for all x G A and an integer a (a > 2) . By the definition of C , we obtain 
C(ax + y) + C(x - ay) + (a 2 - l)(a + l)C(y) 

= n^o (j n (ax + y) + f n (x - ay) + (a 2 - l)(a + l)/„(y)) 

C n™ =0 (a 2 f n (x + y) + af n (x - y) + (a 2 - l)(a - l)/ n (x)^ 
for all x G A and an integer a (a > 2) . Hence we have 
||C(ax + y) + C(x - ay) + (a 2 - l)(a + l)C(y) 

—a 2 C(x + y) — aC(x — y) — (a 2 — l)(a — l)C(x)|| 

< a 2 diam(/„(x + y)) + adiam(/ n (x - y)) + (a 2 - l)(a - l)diam(/ n (x)) , 

which tends to zero as n — > oo . Thus C satisfies the equality (1.2). Hence C 
is a generalized cubic, as claimed. Next, let us prove the uniqueness of C . 
Assume / has two generalized cubic functional equations C\ and C 2 from 
A + (— 1 )A into Y . Then we have 

(an) 3 Ci(x) = Ci(anx) G f(anx) 
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6 DONGSEUNG KANG 

for all x E X , n E N and i E {1,2}. Then we have 

(an) 3 1 1 Cd (x) - C 2 (x)|| = ||(an) 3 Ci(x) - (anfC 2 {x)\ \ 

= ||(Ci(anx) — C 2 (anx)|| 

< diam(/(anx)) 

for all x E X , n E N . Since sup{diam(/(x)) | x E A} < oo , Ci(x) = C 2 (x) , 
for all x E X . □ 

Definition 3.4. Let / : X — > C c b(Y ) . The generalized cubic set-valued 
functional equation is defined by 

(3.3) f{ax + y)® f{x - ay) © (a 2 - l)(a + 1 )/(y) 

= a 2 f{x + y) © af(x - y) © (a 2 - l)(a - 1 )f(x) 
for all x E A and an integer a (a > 2) . Every solution of the generalized 
cubic set-valued functional equation is called a generalized cubic set-valued 
mapping. 

Theorem 3.5. Let <p : X x X — > [0, oo) be a function such that 

OO -y 

(3.4) <j)(x,y) :=^2~^j<j){a J x, a J y) < oo 

3=0 a 

for all x, y E X and an integer a (a > 2) . Suppose that f : X — > (C c b(Y), h ) 
is a mapping with /( 0) = {0} satisfying 

(3.5) h(j(ax + y)® f(x - ay) © (a 2 - l)(a + 1 )f(y), 

a 2 f(x + y) © af(x - y) © (a 2 - l)(a - 1 )f(x)') < f(x, y) 

for all x, y E X and an integer a (a > 2) . Then there exists a unique 
generalized cubic set-valued mapping C : X -A ( C c b(Y ), h) such that 

(3.6) h(f(x),C(x))<- 3<£(x,0) 

/or all x, y £ X and an integer a (a > 2) . 

Proof. Let y = 0 in the inequality (3.5). Since f(x) is convex, we have 
h(j{ax) © /(x), a 2 / (x) © a/(x) © (a 2 - l)(a - l)/(x)) < </(x, 0) , 
that is, 

(3.7) h[f(x), ^f(ax)) < ~g</(x, 0) 
for all x E X . Replacing x by a k x , fc 6 N , we get 

h(^f{a k x), ~^f(a k+1 x) S j < ^4>{a k x,0) 

and 
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for all x £ X . Using the induction on k , we obtain 



(3.8) 




1 




1 n_1 1 

— “3fc < /*( a 0) 



k = 0 



for all x G X and ?j 6 N. Dividing the inequality (3.8) by a 3m and replacing 
x by a m x , we have 



i i ii i 

(3-9) '•(^/(« m A ^H^/(«" +m *)) < ^ E 

k = 0 



for all x € X and n , m £ N . Since the right-hand side of the inequality (3.9) 
tends to zero as m -A oo , the sequence {-^ f(a n x)} is a Cauchy sequence 
in (C c b(Y), h ) . By the completeness of C c b(Y ) , we can define 

C(x) : = lim (a n x) 

n— >oo Qr n 

for all x £ X and an integer a (a > 2) . We note that 

u (f{a n {ax + y)) ^ f(a n (x - ay)) ^ (a 2 - l)(a + 1 )f{a n y) 
h \ ^ ® ^ 0 ^ ’ 
a 2 f(a n (x + y)) af(a n {x-y)) (a 2 - l)(a- l)/(a n x)\ 

a 3n a 3n a 3n ) 

< -^<t>{a n x,a n y) 

for all x, y £ X and an integer a (a > 2) . By the definition of C , we have 

h.(c(ax + y) ®C(x - ay)® (a 2 - l)(a + l)C(y), 

a 2 C(x + y) ® aC(x — y) 0 (a 2 — l)(a — 1 )C(x)'j 

< Ihu -^-<))(a n x, a n y) = 0 . 
n— >oo o° 

Hence C is a generalized cubic set-valued mapping. Now, by taking n — > oo 
in the inequality (3.8), we have the inequality (3.6). It remains to show the 
uniqueness of C . Assume C : X -> (C c b(Y), h) is another generalized cubic 
set- valued mapping satisfying the inequality (3.6). Then 



h(c{x), C\x)^ = ^ n h(c(a n x ), C\a n x) s j 



< - 3 n h ( C(a n x), f{a n x ) ) + ~^h( f(a n x), C ( a n x 



7 3 n 



^ ^TI)^ Qnx ’ 0 ) 

for all x £ X . Since 3( 2 +1) 4>{a n x , 0) — > 0 as n -A 00 , we may conclude that 



the generalized cubic set-valued mapping C is unique. 



□ 
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Corollary 3.6. Let 0< p <3, 6 > 0 be real numbers and let X be a 
real normed space. Suppose that f : X — > (C c b(Y), h) is a mapping with 
/( 0) = {0} satisfying 

h(j(ax + y)® f(x - ay) © (a 2 - l)(a + 1 )f(y), 

a 2 f(x + y)®af(x - y) 0 (a 2 - l)(a - 1 )/(x)) < 0(| |x|| p + | \y \ | p ) 

for all x, y 6 X and an integer a (a > 2) . Then there exists a unique 
generalized cubic set-valued mapping C : X — > ( C c b(Y ), h ) satisfying 

h(f{x), C(c)) < 3 ° |M| P 
ar — aP 

for all x, y € X and an integer a (a > 2) . 

Proof. It follows from Theorem 3.5 by letting y ) = 0(||x|| p + ||y|| p ) for 
all x, y G X . □ 

4. Stability of set- valued functional equation by the fixed 

POINT METHOD 

Now, we will investigate the stability of the given functional equation 
(3.3) using the alternative fixed point method. Before proceeding the proof, 
we will state the theorem, the alternative of fixed point; see [19] and [24], 

Definition 4.1. Let X be a set. A function d : X x X — > [0, oo] is called a 
generalized metric on X if d satisfies 

(1) d(x, y) = 0 if and only if x = y ; 

(2) d(x, y) = d(y, x) for all x, y e X ; 

(3) d(x, z) < d(x, y) + d(y , z) for all x, y, z G X . 

Theorem 4.2. [ The alternative of fixed point [19], [24] ] Suppose that we 
are given a complete generalized metric space (fl, d) and a strictly contractive 
mapping T : Q — > with Lipschitz constant L . Then for each given x G fl , 
either 

d(T n x, T n+l x ) = oo for all n > 0 , 
or there exists a natural number no such that 

(1) d{T n x, T n+l x) < oo for all n> no ; 

(2) The sequence ( T n x ) is convergent to a fixed point y* ofT- 

(3) y* is the unique fixed point of T in the set 

A = {y G Ll\d(T n °x, y) < oo} ; 

(4) d(y, y*) < ^ d(y,Ty ) for all y <E A . 

Theorem 4.3. Suppose that f : X — > (C c b(Y), h) is a mapping with /( 0) = 
{0} satisfying 

(4.1) h[f(ax + y) © f(x - ay) © (a 2 - l)(a + 1 )f(y), 
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a 2 f(x + y)® af(x - y) © (a 2 - 1 )(a - 1 )f(x)'j < cf>(x, y ) 

for all x, y G X and an integer a (a > 2) and there exists a constant L with 
0 < L < 1 for which the function <ft : X 2 — > M + satisfies 

(4.2) (j)(ax, 0) < a 3 L(f(x,0) 

for all x G X . Then there exists a unique generalized cubic set-valued map- 
ping C : X — > ( C c b(Y ), h ) given by C{x) = lim^oo ^^sn ' 1 such that 

(4.3) Kf(x), C{x)) < a 3 (i_ L ^ ( x ’ 0 ) 
for all x, y & X and an integer a (a > 2) . 

Proof. Consider the set 

n = {g\g:X->C cb (Y),g(0) = {0}} 

and introduce the generalized metric on Q defined by 

d(gi, g-i) = inf{// G (0, oo) | h(gi(x) , g 2 (x)) < n<j>( x , 0) , for all x G X} . 

We note that inf 0 := oo . It is easy to show that (fl, d) is complete; see [14]. 
Now we define a function T : hi -A fl by 

(4.4) T(g)(x) = \g(ax) 

a- 3 

for all x & X . Note that for all g\, g 2 G hi , let p G (0, oo) be an arbitrary 
constant with d(gi, g 2 ) = /x • Then 

(4.5) h(-»gi(ax) , \g 2 {ax)) < ^(oi, 0) 

O ' 3 O ' 3 O ' 3 

for all x G X . By using (4.2), we have 

(4.6) /i(^gi(ax) , \g 2 (ax)) < nLcj){x, 0) 

O ' 3 O ' 3 

for all a; G X . Hence we obtain 



d(Tgi, Tg 2 ) < Ld(gi, g 2 ) 



for all g \ , g 2 G hi , that is, T is a strictly self- mapping of hi with the Lipschitz 
constant L . Letting y = 0 in the inequality (4.1), we get 

h(\f(ax ) , f(x)) < \<t>{x, 0) 
a " 3 o ' 3 

for all x G X . This means that 



1 



d(Tf, /) < — o 



By Theroem 4.2, there exists a fixed point C : X 
{g G 12 | d(gi , g 2 ) < oo} such that {T k f} — > 0 ad k - 

f(a n x) 



A (Cch(Y), h) of T in 
oo . Hence we have 



(4.7) 



C(x) = lim 

n— xx> 



1 3n 
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for all x £ X . Also, we have 



d(f,C)< 






1 1 

a 3 1 — L 



This implies that the inequality (4.3) holds for all x E X . By the inequalities 
(4.1) and (4.2), we have 

h[c{ax + y) © C(x - ay) ® (a 2 - l)(a + l)C(y), 

a 2 C(x + y) © aC(x — y) © (a 2 — l)(a - l)C'(x)^ 

< lim L n (j){a n x , a n y ) = 0 

n— >oo 



for all x, y G X and an integer a (a > 2) . Thus C is a unique generalized 
cubic set- valued mapping. □ 



Corollary 4.4. Let 0 < p < 3 and 9 > 0 be real numbers and let X be 
a real normed space. Suppose that f : X — > (C c b(Y), h) is a mapping with 
/( 0) = {0} satisfying 

(4.8) h^f(ax + y) © f(x - ay) © (a 2 - l)(a + 1 )f{y), 

a 2 f(x + y)®af(x-y)®(a 2 -l)(a-l)f(xfj < 0(||:r|| p + ||y|| p ) 

for all x, y £ X and an integer a (a > 2) . Then there exists a unique 
generalized cubic set-valued mapping C : X — > ( C c b(Y ), h) such that 

(4.9) h(f(x ;), C(x)) < ° ||ai|| p 

— aP 

for all x e X and an integer a (a > 2) . 

Proof. It follows from Theorem 4.3 by letting f>(x, y) = 0(||x|| p + ||y|| p ) for 
all x, y £ X . Then we can choose L = a p ~ 3 and hence we have the desired 
result. □ 
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Abstract: In the classical theory of convergence spaces, both regularity (71-regularity) 
and topologicallness (71-topologicallness) are important notions. It is well known that 
topologicallness (/> top ologi c all ness ) can be described by a sophisticated Fischer-type 
diagonal condition, and regularity (71-regularity) can be described by dualizing that 
diagonal condition. Additionally, regularity (71-regularity) can also be characterized by 
the notion of closures of filters. In this paper, for stratified L-generalized convergence 
spaces, a new regularity (71-regularity) is defined by duzlizing a Fischer-type diagonal 
condition, which is used to describe the L-topologicallness of stratified L-convergence 
spaces (a subcategory of stratified L-generalized convergence spaces). Additionally, a 
characterization on this new regularity (71-regularity) by a notion of closures of stratified 
L-filters, is also presented. 

Keywords: Topology; Lattice- valued topology; Lattice-valued convergence space; reg- 
ularity; Diagonal condition 

1 Introduction 

71-topologicallness [ 17 ] and 71-regularity [ 11 ] are dual notions in the classical theory 
of convergence spaces [ 16 ]. For a set A", let F(A) denote the set of all filters on A". 
Let q and p be convergence structures on a set X. Then the space (A", q) is called 
71-topological if it satisfies either of the two conditions below. 

( 1 ) Up(F) x whenever F x, where U p (F) is the neighborhood of F w.r.t p. 

* Corresponding author. Tel. /fax: +86 15206506635/+86 635 8258028. 

E-mail address: lilingqiang0614@126.com, liqingguoli@yahoo.com.cn. Mailing address: Depart- 
ment of Mathematics, Liaocheng University, Liaocheng, 252059, P.R. China 
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(2) (Fischer-type diagonal condition) Let J be any set, i/j : J — > X, and let 

o : J — ■> F(X) have the condition that a(j) ip(j), for all j E J. If F G F (J) is 

such that x, then ka¥ x. Here, ka¥ = (J f) a (f) £ F(X) is called the 

Few jeF 

compression of F relative to a. 

The space (X, q) is called 71-regular if it satisfies either of the two conditions below. 

(1) F p x whenever F x, where ¥ p is the closure of F w.r.t p. 

(2) (Dual Fischer- type diagonal condition) Let J be any set, 7/1 : J — > X , and let 

o : J — ■> ¥(X) have the condition that cr(j) ^(j), for all j <G J. If F <G F(J) is such 
that ka¥ -U x, then x. 

When p = q, 71-topologicallness and 71-regularity are refereed to topologicallness and 
regularity [1,3,12], respectively. 

Stratified L-generalized convergence spaces defined by Jager [7] are lattice- valued 
extensions of convergence spaces. In [9], Jager studied a regularity of stratified L- 
generalized convergence spaces both by a dual Fischer- type diagonal condition and 
a notion of a-lever closures of stratified L-hlters. Later, Li and Jin [14] generalized 
Jager’s regularity to p- regularity. Quite recently, by modifying Jager’s Fischer-type 
diagonal condition, the first author and his co-author [15] introduced a new Fischer- 
type diagonal condition, and proved that this condition happens to characterize the 
topologicallness of stratified L-convergence spaces [4, 13] (a subcategory of stratified 
L-generalized convergence spaces). In this paper, by dualizing that diagonal condition, 
a new regularity (71-regularity) of stratified L-generalized convergence spaces is defined, 
and a characterization on this new regularity (71-regularity) by the notion of closures 
of stratified L-hlters, is also presented. 

The contents are arranged as follows. Section 2 fixes some notions and notations 
used in this note. Section 3 recalls the Fischer-type diagonal notion such that strati- 
fied L-convergence spaces are L-topological. Section 4 presents the main results. That 
is, by dualizing a Fischer-type diagonal condition in Section 3, we define a new regu- 
larity (71-regularity) of stratified L-generalized convergence spaces and then present a 
characterization on that regularity (71-regularity) by a notion of closures of stratified 
L-hlters. 

In this paper, if not otherwise specihed, L = (L, <) is always a complete lattice 
with a top element 1 and a bottom element 0, which satisfies the distributive law 
a A (Vte/ft) = V,y( a A fa). A lattice with these conditions is called a complete 
Heyting algebra or a frame. The operation — LxL — > L given by a — > (3 = V(7 £ 

L : a Ay < /?}, is called the residuation with respect to A. For the properties of A and 
— >, please refer to the literatures [6,7,14], 

For a set X , the set L A of functions from X to L with the pointwise order becomes 
a complete lattice. Each element of L x is called an L-set (or a fuzzy subset) of X. And 
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we make no difference between a constant function and its value since no confusion will 
arise. Let / : A — > Y be a function. We define/^ : L y — > L x [6] by /^(/x) = /i o / 
for /i G L Y . 

Let A" be a set. A fuzzy partial order (or, an L-partial order) on A" [2] is a re- 
flexive, transitive and antisymmetric fuzzy relation on A". The pair (A, R ) is called 
an L-partially ordered set. Let [L x ] : L x x L x — > L be a function defined by 
[L x ]( A,p) = /\ x£ x(^( x ) f( x ))- Then [L x ] is an L-partial order on L x [2,19]. 

The value [L x ]{X, p) G L is interpreted as the degree that A is contained in p. In 
the sequel, we use the symbol [A , p\ to denote [L A "](A, /i) for simplicity. The following 
lemma is useful to the subsequent section. 

Lemma 1.1. [14] Let f : X — > Y be an function. For any X, p, v G L x and any 
{X i} i£ i,{tti}iei C L x , we have (1) A < p implies [X,u] > [p,isj; (2) [A, A ieI p,i] = 
f\ ia [\Hi]; (3) A A [A ,p\ < n; (4) [V ie jA. .*, /z] = A ie /[A *,//]; (5) [A,//] < [/^(A), /-(//)]. 

A stratified L-filter [6] on a set A is a function A : L A — » L such that: (F0) 
A(0) = 0, (FI) A(l) = 1, (F2) VA, p G L x , A(A) A A(/x) = A(A A /i), (Fs) Va G L, 
IF (a) > a. The set A£(A) of all stratified L-filters on X is ordered by T < Q <$■ 
VA G L' Y ,A(A) < Q( A). There is a natural fuzzy partial order on A£( A") inherited 
from LT a ). Precisely, for all IF, Q G A£(A), if we let [A£(A)](A, Q) = [L lX ](A, Q) = 
I\\&l x (F(X) — > f?(A)), then [A£(A) is an L-partially order. 

Example 1.2. (1) For each point x in a set A, the function [x] : L x — > L, [a?] (A) = 
X(x) is a stratified L-filter on A. (2) If {Ffj G J} C A£( A), then A jej-Fj e A£(A). 

(3) Let / : A — > A be a function. If A G A£(A), then the function /^(A) G 
F'l(Y), where /^(A) : Lf — ■> L is defined by A A(A o /) = A(/^( A)). 

2 Fischer-type diagonal condition of stratified L- 
convergence spaces 

In this section, we shall recall the Fischer-type diagonal condition such that a stratified 
L-convergence space is L-topological. 

Definition 2.1. A stratified L-generalized convergence structure [7,18] on a set X is 
a function line' : A£(A) — ■> L x satisfying (LC1) \/x G A, lim 9 [x] (x) = 1; and (LC2) 
VA, Q G A£(A"), IF < Q = lin FT < lim g Q. The pair (A", lim 9 ) is called a stratified L- 
generalized convergence space. The pair (A, lim 9 ) is called a stratified L-convergence 
space [13] (or, a stratified L-ordered convergence space in [4]) if lim : A£(A) — > 
L x is a function satisfying (LC1) and (LC2') VA, Q G A£(A), [A£(A)](A ,Q) < 
[L x ](lim 9 A, Y\m q Q). Because (LC2) / =J>(LC2), a stratified L-convergence space is a 
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stratified L-generalized convergence space. A function / : X — » X' between two 
stratified L-generalized convergence spaces (X. lim 9 ), (X^lim 9 ) is called continuous if 
for all X G XffX) and all x G A" we have lim 9 X(x) < lim 9 ' f => (X)(f(x)). 

Si 

For a given source (A" — A (A*, lim 9i )) ie /, the initial structure , linr 9 on X is defined 
by VA G X° L (X), Vx G X, (x) = A lim^/f (X)(Mx)). 

i£l 

Si 

For a given sink ((A*, lim 9 *) — A X) ieI , the final structure , linr 9 on X is defined by 



qT , v j A f > N; 

\\m q X(x) = <( qir ( v ^ r i 

v i£l,Xi£Xi ,Qi e^£ (Xj ) ,/i (xi)=x,f^ (Qi ) <;P ^ lm 

When A = Uj e j/i(Xj), the final structure lim 9 can be simplified as [14] 



lim 9 X(x) = \J lim qi Qi(xi). 

iei,xiex i ,g i eTi(x i ),fi(xi)=x,ff r (Gi)<J r 

In the theory of convergence spaces, Fischer-type diagonal condition is formulated 
by the aid of the notion of compression. The situation with lattice-valued convergence 
is similar. In [8], Jager introduced an lattice- valued version of compression, which first 
appeared in [5] with a slightly different formalization. 

Let a : J — ■> X[(X) be a function and X G XffX). Then the function k^X : 
L x — ■> L dehned by 



VA G L x ,kL<jX( A) := JF(u(A)), where <x(A) = cr(— )(A) G L J 



forms a stratihed L-hlter on A; and it is called the compression of X w.r.t a. 

In [15], the first author and his co-author modified Jager’s compression and intro- 
duced a Fischer- type diagonal condition. It was proved that a stratihed L-convergence 
space with this diagonal condition is L-topological. 

Note that when a function o : J — > XffX) being given, that means an L-hlter 
cr(j) is selected for each j G J. In this sense, we call o : J — > Xf{X) an L-hlter select 
function. The definition below generalizes that notion. 

Definition 2.2. [15] A function a = (ay, ay) : J — ■> X S L (X) x Lq, where Lo = L — {0}, 
is said to be an L-hlter select degree function. For any j G J, the value cr 2 (j ) G L is 
interpreted as the degree to which the stratihed L-hlter ay (j) is selected. Obviously, 
an L-hlter select function can be regarded as an L-hlter select degree function with 

02 = I- 

Definition 2.3. [15] Let o : J — > X[(X) x L 0 be an L-hlter select degree function 
and X G Xf(J). If the function ki,aX : L x — ■> L dehned by 

VA G L x ,kL<yX(X) X(a(X)), where a( A) = cr 2 (— ) — > - cri(— )(A) G L j 
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forms a stratified L- filter on X , then we call such X compressible w.r.t a and call k^aX 
as the compression of X w.r.t a. It is easily seen that k^X satisfies (FI), (F2) and 
(Fs) for any X G X S L (J). 

If a : J — » XffiX) x Lq is an L-hlter select function, then LlCcX G X[(X) for any 
X G X[(J). In this case, k^X coincides with Jager’s compression. Thus, Definition 
2.3 generalizes Jager’s compression. 

Theorem 2.4. [15] Let (X, lim 9 ) be a stratified L-convergence spaces. Then (X, lim 9 ) 
is L-topological if and only if it satisfies the following condition (Lf). 

(Lf) Let J be any set, if : J — ■> X, and let a : J — ■> X[(X) x L 0 . If X & X[(J) 
is compressible w.r.t a, then for each x G X, 

lim q if^(X)(x) * lim q a(j)(if(j)) < lim q kL<rX(x), 

ieJ 

where lim q a (j) (if (j)) := a 2 (j) -»• \im q crfij) (if (j)). 

Obviously, the condition (Lf) implies the following condition (Lfw). 

(Lfw) : Let J be any set, if : J — > X, and let a : J — > XffiX) x L 0 have the 
condition Vj G J, o r 2 (j) = lim 9 a\(j)(if(j)) (which means that lim q cr(j)(if(j)) = 1). 
If X G X[(J) is compressible w.r.t cr, then lim 9 if^(X)(x) < lim q k^oX(x s ) for each 
x G X. 

Note that in the proof of the sufficiency of Theorem 2.4, the selected a, if satisfies 
the condition <72 (j) = lim 9 <Ti (j ) (if (j ) ) (see Theorem 4.9 in [15]). It follows imme- 
diately that (Lf)-^(Lfw). In addition, the characterization on L-topologicallness of 
stratified L-convergence spaces by the notion of neighborhoods of stratified L-hlters, 
was presented in [10]. 

3 regularity and ^-regularity of stratified L- 
generalized convergence spaces 

In this section, by dualizing the condition (Lfw) we define a new regularity (ir- 
regularity) of stratified L-generalized convergence spaces. Then we also present a char- 
acterization on that regularity (p-regularity) by a notion of closures of stratified L- 
hlters. 

Let (X", lim p , lim 9 ) be a pair of stratified L-generalized convergence spaces. 
p-(DLfw) : Let J be any set, if : J — > X, and let a : J — > X'l(X) x L 0 have the 
condition Vj G J, a 2 (j ) = lim p <Ji(j)(if(j)). If X G Xf(J) is compressible w.r.t a, then 
lim 9 kL<xXfx) < lim 9 if^(X)(x) for each x G X. 
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When lim p = lim 9 , the condition p-(DLfw) is denoted as (DLfw). Obviously, the 
condition (DLfw) is obtained by dualizing the condition (Lfw). 

It is easily seen that when L = {0, 1}, the condition p-(DLfw) is equivalent to the 
crisp dual Fischer-type diagonal condition. 

Definition 3.1. Let (X, lim p , linr 9 ) be a pair of stratified L-generalized convergence 
spaces. Then (A", lim 9 ) is called p-regular if it satisfies the dual Fischer-type diagonal 
condition p-(DLfw). When lim p = lim 9 , then (X, lim 9 ) is called regular if it is p- 
regular. 

In the following, we shall give a characterization on regularity (p-regularity) by the 
notion of closures of stratified L-filters. 

Definition 3.2. Let (A", lim p ) be a stratified L-generalized convergence space, and let 
A G L x . Then the L- set \ p G L x defined by 

VT G X, X p (x) = \f (lim p X(x) -»• X(A)) 

F&T s L (xy lim p 

is called the closure of A w.r.t (X, lim p ). 

Remark 3.3. When L = {0,1}, a stratified L-generalized convergence space reduces 
to a convergence space. Then it is easily seen that x G \ p <tt>3F x s.t. A G F. This 
shows that closure is precisely the crisp closure in [16] when L = {0, 1}. 

Lemma 3.4. Let (X, lim p ) be a stratified L-generalized convergence space. Then for 
all A, p G L x and all a G L we get (1) A < \ p ; (2) A < p implies X p < ~jl p ; (3) a p > a. 

Proof. (1) For each x G A", by lim p [a;](a:) = 1 we get X p (x) > [a;] (A) = A(ai). So, A < X p . 
Take A = 1 in (1), we obtain l p = 1. 

(2) It follows from the property (F2) of stratified L-filters. 

(3) For each x G X we have 

a p (x) = \J (lim p J r (x) — > X(a)) > \J (lim p X(x) — > a) > a. □ 

\\raX(x)^0 limJP(a;)^:0 

Theorem 3.5. Let (X, lim p ) be a stratified L-generalized convergence space. For each 
T G X£(X), the function T p : L x — ■> L, defined by VA G L x ,iF p ( A) = \J p& lx(X(p) A 
[fi p ,X]), is a stratified L-filter, called the closure of T w.r.t (X, lim p ). 

Proof. (FI) That tF p ( 1) = 1 is obvious. That X p (0) = 0 follows by 

AO) = V (Am) a [7y A]) < V (^O) A [m, A]) < JM(A). 

fi£L x fi£L x 
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(F2) Obviously, F ’ p ( A A /i) < jF p ( A) A Conversely, 

F P ( A) A = \J (F{a) A [a p , A]) A \J (T(b) A [b p , / j]) 

aeL x beL x 

= \J (T(a) A J-{b) A [a p , A] A [6 P , /x]) 

a,beL x 

< \f (J-(a Ab) A [(a A b) p , X A n\) 

a,beL x 

< \J {T{c) A [c p , A A ii}) = T p { A A //). 

c£L x 

(Fs) By l p = 1, it follows that JF p (a:) = \J ^ ieL x {X(p) A [/7 p , o;]) > JF(1) A a = a. □ 

Remark 3 . 6 . When L = {0,1}, a stratified L-generalized convergence space reduces 
to a convergence space. It is easily seen that X p is precisely the filter generated by 
{A : A G F} as a hlterbasis [16]. 

Lemma 3 . 7 . Let J, X , cr, if satisfy the condition in p-(DLfw) . Then for any A,/r G L A 
we have [/Z , A] < [0(/i),^/W(A)]. 

Proof. Note that Vj G J, cr 2 (j) = lim p a i(j) (if (j)) ^ 0. Then 

{PpiM = /\( V (lim p £(>) -> Q{n)) -> A(x)) 

x£Y ee^£(X):li m re(a;)^0 

= A A ((lim'aor) - Qfji)) A(U) 

xel ge^£(.Y):lim p e(s)A0 

< /\ (linFVi ( j ) ( j ) ) -> O’! ( j ) (a) ) -»• A {if ( j ) ) ) 

16 J 

< /\Mj) -> 0-1 (j )(//)) -> ?/W(A)(j)) 

16 J 

= ^ ^( A )(^')) = [<*(/*)> ^(A)]. □ 

leJ 

Lemma 3 . 8 . Let ./, X, cr, if satisfy the condition in p-(DLfw) , and let T G T S L [X). 
Then the function : L J — > L, defined by F a {\) = \/ peL x(iF(n) A[d(/x), A]), satisfies 
(FI), (F2), (Fs) and kL<yJ r<J > T. 

Proof. (FI): It is obvious. (F2): Obviously, JF CT (A A //) < ^(A) A iF a (in). Conversely, 

T’(\) A T’W = \/ <^(“) A P(“)> A l) A V (A&) A I 5 * 6 )" Al) 

a£L x beL x 

= \J (JF(a) A F(b) A [cr(a), A] A [a(6), /i]) 

a,b£L x 

— V (tF(a A 6) A [<r(a A b), A A /x]) 

a,b£L x 

< \/ (L(c)A[a(c),AAg])=r(AAg). 

CdL x 
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(Fs): For any f3 G L, we have 

F a (P) = V A > ^(1) A [a(l ),/?] = 1 A p = p. 

HEL X 

It follows by the following inequality that k^alF' 7 > T . For any A G L x , 

k L oT°{ A) = A)) = \J (X(y,) A [<t(/x), <r(A)]) > -F(A). □ 

jiEL x 

Theorem 3.9. Let (. X , lim p , lim 9 ) be a pair of stratified L-generalized convergence 
spaces. Then (X, lim 9 ) is p -regular if and only if line' T < lim r/ T v for any T G J-ffX). 

Proof. Necessity. Let 

J = {(g,y) G X S L (X) x X|lim pg(y) f 0}, if ■. J — » X, ( g,y ) ^ y, 

Tl(X) x L 0 , ( g,y ) ^ {g,\\voPg{y)). 

Then (1) a 2 (j) = lim p cri(j)(ip(j)) f 0. (2) For any T G T S L [X) we have T a G JF£(J). 
Indeed, by Lemma 3.8, we need only to check that ^(O) = 0. 

^(0) = V (Fiji) A [*(/*),<>]) = V A A(^)O) - °» 

yEL x jlEL x jEJ 

< \/ (X(n) A{/\(a(p,)([y\,y) ^0)) 

J 1 EL X yEX 

= V W) A (/\ ((lim-MW - [!/](rt) 0 )) 

y.EL x yEX 

= v (A/*) A ( A - 0)) = V (A/*) A k 0 ]) 

M6L a ' yEX (iEL x 

< V F(gA[/i,0])<F(0) = 0. 

hel x 

(3) For any A , y G L x , 

= /\( V (lim p ^(x) ->• g(n)) -> A(x)) 

seX 0eJF£(X):limr0(a;)^O 

= A A ((hm p £(x) -> g{y)) -> A (a;)) 

sex eeX£(X):li m re(s)A0 

= A ( limV i (i ) {fp U ) ) -»■ <7i (j ) (f) ) -»• A (j ) ) ) 

ieJ 

= /\{^2{j) a i^')(F)) -»■ ^(A)(j)) 

ieJ 

= A(*0M) ^ = [^(f),^(A)]. 

ieJ 
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It follows that 

irtnt a) = ^(< r (A)) = v (^)a[<t( M ),v--(a)])= v (^)a[p p ,a])=f,,(a). 

Ate L x /tSL x 

(4) X a is compressible w.r.t. o. For any A, // € L x , 

[^(A), ?(//)] = /\(^(A)(j) -»ff(/i)(j)) 

ieJ 

A (( a 2(j) -»• ^i(J)W) -»• (a 2 (j) -> cxi(j)O)) 

< A « limP Mfo) - M(A)) - (lim p [y](y) [y](y))) 

= A( A (y)-My)) = [A,4 

yex 

Therefore, for any A G L x , 

k L crF’(\)=F’(»(\))= \/ pTy) A [<r(y),<7(A)]) < \/ (jr(y) A [y, A]) < .F(A). 

fi(zL x fi£L x 

By Lemma 3.8, we have k^X' 7 = T G X[(X). Thus /clctJF' 7 is compressible w.r.t. cr. 
Applying (l)-(4) in p-(DLfw) we have linFjF < \\m q X p . 

Sufficiency. Let J, X , cr, satisfy the condition in (DLfw). Then for any X G XffiJ), 
by (X, linr 9 ) is p-regular we have that lim 9 k^aX < lim q k^aX v {x). For any A G L x , 
by Lemma 3.7 we have 

k L aX p { A) = \J {k L aX{n) A [ji p , A]) = \J (X(a(ff)) A [ji p , A]) 

Ate L x y&L x 

< V (^(a(y))A|A(y),V>^(A)])<^(^(A))=^(^)(A). 

Ate L x 

So, kjaX p < ifi^(X), and hence lim q fi^(X) > lim q kLaX p > lim'^cr.?-’, i.e., the 
condition p-(DLfw) holds. □ 

The next two theorems show that p-regularity behave reasonably well relative to 
initial and final structures. 

Definition 3.10. Let / : (X, lim 9 ) — a (Y, lim p ) be a function between stratified L- 
generalized convergence spaces. Then / is said to be a closure function if f~*( X q ) > 
J^(A) p for all A G L x . 

Lemma 3.11. Let f : (X, lim 9 ) — a (Y, lim 35 ) be a function between stratified L- 
generalized convergence spaces, and let X G X[(X). (1) If f is continuous, then 
f^(X q ) > f^(X) p . ( 2 ) If f is a closure function, then f^(X q ) < f^(X) p . 
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Proof. (1) Let / be a continuous function. Then for each A £ I 1 we check below that 
(/ <_ ( X)) q < f~(\ p ). Indeed, for each x G X , 

c = V (lim’ffw -* s(rm) 

0e^£(X):lim« G(x)^0 

< v (lin/r tex/w) - /-(<?)(*)) 

0e.F£(X):lim«0(x)^O 

< \J (lim p H(f(x)) -*• 7d(A)) = f^(X p )(x), 

HeFKYy.limP H(x)^0 

where the first inequality holds for the continuity of /. Then for each T G J-ffX) and 
each A G iff 

.nr, )(A) = ?,(/-(A))= V (tP 3 ./-(A)]AJ-(rt) 

/j,eL x 

> V (ltPM),.r(A)|Aj-(/-(o))> V(i/"W.r(A)|A?(rM)) 

> V (p r A]ArOTM) = nw p (A). 

u£L y 

Thus f^{X q ) > f^(X) p . (2) Let / be a closure function. Then for each A G L Y , 

~FW) P ( a) = V (f^(r)M a |p r , a]) = V err M) a [p„, a]) 

H&L Y [i&L Y 

> V (JT(/^/^( I y)) A [/-(^^A]) > Y (jF(z/) A [f^(v) p , A]) 

u£L x u£L x 

> V W") A ir A ).ad = v M") a [p„/-(a)]) 

veiA i/eiA 

= ?,irw) = r(7»)(A), 

where the third inequality holds for / being a closure function, and the third equality 
follows from Lemma 1.1 (7). By the arbitrariness of A, we get < f^{X) p . □ 

Theorem 3.12. Let {(X*, lim 9 % lim K )} ie / be pairs of stratified L-generalized conver- 
gence spaces and let lim 9 (resp., iin/'J be the initial structure on X relative to the source 
(. X —A (Xj, lim 9i ))j e / (resp., ( X (Xi, \im Pi )) ieI ). If each lim 9i is Pi-regular, then 

(X, lim 9 ) is p-regular. 

Proof. Let T G X£(X) and x G X. Then by Lemma 3.11 (1) we have fP (fF p ) > 
ff^(X) Pi for all i G I. It follows by each (Xj, lim 9 ' ) being pj-regular that 

lim 9 X p(x) = /\lim 9i /f (F P )(fi(x)) > /\lim qi fP {X) p .(fi(x)) 

i£l i£l 

> A lim9i ft(^)(fi( x )) = lim 9 ^(x). 

iei 

Thus (X, lim 9 ) is p-regular. □ 
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Theorem 3.13. Let {(A*. lim 9 *, lim K )}j e / be pairs of stratified L-generalized conver- 

fi 

gence spaces, and let lim 9 be the final structure on X w.r.t. the sink ((Aj,lim 9i ) — A 
X r) i6 j with X = U i£ifi(Xi). If each lim 9 * is pi-regular and lim p is a stratified L- 
generalized convergence structure on X such that each f, : (X, . liin Pt ) — > (X, lim p ) 
is a closure function, then (X, lim 9 ) is p-regular. 

Proof. Let T G X S L {X) and x G X. Then 

liiii 9 J r (x) = \J lim qi Qi(xi) 

< V lim qt Gi Pi (xi) 

i£i,xi£Xi,gi£Xi(x i )ji(xi)=x,f^(g i )<x 

< V lim 9i G ipi (xi) 

iei,xi£Xi,g i £3 r i(x i ),fi(xi)=x,f7>(gi) p <Xp 

= V lim qi Q ipi (xi) 

iei,xieXi,g i £Ti(Xi),fi(xi)=x,ff ! '(gi p .)<ff>(gi) p <F p 

< V lim qi Hi(xi) = \un q P p (x), 

i£l,Xi£Xi,'Hi£Xl(X i ),fi(x i )=xJ= > ('Hi)<Xp 

where the first inequality holds for ^-regularity of lim 9 ' , the second equality follows 
from Lemma 3.11 (2). Then lim 9 is p-regular by lim 9 T < lim 9 T v . □ 

The regularity has similar characterization and properties, we omit them here. 



4 Conclusion 

In this paper, by dualizing the Fischer-type diagonal condition (Lfw), which is used 
to describe the L-topologicallness of stratified L-convergence spaces, we define a new 
regularity (71-regularity) of stratified L-generalized convergence spaces. Then we also 
present a characterization on that regularity (p-regularity) by the notion of closures 
of stratified L-hlters. The regularity (71-regularity) is proved to behave reasonably well 
relative to initial and final structures. 
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Abstract 

The notions of uni-soft filters and uni-soft G-filters in residuated lattices are introduced, 
and their relations, properties and characterizations are investigated. Conditions for a 
uni-soft filter to be a uni-soft G-filter are provided. 
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1 Introduction 

Non-classical logic has become a formal and useful tool in dealing with fuzzy and uncertain 
informations. Various logical algebras have been proposed as the semantical systems of 
non-classical logic systems. Residuated lattices are important algebraic structures which 
are basic of BL- algebras, MV-algebras, MT L- algebras, Godel algebras, i? 0 - a lg e kras, lat- 
tice implication algebras, and so forth. The (fuzzy) filter theory in the logical algebras 
has an important role in studying these algebras and completeness of the corresponding 
non-classical logics, and it is studied in the papers [1], [2], [3], [9], [12], [1 ] and [ ]. 
Filter theory, which is an important notion, in residuated lattices is studied by Shen and 
Zhang [ ] and Zhu and Xu [ ]. Uncertainty is an attribute of information. As a new 

mathematical tool for dealing with uncertainties, Molodtsov [10] introduced the concept 
of soft sets. Since then several authors studied (fuzzy) algebraic structures based on soft 

*Corresponding author. 
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set theory in several algebraic structures. In order to lay a foundation for providing a soft 
algebraic tool in considering many problems that contain uncertainties, Jun [ ] discussed 
the union soft sets with applications in BCK / BC I- algebras. Also, Jun et al. [ ] discussed 
uni-soft sets applied to commutative £>C7-ideals. 

In this paper, we introduce uni-soft filters and uni-soft G-hlters in residuated lattices, 
and investigate their properties. We consider characterizations of uni-soft filters and uni- 
soft G-hlters. We provide conditions for a uni-soft filter to be a uni-soft G'-filter. 

2 Preliminaries 

Definition 2.1 ([L, 5, 6]). A residuated lattice is an algebra £ := (L, V, A, 0, — », 0, 1) of 
type (2, 2, 2, 2, 0, 0) such that 

(1) (L, V, A, 0, 1) is a bounded lattice. 

(2) (I , 0, 1) is a commutative monoid. 

(3) © and — * form an adjoint pair, that is, 

(Vx, y,z^L)(x<y^-z <S=> x Qy < z) . 

In a residuated lattice £, the ordering < is defined as follows: 

(Vx, y £ L) (x < y xA y — x <S=> x\ly — y x— > y = 1) 

and x' will be reserved for x — > 0, and x" = (x')', etc. for all x6h 

Proposition 2.2 ([I, 5, 6, 12, 1 ]). In a residuated lattice £, the following properties are 
valid. 



1 — > x = x, x — y 1 = 1, x — y x = 1, 0 — * x = 1, x — > (y — > x) — 1. (2.1) 

x — >■ (y — ^ z) = (x © y) — >• z = y — >■ (x — )■ z). (2.2) 

x < y x < z y, y — >• z < x — >■ z. (2.3) 

z — >■ y < (x — )■ z) — > (x — >■ y) , z — > y < (y — > x) — ^ (^ — > x). (2.4) 

Definition 2.3 ([ ]). A nonempty subset A of a residuated lattice £ is called a filter of 

£ if it satisfies the conditions: 

(\/x,y e L) (x,y e F => x © y e F) . (2.5) 

(Vx,i/ G L) (x £ F, x < y y G F) . (2.6) 
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Proposition 2.4 ([11]). A nonempty subset F of a residuated lattice £ is a filter of £ if 
and only if it satisfies: 



1 e F. (2.7) 

(Vx e F) (Vy e L) (x -»■ y G F =>• y <E F) . (2.8) 

Definition 2.5 ([15]). A nonempty subset F of £ is called a G-filter of £ if it is a filter 
of £ that satisfies the following condition: 

(Vx, y e L) ((x © x) — >• y G F =>• x — >• y G F) . (2.9) 

A soft set theory is introduced by Molodtsov [10], and Qagman et al. [ ] provided new 
definitions and various results on soft set theory. 

In what follows, let U be an initial universe set and A be a set of parameters. Let 
&(U) denotes the power set of U and A, B,C, ■ ■ ■ C E. 

Definition 2.6 ([4, 10]). A soft set (/, A) over U is defined to be the set of ordered pairs 

if, A) := | (xJ A (x)) :x E E, f A (x) G &(U)J , 

where f A '■ E — > &(U) such that f(x) = 0 if x ^ A. The soft set (/, A) is simply denoted 
by f a- 

For a soft set f A over U and a subset r of 77, the r-exclusive set of f A , denoted by 
e(f A ; r), is defined to be the set 

e(/n; r) := jx e A \ f A (x) C r| . 



3 Uni-soft filters 

In what follows, we take a residuated lattice £ as a set of parameters. 

Definition 3.1. A soft set fc over U is called a uni-soft filter of £ if it satisfies: 

(Vx,j/ G L) (x < y => f c (x) D fc(y)) , (3.1) 

(Vx, y G L) ( fc(x ) u fc(y) 5 fc(x © y)) • (3.2) 
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Proposition 3.2. Every uni- soft filter fc of C satisfies: 

(fix G L) ( fc{x ) 5 fc( 1)) • (3.3) 

(Vx, y e L) (jc(x) U f c (x y) D fc(y)) ■ (3-4) 

Proof. Let x,y G L. Since x < 1, we have fc(x) © fc( 1) by (3.1). Since xQ (x — * y) < y, 
it follows from (3.2) and (3.1) that 

fc(x) U fc(x ->y)D fc{x Q(x^ y)) D f c (y). 

This completes the proof. □ 

Lemma 3.3. If a soft set fc over U satisfies two conditions (3.3) and (3.4), then 

(Vx,y,z e L)(x <y z => fc(x)Uf c (y)2fc(z)j, (3.5) 

(Vx,y,z e L)(xQy<z => fc( x ) U fc(y) ^ fc( z )^j ■ (3-6) 

Proof. Assume that x < y — > z for all x,y,z 6 L. Then x — > (y — > z) — 1, and so 

fc(x) U f c (y ) = (jc(x) U f c { 1)) U f c {y) 

= (. fc(x ) U f c (x (y z))) U f c (y) 

5 fc(y) u fc{y ->z)d fc(z). 

Since x < y — >■ z <$■ x © y < z, we know that (3.5) induces (3.6). □ 

We consider characterizations of uni-soft Liters. 

Theorem 3.4. A soft set fc over U is a uni-soft filter of C if and only if it satisfies two 
conditions (3.3) and (3.4). 

Proof. The necessity is from Proposition 3.2. 

Conversely, let fc be a soft set over U that satisfies (3.3) and (3.4). Let x,y G L be 
such that x < y. Then x — * y = 1 and so 

fc(x) = fc(x) U f c ( 1) = fc(x) U f c (x ->y)D f c (y). 

Since x O y < x © y for all x,y G L. it follows from (3.6) that fc{x) U fc(y) 5 fc(x © y) 
for all x,y e L. Therefore fc is a uni-soft filter of C. □ 
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Theorem 3.5. A soft set fc over U is a uni-soft filter of £ if and only if it satisfies the 
condition (3.5). 

Proof. The necessity is from Lemma 3.3 and Theorem 3.4. 

Conversely let fc be a soft set over U satisfying (3.5). Since 

x < x — * 1 and x — * y < x — » y 

for all x,y e £, it follows from (3.5) that 

fc(x) = fc{x) U fc(x) D fc( 1) and f c (x) U f c (x -> y) D fc(y) 

for all x, y e L. Hence fc is a uni-soft filter of £ by Theorem 3.4. □ 

Proposition 3.6. Every uni-soft filter fc of C satisfies the following condition: 

(Vx, y,z E L) ( f c (x ->• (y *)) U / £ (x -> j/) D / £ (x ->• (x -> z))) . (3.7) 

Proof. Let x,y,z e L. Using (2.2) and (2.4), we have 

x — >• (y — > z) — y — y (x — >• 2;) < (x — >■ t/) — >• (x — >• (x — >• z)). 

It follows from Theorem 3.5 that 

fc(x ->■ (2/ ->■ 2)) U fc{x -+y )2 fc{x ->• (x ->• 2)). 

This completes the proof. □ 

Theorem 3.7. A soft set fc over U is a uni- soft filter of £ if and only if fc satisfies the 
condition (3.3) and 

(Vx, y,ze L) (j c (x -> (y ->■ 2 )) U fc{y) 5 fc{x ->• 2 )) . (3.8) 

Proof. Assume that / £ is a uni-soft filter of £. Then the condition (3.3) is valid. Using 
(3.4) and (2.2), we have 

fc (x ->■ 2) c f c (y) U f c {y ->■ (x ->■ 2)) 

= fc(y) u f c (x ->■ (2/ ->• 2)) 

for all x, y, z e £. 

Conversely, let fc be a soft set over U satisfying (3.3) and (3.8). Taking x := 1 in 
(3.8) and using (2.1), we have 

fc(z) = fc( 1 *) c /c(i -> (2/ ->■ *)) u fc(y) 

= fc{y ->■ 2) u/c(j/) 

for all y, z G L. Thus fc is a uni-soft filter of £ by Theorem 3.4. □ 
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Proposition 3.8. Every uni- soft filter fc of £ satisfies the following condition: 

(Va, x E L) f c {a ) D f c ((a ->• x) -»• x) ) . (3.9) 

Proof. If we take y := (a — * x) — » x and x := a in (3.4), then 

/ £ ((a ->■ x) ->■ x) C f c (a) U f c (a ->• ((a ->■ x) ->■ x)) 

= fjc(a) U /c((a -»• x) ->■ (a ->• x)) 

= /c(a) U /n(l) = fc{o). 

This completes the proof. □ 

Theorem 3.9. A soft set fc over U is a uni-soft filter of C if and only if it satisfies the 
following conditions: 

(Vx, y E L) ( fc(x ) ^ f c {y ->■ x)) , (3.10) 

(Vx, a,b E L) (^fc(a) U /c(6) 5 /c((a -►(&->■ x)) ->■ x)) . (3.11) 

Proof. Assume that /c is a uni-soft filter of £. Using (3.4), (2.1) and (3.3), we have 
fc(y x) C / £ (x) U f c (x -> (j/ x)) = /c(x) U /n(l) = /c(x) 

for all x , y E £. Using (3.8) and (3.9), we get 

/c((a ->• (6 x)) ->• x) C / £ ((a ->(&-)• x)) -►(&->• x)) U /c(&) C / £ (a) U f c (b) 

for all a,b,x E L. 

Conversely, let /c be a soft set over U satisfying two conditions (3.10) and (3.11). If 
we take y x in (3.10), then /^(x) D fc(x — * x) = /n(l) for all x E L. Using (3.11) 
induces 



/c(j/) = /c(l “>■ Z/) = /c(((® “>■ 2/) “>■ (% ->• I/)) 2/) ^ /c(x ->y) U f c (x) 

for all x,y E L. Therefore fc is a uni-soft filter of £ by Theorem 3.4. □ 

Theorem 3.10. A soft set fc over U is a uni-soft filter of £ if and only if the nonempty 
r-exclusive set of fc is a filter of £ for all r £ &(U). 
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Proof. Assume that fc is a uni-soft filter of £ and let r G &(U) be such that e(fc ; r) 7^ 0. 
Let x, ?/ G L be such that x G e(fc',r) and x — > y G e(fc',r). Then r D /^(x) and 
r D fc{x —> y ). It follows from (3.3) and (3.4) that f c { 1) C fc(x) C r and fc{y) Q 
fcix) U fc{x — * 7 /) C r. Hence 1 G e(/^; r) and y G e(/c ; r), and therefore e(/c; r) is a 
filter of £ by Proposition 2.4. 

Conversely, suppose that e(fc ; r) is a filter of £ for all r G &(U) with e(fc', r) 7 ^ 0. For 
any x G L, let fc{x) = 5. Then x G e(fc, S ) and e(/c; 5) is a filter of £. Hence 1 G e(fc; 5) 
and so fc(x) = <5 D /x(l)- For any x,y G L, let fc{x) = 5^ and fc(x — » ?/) = If we 

take 5 = U <5^^, then x G e(fc', 5) and x — > y G e(fc', 5) which imply that y G e(/c; 5). 

Thus 

/c(z) U f c (x -+y) = 5 x U (5 X _^ = 5 D f c {y). 

Therefore /c is a uni-soft hlter of £ by Theorem 3.4. □ 



Theorem 3.11. For a soft set fc over U , let ff be a soft set over U which is given as 
follows: 



ff\L — > £»(*/), x 1 — y 



fc(x) if x G e(fc',r), 
U otherwise, 



where r G &(U) with r ^ U. If fc is a uni-soft filter of C, then so is ff. 



Proof. Suppose that fc is a uni-soft hlter of £. Then e(fc',T ) is a hlter of £ for all 
r G £?(U) with e(fc ; r) 7 ^ 0 by Theorem 3.10. Thus 1 G e(fc ; r), and so /£(1) = /x(l) C 
/^(x) C /£(x) for all x G £. Let x, y G L. If x G e(fc',r) and x — > y G e(fc',r), then 
y e e(f C ]T). Hence 



/20) U fc(x ->y) = fc{x) U f c {x ->y)D fc(y) = fc(v)- 
If x ^ e(fc ; r) or x — » y ^ e(fc ; r), then ff(x) = U or ff(x y) — U. Thus 

r c (x)ur c (x^y) = UDf* c (y). 

Therefore fc is a uni-soft hlter of £. □ 

Theorem 3.12. If fc is a uni-soft filter of L, then the set 

C a := {x G £ | /c(a) D /c(x)} 
is a /i/ter of £ for every a G £. 



7 



325 



Young Bae Jun 319-334 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



Proof. Since fc{ 1) Q fc(a) for all a 6 I, we have 1 E C a ■ Let x,y E L be such that 
x E £ n and x -E y E C a . Then f c (x) C f c (a) and f c (x ->• y) C / £ (a). Since f c is a 
uni-soft filter of L, it follows from (3.4) that 

fc{a ) D /c(x) U f c (x -E y) D f c (y) 

so that y E £ a . Hence £ a is a Liter of £ by Proposition 2.4. 

Theorem 3.13. Let a G L and let fc be a soft set over U. Then 

(1) If Ca is a filter of L, then fc satisfies the following condition: 

(Vx, y G L) ( f c (a ) 5 /c(a;) U f c (x ->• j/) =>• /^(a) D /c(j/)) 

(2) If fc satisfies (3.3) and (3.12), f/ien £ a zs a filter of L. 

Proof. (1) Assume that £ a is a Liter of L. Let x, y G L be such that 

fc(a) D f c (x) U f c (x -> i/). 

Then x y E C a and £ G £ a . Using (2.8), we have y E C a and so fc(o) L> fc(y)- 

(2) Suppose that fc satisLes (3.3) and (3.12). Then 1 G C a by (3.3). Let x,y E L be 
such that x E £„ and x — >• y E C a . Then fcifl) D fc( x ) and fc( a ) fc{ x —• y y)i which 
imply that f c (a) 5 fc(x) U f c ( x y). Thus fc{a) D f c (y) by (3.12), and so y E C a . 
Therefore £ a is a Liter of £ by Proposition 2.4. □ 

4 Uni-soft U-filters 

Definition 4.1. A soft set fc over U is called a uni-soft G-filter of £ if it is a uni-soft 
filter of £ that satisfies: 

(Var, yeL) ( /c((x O x) ^ y) ^ f c ( x ^ j/)) . (4.1) 

Note that the condition (4.1) is equivalent to the following condition: 

(Vx, y EL) (jc( x ^{x^ y)) D f c {x ->• 1/)) . (4.2) 
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Example 4.2. Let L := [0, 1] (unit interval). For any a, b G L, define 



a V b - 
a -A b 



max{a,6}, aAb = 

j 1 if a < b, 

I b otherwise, 



min{a, b}, 

and a © b = min{a, b}. 



Then C : = 
by 



(L, V, A, 0, -A, 0, 1) is a residuated lattice. Let fc be a soft set over U defined 



fc '■ L —> &{U), x 



r if x g [|,1], 
U otherwise, 



where r G ^(U) with t ^ U. Then fc is a uni-soft G-filter of C. 



Theorem 4.3. Let fc be a soft set over U . Then fc is a uni-soft G -filter of C if and 
only if it is a uni-soft filter of C that satisfies the following condition: 



(Vx,y,z e L ) [f c (x -> (y ->• z)) U f c (x -A y) D f c (x -A z)') . (4.3) 

Proof. Assume that fc is a uni-soft G-hlter of C. Then fc is a uni-soft filter of C. Note 
that x < 1 = (x — > y) — > (x — > y), and thus x — > y < x — > (x — > y) for all x,y e L. 
It follows from (3.1) that fc(x -Ay) 5 fc(x -A (x — > y)). Combining this and (4.2), we 
have 



fc(x ->y) = fc(x -> (x -» y)) 



(4.4) 



for all x,y e L. Using (3.7) and (4.4), we have 

fc{x -A (y -A z )) U f c {x -Ay ) 0 f c (x -A z ) 

for all x,y,z G L. 

Conversely, let fc be a uni-soft filter of C that satisfies the condition (4.3). If we put 
y = x and z — y in (4.3) and use (2.1) and (3.3), then 

fc{x -a y) c f c (x -a(x-> y)) U f c (x -a x) 

= fc(x -A (x -Ay)) Ufc(l) 

= fc{x -A (x -A y)) 

for all x,y G L. Therefore fc is a uni-soft G-hlter of C. □ 
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Theorem 4.4. Let fc be a soft set over U that satisfies the condition (3.3) and 

(Var, y,z G L) (jc{?) U fc((y ->• -) ->■ (x y)) 5 • (4-5) 

Then fc is a uni-soft G -filter of C. 

Proof. If we take z 1 in (4.5) and use (2.1), then 

fc(x) U f c (x ->y) = fc(x) U f c { 1 ->• (x ->• y)) 

= fc(x) U fc((y -)• 1) ->■ (x -> ?/)) 

2 fM- 

Hence /c is a uni-soft filter of £ by Theorem 3.4. Let x,y,z G F. Since 

x (y z) < (x y) (x (x z)) 

by (2.2) and (2.4), we have fc(x (y z)) D fc((x — > y) — » (a; — » (x — > 2 ))) by (3.1). 
It follows from (3.1), (3.3), (3.4), (2.4) and (4.5) that 

fc(x ->y) U f c (x -)•(?/-)• z)) D f c {x y) U /c((x -> y) -> (x (x z))) 

5 fc(x -)• (x ->• 2 )) 

5 /n(((x ->• 2 ) -> 2 ) ->• (x ->• 2 )) 

= /c(((x ->• 2 ) 2 ) ->■ (1 ->■ (x -> 2 ))) 

2 fc(x ->■ 2 ). 

Therefore /c is a uni-soft G-hlter of £ by Theorem 4.3. □ 

The following example shows that any uni-soft G-hlter may not satisfy the condition 

(4.5) . 

Example 4.5. The uni-soft G-filter fc of £ in Example 4.2 does not satisfy the condition 

(4.5) since 

fc { |) U //)((§ 1) (| ->■ |)) = Zed) U Zc(l) = T fbu = Zc(|). 

Proposition 4.6. For a uni- soft filter fc of C, the condition (4.5) is equivalent to the 
following condition. 

(Vx, yeL) (f c ((x —ty)—>x)D f c {x)j . (4.6) 
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Proof. Assume that the condition (4.5) is valid. It follows from (3.3) and (2.1) that 

fc((x ->■ y) ->■ x) = f c ( 1) U fc((x ->y)-*x) 

= fc( 1) U fc((x ->■ y) ->■ (1 ->• x)) 

5 fc{x) 

for all x,y E L. 

Conversely, suppose that the condition (4.6) is valid. It follows from (2.2) and (3.4) 
that 

fc(x) U f c ((y -)• z) ->• (x ->• ?/)) = /c(x) U f c (x -»• ((j/ 2 ) ->• j/)) 

5 fc((y ->z)->y)D fc(y) 

for all x,y E L. □ 

Combining Theorem 4.4 and Proposition 4.6, we have the following result. 

Theorem 4.7. Every uni-soft filter satisfying the condition (4.6) is a uni-soft G -filter. 

Proposition 4.8. Every uni- soft filter fc of £ with the condition (4.5) satisfies the fol- 
lowing condition. 

(Vx, yeL) (fc{{x ->• y) ->• y) 2 fc((y x) -> x)) . (4.7) 

Proof. Let fc be a uni-soft Liter of £ that satisfies the condition (4.5) and let x,y E L. 
Since x — > ((y — > x) — > x) — (y — > x) — > (x — > x) — (y — > x) — > 1 = 1, that is, 
x < (y —3 > x) > x, we have ((y —$■ x) —$■ x) —$■ y < x —$■ y by (2.3). It follows from (2.4), 
(2.2) and (2.3) that 

(x — > y) — > y < (y — > x) — > ((x — * y) — * x) 

= (x — * y) — * ((y — > x) — » x) 

< (((1/ ->■ x) x) y) ->■ ((?/ -> x) -> x). 

Using (3.1), (3.3), (2.1), (2.2) and (4.5), we have 

fc({x ->• 2 /) ->• 2 /) 2 /c((((j/ ->■ x) ->■ x) -> y) ((y ->■ x) ->■ x)) 

= /x(l) U / £ (1 -)• ((((?/ ->• x) -► x) -> 2 /) -► ((; y x) x))) 

= /x(l) U /c((((s/ ->• x) -)• x) -)• y) ->• (1 ->• ((j/ -)• x) -)• x))) 

5 fd(y x) ->■ x). 

Hence the condition (4.7) is valid. □ 
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Corollary 4.9. Every uni-soft filter fc of £ with the condition (4.6) satisfies the condition 
(4.7). 

Proposition 4.10. Every uni-soft G -filter fc of £ with the condition (4.7) satisfies the 
condition (4.5). 

Proof. Let fc be a uni-soft G- filter of £ that satisfies the condition (4.7). For any x,y,z G 
L, we have 

fc(z) U fc((x ->y) ->• (z-> x)) = f c (z) U f c {z -> ((x -4 y) -4 x)) 

5 fc((x y) x) 

5 fc((x -4 y) ->• ((x ->y)-> y)) 

5 fc((x ->y) ->y) 

5 fc({y ~+ x ) ~>x) 

by (2.2), (3.4), (3.1), (2.4), (4.2) and (4.7). Since (x — > y) — > x < y — > x < z — > (y — > x), 
it follows from (3.1) that fc((x — * y) — * x) f c (z — >■ (y — > x)) and so from (3.4) that 

fc(z) U f c ((x ->y) ->• (z-> x)) D fc(z) U f c ((x ->• y) ->• x) 

5 fc(z) u fc{z ->• (y ->■ x)) 

5 fc(y ->• a:). 

Therefore 

/c(z) U /c((x ->■ j/) (z -> x)) ^ f c {y -> x) U /c((j/ x) ^ x) D f c (x). 

Hence the condition (4.5) is valid. □ 

Theorem 4.11. Let fc be a uni-soft filter of £. Then fc is a uni-soft G -filter of £ if 
and only if the following condition holds: 

(Vx G L) (jc(x g(i0 x)) = f c ( 1)) • (4.8) 

Proof. Suppose that fc is a uni-soft G-hlter of L. Since x — * (x — * (x © x)) = 1 for all 
x G L, we have fc(x g(ig(i0 x))) = /n(l). It follows from (4.3) and (2.1) that 

fc {x -4 (x © x)) C/ £ (x4(xg(i0 x))) U fc(x ->• x) = / £ (1) 

and so from (3.3) that /x(x 4 (x0 x)) = /x(l) for all x G L. 

12 
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Conversely, let fc be a uni-soft filter of £ which satisfies the condition (4.8) and let 
x,y € L. Since 

i->(i4i/) = (i0i)4i;<(i:4(i0 x)) — * (x — * y) 
by (2.2) and (2.4), it follows from (3.1) that 

f c (x ->• (i4 j/)) ^ /c((x ->• (x O x)) ->• (x ->• y)). 

Hence, we have 

fc(x ->y)Q / £ ((x ->• (x © x)) ->■ (x ->• i/)) U f c (x 4(i0 x)) 

C fc(x ->■ (x ->■ 1 /)) U fc(x (x © x)) 

= fc(x ->■ (x ->- 2 /)) u/ £ (l) 

= fc{x (x 2/)) 

by using (3.4), (4.8) and (3.3). Hence fc is a uni-soft G-hlter of £. □ 

Theorem 4.12. H soft set fc over U is a uni-soft G -filter of C if and only if it is a 

uni-soft filter of £ with an additional condition: 

(Vx, y G I) (/n(x ->■ 2 /) = fc{x ->■ (x -)> 2/))) • (4.9) 

Proof. Suppose that /c is a uni- soft G-filter of £. Then /c is a uni-soft filter of £. Let 
x,y £ L. Since x — * y < x — * (x — * ?/), we have fc(x —*•?/) ID fc{x — * (x — * ?/)) by (3.1). 
Hence fc(x — >■ y) = /x(x — >■ (x — >■ y)) by using (4.2). 

Conversely, let /c be a uni-soft filter of £ with the condition (4.9). It follows from 
Proposition 3.6 that 

fc{x -¥ {y ->• z)) U f c {x ->y)D f c {x -> (x ->• z)) = / £ (x -> z) 
for all x,y,z G £. Therefore /c is a uni-soft G-hlter of £ by Theorem 4.3. □ 

Proposition 4.13. Every uni-soft G -filter fc of £ satisfies the following conditions: 

(Vx, y,ze L) (j c (x ->• (2/ ->• 2 )) 2 /x((z ->• 2/) ->■ (x z))) . (4.10) 

(Vx, y,ze L) (j c {x -> ( 2 / ->• *)) = /c((a; -> 2/) ->• (x 2 ))) . (4.11) 



13 
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Proof. Let fc be a uni-soft G- filter of £. Using (2.2), (4.3), (2.4) and (3.3), we have 

fc((x ~Ay)^{x^ z)) = f c {x -»• ((x y) z)) 

Q fc(x (y z)) U f c {x ->■ {(y z) -> ((x -> y) z))) 

= /c(z — > (2/ — > *)) U /c((2/ ->■ *) ->■ (fa -> y) ->■ (a: -)> z))) 

= fc(x ->■ (y ->• z)) U/c(l) 

= fc(x ->■ ( 2 / -)> z)) 

for all x,y,z G L. Thus (4.10) holds. Since (x y) (x —$■ z) < x —$■ (?/—>■ z) for all 
x,y,z G L, it follows from (3.1) that /c((x — > y) — >■ (x — >■ 2 ;)) 5 fc(x — > (y — > z)) and so 
that 

fc(x -t fa -t z)) = fc{{x ->■ y) -> (x ->• z)) 

for all x,?/,z G L by using (4.10). □ 

Proposition 4.14. Assume that £ satisfies the divisibility, that is, x A y = x 0 (x — >■ y) 
for all x,y G L. If fc is a uni-soft G -filter of £ satisfying (4.11), then the following 
equality is true. 

(Vx, y,z G L) [fc((x O y) z) — f c {(x Ay) z)) . (4.12) 

Proof. Using the divisibility and (2.2), we have 

(x A y) — > z — (x 0 (x — > y)) — > z — (x — > y) — > (x — > z) 
for all x,y,z G L. It follows from (2.2) and (4.11) that 

fc((x Oy) -4- z) = f c (x ->• (y ->• z)) 

= /x(fa ->■ y) ->■ (x ->• z)) 

= fc((xAy) -)• z) 

for all x,y,z G L. □ 

Theorem 4.15. Let £ satisfy the divisibility, that is, xAi/ = x0(xgj/) /or all x,y G L. 
T/ien ever?/ uni- soft filter fc of £ satisfying the condition (4.12) is a uni-soft G -filter of 

£. 

Proof. Using Proposition 3.6, (2.2) and (4.12), we have 

/cfa (s/ ->■ -)) U /cfa -Ay)0 /cfa -4- (x ->• z)) 

= /c((a? Ox) -> z) = f c ((x A x) z) = fc(x z) 

for all x,y,z G L. Therefore /c is a uni-soft G-filter of £ by Theorem 4.3. □ 

14 



332 



Young Bae Jun 319-334 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



Theorem 4.16. Let fc and gc be uni- soft filters of C such that fc( 1) = g(l) and fc 5 gc< 

i.e., fc(x) D gc{x) for all x G L. If fc is a uni-soft G -filter of C, then so is gc- 

Proof. Assume that fc is a uni-soft G-hlter of C. Using (2.2) and (2.1), we have 

x — > (x — * ((x — > (x — > y)) — * y)) = (x — * (x — * y)) — > (x — > (x — > y)) — 1 

for all x,y £ L. Thus 

^(x ->• ((x -> (x-> y)) -l y)) C f c (x ->• ((x -l (x ->• y)) ->• y)) 

= fc(x ->• (x ->• ((x ->■ (x y)) y))) 

= /c(l) = iK 1 ) 

by hypotheses and (4.4), and so 

(?0 ->■ ((x ->• (x ->• y)) ->■ y)) = y(l) 

for all x, y G L by (3.3). Since (7c is a uni-soft filter of £, it follows from (3.4), (2.2) and 
(3.3) that 

y(x y) C y(x ->• (x ->• y)) U y((x ->• (x ->• y)) ->• (x ->• y)) 

= y(x ->• (x ->• y)) U y(x ->• ((x ->• (x ->• y)) ->• y)) 

= y(® ->• (x -> y)) Uy(l) 

= y(x ->• (x ->• y)) 

for all x, y G L. Therefore is a uni-soft G-hlter of £. □ 
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Abstract 

In this paper, we study the global dynamics of a viral infection model with antibody immune 
response. The incidence rate is given by a general function of the population of the uninfected 
target cells, infected cells and free viruses. We have established a set of conditions on the 
general incidence rate function and determined two threshold parameters Rq (the basic infection 
reproduction number) and R\ (the antibody immune response activation number) which are 
sufficient to determine the global behavior of the model. The global asymptotic stability of 
the equilibria of the model has been proven by using direct Lyapunov method and applying 
LaSalle’s invariance principle. 
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1 Introduction 

Several works have been devoted to propose mathematical models of viral infectious dynamics such 
as human immunodeficiency virus (HIV) (see, for example, [1]- [22] ) , hepatitis B virus (HBV) [23]- 
[26], hepatitis C virus (HCV) [27]-[29] and human T cell leukemia HTLV [30], etc. Mathematical 
models of viral infection can help for understanding the viral dynamics and developing antiviral 
drug therapies. In reality, the immune response needs an indispensable components to do its job 
such as antibodies, cytokines, natural killer cells, and T cells. The antibody immune response is a 
part of the adaptive system in which the body responds to pathogens by primarily using antibodies 
that produced from the B cells. While the other part is the Cytotoxic T Lymphocytes (CTL) 
immune response where the CTL attacks and kills the infected cells [7]. In some infections such 
as malaria, the CTL immune response is less effective than the antibody immune response [31]. 
Mathematical models of viral infection with antibody immune response have been proposed and 
analyzed in ( [32]- [39] ) . The basic model of viral infection with antibody immune response has 
introduced by Murase et. al. [32] and Shifi Wang [39] as: 



x = s — dx — f3vx, 


(1) 


V = Pvx - ay, 


(2) 


v = ky — bzv — cv, 


(3) 


z = rzv — nz, 


(4) 



where x, y, v and z denote the popidations of uninfected target cells, infected cells, free virus 
particles and antibody immune cells at time t, respectively. Parameters s, k and r represent, 
respectively, the rate at which new healthy cells are generated from the source within the body, 
the generation rate constant of free viruses produced from the infected cells and the proliferation 
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rate constant of antibody immune cells. Parameters d, a, c and /i are the natural death rate 
constants of the uninfected target cells, infected cells, free virus particles and antibody immune 
cells, respectively. Parameter /3 is the infection rate constant and b is the removal rate constant of 
the viruses due to the antibodies. All the parameters given in model (l)-(4) are positive. 

Note that, the infection rate in model (l)-(4) is presented to be bilinear in x and v, which 
can not be completely describe the interaction between the uninfected target cells and viruses. 
Nevertheless, there are many types of an improved incidence rate which are more commonly used 
due to their benefit for helping us gain the unification theory through passing over the unessential 
details (see e.g. [40] and [41]). Variety of viral infection models with antibody immune response 
have been considered different forms of the incidence rate such as saturated incidence rate, 
where a > 0 [42], [37], [35], Beddington-DeAngelis functional response, > a, 7 > 0 [36], and 

general form, tp(x,v)v [38]. 

However the infection rate does not depend on the infected cells y. In some viral infections such 
as HBV, the infection rate depends on x, y and v [25], [24], In [43], the infection rate is given by 
ip(x, y. v)v, however the antibody immune response has been neglected. Our aim in this paper is 
to investigate the global stability analysis of the viral infection model with general incidence rate 
function and antibody immune response. 

The rest of the paper is designed as follows. In the next section, we introduce the model and 
discuss the non- negativity and boundedness of the solutions. In Section 3, we define two threshold 
parameters and discuss the existence of the model’s equilibria. In Section 4, we study the global 
asymptotic stability of the equilibria using suitable Lyapunov functional and applying LaSalle’s 
invariance principle. Finally, conclusion is given in Section 5. 
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2 The mathematical model 

In this section, we consider the following viral infection model with general incidence rate taking 
into consideration the antibody immune response. 



x = s — dx — ip(x, y, v)v, 


(5) 


V = ip(x,y,v)v - ay, 


( 6 ) 


v = ky — bzv — cv, 


(7) 


z = rzv — yz. 


( 8 ) 



The definitions of all variables and parameters are identical to those given in Section 1. The 
incidence rate of infection is presented by a general function in the form ip(x,y,v)v, where i/j is 
continuously differentiable and satisfies the following assumptions (see [38] and [43]): 

Assumption Al. ijj(x,y,v ) > 0 for all x > 0, y > 0, v > 0, and ip(0 ,y,v) = 0 for all y > 0, 

v > 0. 

Assumption A2. — — ’ — — ^ > 0 for all x > 0, y > 0 and v > 0. 

ox 

Assumption A3. < 0 , M < 0 for all z > 0, y > 0 and v > 0. 

oy ov 

d ('ibix v v)v) 

Assumption A4. 4 — ! > 0 for all x > 0, y > 0 and v > 0. 

ov 

2.1 Positive invariance 

In the following proposition, we show that the non-negative orthant M> 0 is the positively invariant 
and there exists a compact set which is positively invariant for model (5)-(8). 

Proposition 1. Assume that Assumption Al is satisfied. Then there exist positive numbers 
Li, i = 1, 2, 3, such that the compact set 

T = ( x , y, v, z) 6 M > 0 ■ 0 < x,y < Li,0 < v < L 2 , 0 < z < T 3 
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is positively invariant. 

Proof. First, we prove that the orthant R > 0 is positively invariance for system (5)-(8). We 
have 



X U=0= S > 0, 

y \y=o= ip(x, 0 , v)v > 0 for all x > 0 , v > 0 , 
v |^=o= ky > 0 for all y > 0 , 
i | 2=0 = 0. 

Hence, all the solutions are nonnegative. 

Next we show that the solutions of system are bounded. Let Ti(f) = x(t) + y(t), then 

Ti ( t ) = (s - dx - y, v)v) + ^(x, y, v)v - ay , 

= s — dx — ay < s — &\{x + y) = s — 

where o\ = min{d, a}. Hence 0 < T\ (t) < ^ for all f > 0 if T\ (0) < . It follows that, 0 < 

x(t),y(t) < L\ for all t > 0 if x’(0) + y( 0) < L\, where L\ = Moreover, let X^) = v(t) + £ z(t ), 
then 

T 2 (t) = ky - cv - < kLi - <r 2 {v + ^z) = kL\ - a 2 T 2 (t), 

where cr 2 = min{c, y}. Hence 0 < T 2 {t) < L 2 for all t > 0 when T 2 (0) < L 2 . It follows that 

kL\ 

0 < v{t) < L 2 and 0 < z(t) < L 3 for all t > 0 if t>(0) + ^z( 0) < L 2 , where L 2 = and L 3 = tL 2 . 

Therefore, x(t),y(t),v(t) and z(t) are all bounded. 
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2.2 The equilibria and threshold parameters 

At any equilibrium we have 



dx — ip(x , y, v)v = 0, 


(9) 


ip(x,y,v)v - ay = 0, 


(10) 


ky — bzv — cv = 0, 


(11) 


rzv — nz = 0. 


(12) 



From Eq. (12), either z = 0 or z ^ 0. If z = 0, then from Eqs. (9)-(ll) we get 



s — dx c 



y = 



= —v, v = 



k(s — dx) 



a k 1 



ac 



(13) 



Substituting from Eq. (13) into Eq. (10) we get: 



ip x, 



s — dx k(s — dx) \ ac 



ac 



k 



v = 0. 



(14) 



Eq. (14) has two possible solutions v = 0 or v ^ 0. If v = 0, then from Eqs. (9) and (10), we get 
x = s/d and y = 0 which leads to the infection-free equilibrium Eq{xq, 0, 0, 0) where xo = s/d. If 
v ^ 0, then we have 

( s — dx k(s — dx)\ ac 

ip x, , - — = 0. 

\ a ac k 



Let 



Then, we have 



„ , . i s — dx k(s — dx)\ ac 

,-4-! - T = o. 



«■; m = 



dp.’ d dip kd dip 

dx a dy ac dv 
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Because of Assumptions A2 and A3, we have (x) > 0 which implies that function d > i(x) is 
strictly increasing w.r.t. x. Moreover, 



T , . f n s ks\ ac ac 

$ ' (0) =n°’a'-J“* = “T <0 ' 

h'ib(xc\ 0 Ol 

Therefore, if — - — > 1, then there exists a unique x\ G (0,xo) such that $1(2:1) = 0. 

ac 

Therefore from Eq. (13) we obtain y\ = < ^ J '° — — 1 — > 0 and v\ = - ^' l0 — — — > 0. It follows 

a ac 

kijj(xQ 0 0 ) 

that, if — - — > 1, then there exists a chronic-infection equilibrium without antibody immune 

ac 

response E\{x\, yi, v\, 0). 

Let us define the basic reproduction number as: 

kip(xo, 0, 0) 



Ro — 



ac 



The parameter Rq determines whether a chronic-infection can be established. The other possibility 

of Eq. (12) is z 7^ 0 which leads to v 2 = — . From Eq. (9) we let 

r 

( g — \ 

$ 2 (x) = s - dx — ip lx, — - — ,v 2 J V2 = 0. 



Assumptions A2 and A3 provide that $2 is a decreasing function of x. Clearly, $ 2 (0) = s > 0 

and $ 2 (xo) = —ip{x o,0, u 2 )u 2 < 0. Thus, there exists a unique x 2 G (0,xo) such that $ 2 (x 2 ) = 0. 

It follows from Eqs. (11) and (13) that, y 2 = ^ X ° ~ X ' 2) > 0 and ^ 2 = ® = 

a ab b 

- ( _ A . Then if k 4ix 2 ,y2,v 2 ) > 1 then ^ > Q Nqw wg Define thg antibody 

b \ ac J ac 

immune response activation number as: 



Ri = 



fc"0(x 2 , y 2 i V 2 ) 



ac 



which determines whether a persistent antibody immune response can be established. Hence, z 2 



can be rewritten as z 2 = -(i?i — 1). It follows that, there is a chronic- infection equilibrium with 
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antibody immune response E 2 (x 2 , 2/2, z 2 ) iff Ri > 1- 

Clearly from Assumptions A2 and A3, we have 

k'ip(x 2l y 2 ,V 2 ) ^ kip(x 0l y 2 ,V 2 ) ^ fc^(x 0 ,0,0) 

Hi — < < — i to • 

ac ac ac 

2.3 Global stability analysis 

In this section, the global asymptotic stability of the three equilibria of model (5)-(8) will be 
established by using direct Lyapunov method and applying LaSalle’s invariance principle. Let us 
define the function H : (0, 00) — * [0, 00) as 

H(w ) = w — 1 — In ic. 



Theorem 1. Let Assumptions A1-A3 be hold true and Rg < 1, then the infection-free equilibrium 



Eg is globally asymptotically stable (GAS). 



Proof. We construct a Lyapunov functional as: 



U 0 = x - xq - 




ip(x 0,0,0) 
-0(?7, 0, 0) 



a ab 

dr] + y + -v + —z. 
k rk 



(15) 



We calculate along the solutions of model (5)-(8) as: 



dUo 

dt 



tp(x o ,0,0)\ 

V ^(x,0,0)J 



(xo 



x) + 



(i>(x,y,v) 



Ipjxo, 0, 0) 
ip(x, 0 , 0 ) 



ac\ abfi 

~k) V ~ ~tk 



f rp(x 0 , 0 , 0 )\ 

S V ^(*,0,0 )J 




f X,y,v ) 
\tp(x, 0, 0) 



f?o — 1 



v — 



abn 

rk 



z. 



(16) 



From Assumptions A2 and A3 we know that ip(x, y, v ) is an increasing function of x and decreasing 
function of y and v. Then the first term of Eq. (16) is less than or equal zero and 



^{x,y,v) < t/>(x,0,0), x,y,v> 0. 
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It follows that 



dUp < g A _ ip {x 0 , 0,0) 
dt ~ \ ip(x, 0,0) 



, x\ ac . „ , . aby 

1 +- ORo-l 

xq / k rk 



(17) 



Therefore, if < 1, then < 0 for all x,y,v,z > 0. We note that the solutions of system 
(5)-(8) converge to Q, the largest invariant subset of = o| [44], From (17), we have = 0 
iff x = xo, v = 0 and z = 0. The set 11 is invariant and for any element belong to H satisfies v = 0 
and z = 0. We can see from Eq. (7) that 

v = 0 = ky. 

It follows that, y = 0. Hence ^r 1 = 0 iff x = x$ and y = v = z = 0. Using LaSalle’s invariance 
principle, we derive that Eq is GAS. 

Assumption A5 

i>{x,y,v) \ f ip(x,yi,Vi) v 



1 - 



<0, i = 1, 2 for all x,y,v > 0. 



tp(x,yi,Vi)J\ip(x,y,v) v i/ 

Theorem 2. Assume that Assumptions A1-A5 are satisfied and R± < 1 < Rq, then the chronic- 
infection equilibrium without antibody immune response E\ is GAS. 

Proof. Define a Lyapunov functional as: 



U\ = x — x\ — 



f 

J x-\ 



^ x '’ n ’ v ' ) dn + yi H (£) + a k v lH (£) + <± z . 



/xi i’i'ThyuVi) 1 \yij ' k" 1 " \vij ' rk' 
Calculating the time derivative of JJ\ along the trajectories of system (5)-(8), we obtain 



dUi 

dt 



1 - \ ( s-dx - ip(x, y, v) v) + (l - — \ (ip (x, y , v)v - ay) 

ip(x,yi,vi) J V y) 



+ ^ (l — — ^ (ky — bzv — cv ) + < ^( rzv — yz) 

= (l- (s - dx) + r(.n. yi .n ) r( - r - * v)v 



ip(x,y u vi) 



ip(x,yi,vi) 



?/i ac v\ ac ab aby 

ip(x, y, v)v + ayi - —v - ay h —v\ + —v\ z —z. 

y k v k k rk 



(18) 
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Using the equilibrium conditions for E \ : 

s = dx i +ayi, ^{xi,yi,vi)vi = ayi = 

k 



we obtain 



dUi 

dt 



d 




j>(xi,yi,vi) \ , _ 
i/>(x,y i,vi) / Xl 



x) 



+ 2>ayi - ay i 



, ip{xi,yi,vi) 

ip(x,yi,vi) 



+ ay i 



il){x,y,v)v 
tp(x,y i,wi)vi 









ayi- 



T'l 



niy ab 

ay i h — 

nyi k 




z. 



(19) 



Collecting terms of Eq. (19) we get 



at V ^bUZ/i^i) /V 



+ oyi 
+ ayi 



^ ^{x,y,v)v _ v_ _ 1 il>(x,yi,vi) \ 
^(x,yi,ni)ni ui ip(x,y,v) J 

4 _ ^(xi,^i,ni) _ yiil)(x,y,v)v _ viy 
if>(x,yi,vi) yip(xi,yi,vi)vi vy± 





z. 



*l)(x,yi,vi) 

ip(x,y,v) 



Eq. (20) can be simplified as: 



dUi , A _ i/)(xi,yi,vi) \ ( _ x_ 
dt Xl V ip(x,yi,vi) ) V xi 



+ ay i 
+ ayi 




^(x,y,v) \ / V>(x, i/i, fi) _ 
^(x,yi,ni)y V ^(x,y,v) vi 
^(xi, yi,vi) _ 7/i^(x,r/,n)n 
ip{x,yi,vi) yip(x ll yi,v 1 )v 1 



viy 

vyi 





z. 



^(x,yi,vi) 

ip(x,y,v) 



(20) 



(21) 



From Assumptions A1 and A5, we get that the first and second terms of Eq. (21) is less than or 
equal zero. Since the geometrical mean is less than or equal to the arithmetical mean, then the 
third term of Eq. (21) is also less than or equal zero. 

Now we show that if R,\ < 1 then v\ < - = v 2 . Let Rq > 1, then we want to show that 



sgn(x 2 - xi) = sgn(vi - v 2 ) = sgn(y\ - y 2 ) = sgn(R\ - 1). 
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From Assumptions A2-A4, for x\,x 2 ,yi,y 2 ,vi,v 2 > 0, we have 

{^{x 2 , V 2 , v 2 ) - ip(xi,y 2 , v 2 ))(x 2 - x{) > 0, (22) 

(Y^i, yi, vi) - ip(xi,y 2 , vi))(y 2 - yi) > 0 (23) 

{^(xi,yi,vi) - 'tp(xi,yi,v 2 )){v 2 - v{) > 0, (24) 

(ip(x 2 , y 2 ,v 2 )v 2 - ip{x 2 , y 2 , vi)vi)(v 2 - ui) > 0. (25) 



First, we claim sgn(x 2 —xi) = sgn(v i~v 2 ). Suppose this is not true, i.e. , sgn{x 2 —x{) = sgn(v 2 —v i). 
Using the conditions of the equilibria E± and E 2 we have 

(s - dx 2 ) - (s - dx i) = ip(x 2 , 2 / 2 , V 2 )v 2 - il>(xi,yi,vi)vi 

= a{y 2 -yi), (26) 

then sgn{x\ — x 2 ) = sgn(y 2 — y\). Moreover 

(s - dx 2 ) - (s - dxi) = tp(x 2 , ?/ 2 , V 2 )v 2 - ip(xi, y±, vi)vi 

= (■ tp{x 2 ,y 2 ,v 2 )v 2 - ip(x 2 ,y 2 ,vi)vi) + ('tp(x 2 ,y 2 ,vi)vi - ip{xi,y 2 ,vi)v 1 ) 

+ (ip(xi,y 2 ,vi)vi - ip(xi,yi,vi)vi). 

Therefore, from inequalities (22)-(26) we get: 

sgn (x'i — x 2 ) = sgn (x 2 — x \) , 

which leads to contradiction. Thus, sgn (x 2 — x\) = sgn {v\ — v 2 ) . Using the equilibrium conditions 

for E\ we have = then 

R _ 1 = k'ip(x 2 ,y 2 ,v 2 ) _ k'ip{xi,yi,vi) 

ac ac 

k 

= —('ip(x 2 ,y 2 ,v 2 ) - 'ip{x 2 ,y 2 ,vi) +'ip(x 2 ,y 2 ,v i) 

ac 

- ip(xi,y 2 , vi) + i/)(xi ,y 2 , vi) - ip(xi,yi,vi)). 
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We get sgn(R\ — 1) = sgn{v\ — v 2 )- Hence, if f?o > 1, then x\,y\,v\ > 0, and if R\ < 1, then 
vi < v 2 = y. It follows from the above discussion that yjy- < 0 for all x,y,v,z > 0 and = 0 
iff x = x\,y = yi,v = v\ and z = 0. So ft contains a unique point, the equilibrium E\. Thus, we 
prove the global asymptotic stability of the chronic-infection equilibrium without antibody immune 
response E\ by using LaSalle’s invariance principle. 

Theorem 3. Let Assumptions A1-A5 be hold true and R± > 1, then the chronic-infection 
equilibrium with antibody immune response E 2 is GAS. 



Proof. We construct a Lyapunov functional as follows: 



^(x 2 ,y2,V2) 



U 2 = x - x 2 - I T -jj -y dr] + y 2 H ( — J + jv 2 H ( — j + ^jZ 2 H ( — 

Li W(jhy2,V2) \y 2 J k \v 2 ) rk \z 2 



Function U 2 satisfies: 



(27) 



( ~1E = { l _ (s - dx - i/>(x, y, v)v) + (l - — \ (ip(x, y, v)v - ay) 

dt V ^{x,y 2 ,v 2 ) J V yJ 

+ i i 1 ~ f) ^ ~ bzv ~ ^ i 1 ~ j) ( rzv ~ ^)- 

Applying s = dx 2 + ay 2 , we get 

d V2 =d ( 1 _ <K*2,V2,V 2 ) } (x2 _ x) + ay2 

^(x 2 ,y2,V2) 

^(x,y 2 ,v 2 ) 



dt ip{x,y 2 ,v 2 ) 

'ip(x2,y2,v 2 ) 



ay 2 



ip{ x,y 2 ,v 2 ) 



+ ip(x, y, v)v 



,< x y2^(x,y,v)v ac v 2 

- W{X2,y2,V2)v2— 7 x b ay 2 - — v - ay— 

yiP(X2,y2,V 2 )V2 k V 

ac ab aba ab aba 

+ ~rV 2 + -xV 2 Z —Z - — Z 2 V -\ —Z 2 . 

k k rk k rk 



(28) 



(29) 



By using the equilibrium conditions of E 2 



ip(x 2 ,y 2 ,v 2 )v 2 = ay 2 , cv 2 = ky 2 - bv 2 z 2 , n = rv 2 , 



and the following equality 



v 



cv = cv 2 — 
V 2 



— ( ky 2 - bv 2 z 2 ), 

V 2 
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we obtain 



dU 2 i>{x 2 ,y 2 ,V 2 ) \ , _ x f x,y,v)v V l/j(x,y 2 ,V 2 ) \ 

dt V ip(x,y2,V2) ) ^ X ay2 \'ip(x,U2,V2)v2 v 2 ^(x,y,v)J 



+ ay 2 



4 _ i’(x 2 ,y2,V2) 
ip(x,y 2 ,v 2 ) 



y 2 'il’(x,y,v)v 

y^(x2,y2,v 2 )v2 



V2 y _ Ip(x,y 2 ,v 2 ) 
vy 2 ip(x,y,v) 



( 30 ) 



We can simplify (30) as: 



dU 2 , ip(x2,y 2 ,V2) \ 

dt X2 V ip(x,y 2 ,v 2 ) ) 



+ ay 2 



4 _ ^(x 2 ,y2,V2) 

^(x,y 2 ,v 2 ) 



(, x \ / ip(x,y,v ) \ /’ip(x,y 2 ,v 2 ) 

V W V ip(x,y 2 ,v 2 )J V i/f(x, y ,v) 
y2'ip(x,y,v)v _V2 y _ 'ip(x,y 2 ,v 2 y 
y^(x2,y 2 ,v 2 )v2 vy 2 'tp{x,y,v) 



v 

v 2 



(31) 



We note that from assumptions A2, A5 and the relationship between the arithmetical and geometri- 
cal means, we have < 0. One can easily see that = 0 at E 2 . The global asymptotic stability 
of the chronic-infection equilibrium with antibody immune response E 2 follows from LaSalle’s in- 
variance principle. 



3 Conclusion 

In this paper, we have proposed a viral infection model with general incidence rate function and 
antibody immune response. We have derived a set of conditions on the general functional response 
and have determined two thresholds parameters Rq and R\ to prove the existence and global stabil- 
ity of the model’s equilibria. The global asymptotic stability of the three equilibria, infection- free, 
chronic-infection without antibody immune response and chronic-infection with antibody immune 
response has been proven by using direct Lyapunov method and LaSalle’s invariance principle. 
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NEWTON’S METHOD FOR COMPUTING THE FIFTH 
ROOTS OF p-ADIC NUMBERS 

Y.H. KIM, H.M. KIM, AND J. CHOI 



Abstract We consider Newton’s method to compute the fifth root of a p-adic 
number in Q p . We have the sufficient conditions for the convergence of Newton’s 
method and the speed of its convergence. We also calculate the number of iterations 
to obtain a number of corrected digits in the approximation. 



1. Introduction 

Let p be a prime and Q p be the field of p-adic numbers. The theory 
of the field of p-adic numbers introduced by Hensel has been related 
to several areas of mathematics including number theory, analysis and 
other modern mathematics, and recently to physics. The study of this 
field has been an important area of research in mathematics([9]). 

The application of classical methods in numerical analysis to p- 
adic numbers and polynomials and the analysis of their convergence 
in Q p have been a recent development ([2-3], [5], [7], [10-11]). Newton’s 
method is the most often used method to find zeros of polynomials. In 
[7], the authors applied Newton’s method to compute the cubic root 
of a p-adic number. In [2-3], the authors also used Newton-Raphson 
method to compute square and cube roots of p-adic numbers in Q p . 
Computing the q-th root of a p-adic number is useful in the field of 
computer science and cryptography, specially when q is a prime. In 
[6], Kim-Choi give the conditions for the existence of the q-th roots of 
p-adic numbers in Q p when (p, q) = 1, and also have the condition for 
the existence the fifth roots including p = q. 

In this paper, we use Newton’s method to compute the fifth root 
of a p-adic number in Q p . We have the sufficient conditions for the 
convergence of Newton’s method and the speed of its convergence. We 
also calculate the number of iterations to obtain a number of corrected 
digits in the approximation. 
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2. Preliminaries 



The following definitions and results are needed for our discussion. 
See [4] and [8] for details. 

Definition 1. Let pG N be a prime number and x G Q (x ^ 0). The 
p-adic order of x, ord p x, is defined by 

■ 1 _ / the highest power of p which divides x, if x G Z, 

orcpa: ^ orc ^ a _ 0T d p b, if x — a,& G Z, & ^ 0. 

Consider a map | • | p : Q — >■ M + as follows. 



Definition 2. Let p G N be a prime number and x G Q. The p-adic 
norm | • | p of x is defined by 



x 




P~ if X ± 0, 
0, if x = 0. 



The field of p-adic numbers Q p is the completion of Q with respect to 
the p-adic norm | • \ p of Definition 2. The elements of Q p are equivalence 
classes of Cauchy sequences in Q with respect to the extension of the 
p-adic norm defined by 

\a\ p lim |(X^| P , 

n— >oo 

where {a n } is a Cauchy sequence in Q representing a G Q p . 

Theorem 1. Every equivalence class a in Q p satisfying \a\ p < 1 has 
exactly one representative Cauchy sequence {a*} such that 

(1) ai e Z, 0 < a t < p l for i = 1,2, . . 

(2) a.i = aj+i ( mod p l ) for i — 1, 2, 



From this, every p-adic number a G Q p has a unique representation 

OO 

a= Y, a n p n , 

n=—m 

where a_ m ^ 0 and a n G {0, 1, 2, ... ,p — 1} for n > —m. We represent 
the given p-adic number a as a fraction in the base p as follows: 

CL — ... CL^i • • • CL 2 CL i CL o • CL — j ... CL — 777,* 

This representation is called the canonical p-adic expansion of a. 

Definition 3. Let Z p = {a G Q p | a = se t °f P- a dic 

integers and Z* = {a G Q p | a = Yl'ilo (li I )l j °o 7 ^ 0} be the set of p-adic 
units. 
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3 

From Definition 3, it is easy to see that Z p = {a G Q p | \a\ p < 1} and 
Z * = {a G Q p | \a\ p = 1}. Hence the following theorem follows. 

Theorem 2. Let a be a p-adic number of norm p~ n . Then a = p n u 
for some «G Z* . 

From now, we discuss the conditions for the existence of p-adic roots. 

Definition 4. A p-adic number x G Q p is said to be a q-th root of 
o G Q p of order k G N if and only if x q = a (mod p k ). 

When q = 5, the q-th root of a G Q p is called the fifth root of a. 

The following lemmata are essential for our discussions ([4]). 

Lemma 3. Let a, b G Q p . Then a and b are congruent modulo p k and 
write a = b (mod p k ) if and only if |a — b\ p < 1 jp k . 

Lemma 4. Let a,b G Q p . If \ a — b | p < \b\ p , then |a| p = | 6 | p . 

The next theorem is the basis for the existence of p-adic roots([ 8 ]). 

Theorem 5. (HenseTs lemma) Let F(x) = c 0 + c±x + • • • + c n x n be 
a polynomial whose coefficients are p-adic integers. Let F'{x) = c± + 
C 2 X + 3 c 3 o ; 2 + • • • + nc n x n be the derivative of F(x). Let ao be a p-adic 
integer such that F(ao) = 0 (mod p) and F'(ao) ^ 0 (mod p). Then 
there exists a unique p-adic integer a such that 

F(a) = 0 and a = a 0 ( mod p). 

The following theorem follows from Theorem 5, and provides the 
condition between p-adic numbers and congruence ([4]). 

Theorem 6 . A polynomial with integer coefficients has a root in Z p if 
and only if it has an integer root modulo p k for any k > 1 . 

Some results of the existence of square roots of p-adic numbers are 
obtained from Theorem 6 ([4]). In [ 6 ], we have the conditions for the 
existence of the fifth roots of p-adic numbers in Q p as followings. 

Theorem 7. A rational integer a not divisible by p has a fifth root in 
7L p (p 7 ^ 5) if and only if a is a fifth residue modulo p. 

From Theorem 7, we have the following theorem ([ 6 ]). 

Theorem 8 . Let p be a prime number. Then we have: 

(1) If p f 5 , then a = p ord v a u g f or some u G Tfif has a fifth root 

in Q p if and only if ord p a = 5 m for m G Z and u = v 5 for some unit 
v G Zp. 

(2) If p = 5, then a = 5 ord5a u G Q 5 for some u G Z 5 has a fifth root in 
Qs if and only if or d^a = 5 m for rn G Z and u = 1 (mod 25) or u = k 
(mod 5) for some k (2 < k < A). 
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3. Newton’s Method 

Newton’s method is a well known numerical method to find zeros of 
a polynomial f(x) in M([l]). The iterative formula for this method is 
given by 

x n+ 1 = x n - , n — 0,1,2, (3.1) 

J {Xn> 

To seek the fifth root of a is to find the zero of f(x) = x 5 — a. The 
iteration (3.1) for Newton’s method becomes the recurrence relation 

4-7*5 I 

VI = n = 0,1,2,.... (3.2) 

OX n 

Like for real numbers, we can show that Newton’s method also con- 
verges quadratically for convergence. 

Let a(^ 0) G Q p be a p-adic number such that 

\a\ p = p~ 01 ' dpa = p~ 5m , m G Z. 

The following theorem is the result when p ^ 5. 

Theorem 9. Let p ^ 5 and {x n } be the sequence of p-adic numbers 
obtained from the Newton’s iteration (3.2). If Xq is a fifth root of a of 
order r with |x 0 |j> = p~ m and r > 5 m, then 

(1) \x n \ p = p~ m , n — 1,2, ... , 

(2) x b n = a ( mod p 2 ™r- 5 m( 2 n -i)^ 

(3) {x n } converges to the fifth root of a. 

Proof. We will prove (1) and (2) by induction. 

(i) First, we prove it when p > 5. Let n = 1. By assumption, we have 

x^ = a + bp r (0 <b<p). (3.3) 

From (3.2), (3.3) and Lemma 4, we have 

I _ |4xq + a Ip _ |5a + 45p r |p _ max{\5 a\ p ,\4bp r \ p } _ (o ^ 

\ Xl \P |r 41 |c r 4| |c r 4| P ‘ 

\ O ' L 0\P |OXq|p \OXq\p 

Also by (3.2), we have 

/ 5 \ 2 

x\ -a= 3 ^ 25^20 (1024xq 5 + 203 axj 0 + 22 a 2 x 5 0 + a 3 ). (3.5) 

To calculate the p-adic norm of x\ — a , we let 

h(x) = 1024x 15 + 203ax 10 + 22 aV + a 3 . (3.6) 

From (3.3), we have 

h{x 0 ) = 1250a 3 + 3500a 2 5p r + 3275 ab 2 p 2r + 1024 5 3 p 3r . (3.7) 
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Using the strong triangle inequality, we have from (3.7) that 
\h(x 0 )\ p 

< max {|2 • 5 4 a 3 | p , \2 2 5 3 7a 2 bp r \ p , \5 2 131ab 2 p 2r \ p , |2 10 6 3 p 3r | p } 



= max {p~ 15m ,p 



— 10 m—r — 5m— 2r —37*1 

5 P i P J 



Also the p-adic norm of the denominator of the right hand of (3.5) is 
|3125xg°| p = \5 5 x 2 0 °\ p = p- 20m . (3.9) 

Since x 0 is a fifth root of a of order r, we have 



<4 - = p- 2r - 



(3.10) 



By (3.5), (3.8), (3.9) and (3.10), we have 

\x\ - a\ p < p 5m “ 2r . 

By Lemma 3, x\ — a = 0 (mod p 2r ~ 5m ). Hence (1) and (2) is true when 



n = 1. 

Now assume that 



\%n— 1 |p P ? 

A . = n (mnr 1 T1 2"- 1 r-5m(2- 1 -l 



a£_i = a (mod p 2 "- 1 ^ 2 "- 1 - 1 )), 

and so 

= a + bp 2 ™ 1 ' 5m(2 n_1 — i) (0 < b < p y 

From (3.2), (3.11) and (3.13), we have 



(3.11) 

(3.12) 

(3.13) 



\ X n\p ~ I, 4 I ““ \r 4 I 

\ OX n-l\p \ ox n-l\p /o 13 3 

_ max{|5a| p , \4bp 2 " lr “ 5m ( 2 " 1_1) | p | _ _ m 

|54-iIp 

Thus (1) is proved by (3.4), (3.11) and (3.14). Also from (3.2), it follows 



\^ x n-i + o\v |5a + 4:bp 
l^n-llp 



2 n ~ 1 r—5m(2 n ~ 1 — l) I 



(3.14) 



— = p~ m . 



5 (4-i - a) 2 , , \ 

X n~a= . 5, r 20 M^n-i)- 

O X n _i 



(3.15) 



Let Q = p 2 " r 5m ( 2 " 1 L for simplicity. From (3.13), 
h(x n - 1 ) = 2 • 5 4 a 3 + 2 2 • 5 3 • 7a 2 5Q + 5 2 • 131ah 2 g 2 + 2 10 6 3 g 3 . (3.16) 
Since r > 5m, the p-adic norm of h{x n - 1 ) in (3.16) is 
IM*n-i)| P < ma x{p- 15m , p-1 5 - 2 "- 1 ^- 5 -), 

p— 15m— 2™ (r— 5m) p-15m-3-2 n - 1 (r-5m)^ (3 37 ) 
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Since x n -\ is a fifth root of a of order 2 n 1 r — 5m(2 n 1 — 1), we have 
from (3.12), (3.15) and (3.17) that 

U5__| < r) -2 n r+5m(2"-l) 

\ x n u '\p — 

By Lemma 3, we have x b n — a = 0 (mod p 2 ’ v - 5m ( 2 "- 1 )). Thus (2) is true 
for all n G N. 



(ii) When p < 5, there are two cases, p — 3 and p = 2. 

The proof is the same with (i) when the first case p = 3, because 3 
is no factor of any coefficients of terms of h(x o) in (3.7). It means that 
\h(xo)\ p < p _15m , and so x\ = a (mod p 2r_5m ). By assuming x^_ x = a 
(mod p 2 ’ 1 lr ~ 5m (2 n I_1 ^), we have x ® = a (mod p 2 " J '- 5m ( 2 "- 1 )) using the 
same process of (i). Moreover we can check easily |x n |3 = 3 _m by 
induction. 

The other case is p = 2. Let n = 1, |o?i | p = p~ m is obtained easily 
from (3.4). And we have 



Xi 



a = 



Wo - a r 

3125a;g 0 



h(x 0 ), 



(3.18) 



where h(x) is the polynomial in (3.6). Since r > 5m, we have 



\h(x 0 )\ p < max{p“ 15m_1 , p -10m-r- 2j p -5m-2r^ p -3r-10| < p -15m_ 

(3.19) 

In (3.18), we have 

|3125xjj°| P =p~ 20m , (3.20) 

and, by assumption, 

\(x 5 0 - a )\ = p- 2r . (3.21) 

Also (3.19), (3.20) and (3.21) imply |xf — a\ p < p _2r+5m , and so x\ = 
a (mod p 2r ~ 5m ). Thus (1) and (2) are true when n — 1 if p — 2. 

Assume that |x„_i| p = p~ m and x, 5 l _ 1 = a (mod p 2 " lr ~ 5m ( 2n i_1) ). 
That is, 

a; 5_ i =a + j p 2"- 1 r-5m(2"-i- 1 ) (Q < 6 < p). (3.22) 

It follows (3.15) and (3.16), and so we have 



\h(x n -i)\ p < max{p 



— 15m— 1 -15m-2-2"- 1 (r-5m) 

5 P 5 

— 15m— 2 n (r— 5m) -15m-10-3-2 n - 1 (r-5»n) 

P 1 P 



} (3.23) 



< p 



— 15m 



By (3.15), (3.17), (3.20) and (3.23), we have 

U5__| / -2"r+5m(2"-l) 

I' 6 ?! U IP — P 
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Hence we have that for all n € N, 4 = a (mod p 2 " r_5m ( 2 " -1 )). We 
note that |x n | 2 = 2 _m is obtained easily from (3.14). So we complete 
the proof of (1) and (2). 



From (2), we have 



|4 - a\ p < p -^r + 5m(2"-l) ( 3 .24) 

for each prime p(pf 5). (3) follows immediately from the inequality 
(3.24) as n — > oo. □ 



When p = 5, we have the following theorem. 

Theorem 10. Let p = 5 and {x n } be the sequence of p-adic numbers 
obtained from the Newton’s iteration (3.2). If Xq is a fifth root of a of 
order r with |x 0 | p = p~ m and r > 5 m + 1, then 

(1) \x n \ p = p~ m , n = 1 , 2 , ... , 

(2) 4 = a ( mod p 2n r-{5m+i)(2 n -i) 

(3) {a; n } converges to the fifth root of a. 

Proof. (1) and (2) will be proved by induction. Let n = 1. By assump- 
tion Xq = a (mod p r ), and from (3.2) and Lemma 4, we have 



5a + 46p r 


\p max{ 5a 


\pi 


4 bp r \ 


T „— 5m— 1 

1 Pi _ P 


Ml 


p 


M 


p 


p— 4m— 1 



By calculating the p-adic norms of h(x o) in (3.7), we have 

\h(x 0 )\ p < ma x {p- 15m - 4 ,p- 10m - r - 3 ,p- 5m - 2r - 2 ,p- 3r } =p- 15m “ 4 , 
since r > 5 m + 1. Also we have |31254°|p = p~ 20m ~ 5 . Thus 

I , r 5 _ | -2r+5m+l 

| X 1 a \p ^ y j 

and so x\ = a (mod p 2r -( 5m + 1 )) by Lemma 3. Hence it is true when 
n — 1. Now we assume that 



|^n— 1 |p P 



and 

4_! = a (mod p 2n - V -(5-+i)(2™- 1 - 1)) . 

In the similar manner as (3.14), (3.16) and (3.17), we have 



|*^n|p 



|44_i + a \p |5a + 46p 2 " lr ( 5m + 1 )( 2n 1 x ) | 

1 54- lip 



max{|5a|p, |46p : 



|54-i Ip 

1 2 n - 1 r-(5m+l)(2"- 1 -l) I 



»} P 



— 5m— 1 



|54-i I 



p 



—4m—l 



= p 
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and 



\h{x n ^)\ p fi max{p- 15m - 4 , p -i5m-4-2» MMSm+i)] 



— 15m— 4— 2 n [? — (5m+l)] -15m-3-3-2 n - 1 [r-(5m+l)]' 

5 P 



= P 



V 

— 15m— 4 



And so we have 

l4-a| P <p" 2 ” r+(5m+1)(2 "" 1) . (3.25) 

It follows that (1) and (2) are true for all n G N. 

(3) follows from the inequality (3.25) as n — > oo. □ 

To determine the rate of convergence of the sequence {x n } given by 
(3.2), we consider the sequence {e n } defined by 

e n = x n+ \ - x n , Vn G N. (3.26) 

From Theorem 9 and Theorem 10, we obtain the following theorem. 



Theorem 11. If xo is the fifth root of a of order r, then the sequence 
{e n } in (3.26) is e n = 0 ( mod p an ), where 

f 2 n r-5m-2 n + m, if p fib, 
an ~ \ 2 n r - (5m + 1) • 2 n + m, if p = 5. 



Proof, (i) First, let p fi 5. Then, from the Newton’s iteration formula 
(3.2), we have 



e n = x n+1 - x n = —(a - x 5 n ), Vn G N. 



(3.27) 



By computing the p-adic norms of each side of the equation (3.27), 
we have from Theorem 8 that 

1 



-n\p 



Xn+1 X n |p 



bxt 



I x n | p fi p 



Hence e n = 0 (mod p an ) by Lemma 3. 

(ii) Let p — 5. By a similar way as (i), we have from Theorem 9 that 

1 

_ I . I n o'* . 

Ip 



|^n|p 



5x1 



\a — x n L fi p- 2 " r +( 5m + 1 )' 2 ”- m _ 



Hence e n = 0 (mod p an ) by Lemma 3. This completes the proof. □ 



From Theorem 11, we have that the rate of convergence of the se- 
quence {a; n } is of order a n . Thus the number of correct digits in the 
approximation increases by a n for every iteration. 

We can compute the number of iterations to obtain certain finite dig- 
its. From Theorem 9 and Theorem 10, we have the following corollary. 
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Corollary 12. (1) Forp 5, let {a: n } be the sequence of approximation 
in Theorem 9. Then the number of iterations to obtain at least AT 
correct digits is 



n = 




M— 4m \ 
r— 5m ) 



In 2 



(3.28) 



(2) Let p = 5 and {x n } be the sequence of approximation in Theorem 
10. Then the number of iterations to obtain at least AT correct digits is 



n = 



In 



( M— (4m+l)\ 
y r-(5m+l) J 



In 2 



(3.29) 



Proof. (1) Since we need AT correct digits in the approximation, we 
must set the order to M + m to find the number of iterations with AT 
correct digits. That is, 



2 n r - 5m(2 n - 1) = M + m. (3.30) 



From (3.30), we have 



2 n 



AT — Am 



r — 5 m 

Since {x n } converges to the fifth root of a by Theorem 8 (3) and r > 5m, 
we have the equation (3.28). 

(2) As in the proof of (1), we set 



2 n r - (5m + l)(2 n - 1) = AT + m. 



From (3.31), we have 



2 n 



AT — Am — 1 
r — (5 m + 1) 



Since r > 5m + 1, the result follows from (3.32). 



(3.31) 

(3.32) 

□ 



The numbers in (3.28) and (3.29) are sufficient numbers of iterations 
to provide at least AT correct digits in the approximation. 
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Abstract. In 1940 S. M. Ulam proposed at the University of Wisconsin the problem: “Give conditions in order for a linear 
mapping near an approximately linear mapping to exist”. In 1982-2013, the second author solved the above Ulam problem 
for a variety of quadratic mappings. Interesting stability results have been achieved by S. A. Mohiuddine et al., since 2009. 
In this paper, we solve the Ulam stability problem for Euler-Lagrange (a,/3;k) quadratic mapping. The other authors of 
this research area have established important results also on functional inequalities. 

Keywords and phrases: Quartic functional equations and inequalities; Various normed spaces; Ulam stability. 

AMS subject classification (2000) :39B. 



1. Introduction 

In 1940 S. M. Ulam [36] proposed the famous “Ulam stability problem”, which was solved by D. 
H. Hyers [4], in 1941, for additive mappings. In 1950 T. Aoki [3] solved this Ulam problem for weaker 
additive mappings. In 1978 Th. M. Rassias [33] generalized the theorem of Hyers for linear mappings. In 
1982-1999, J. M. Rassias ( [23-30]) generalized this problem. For more detail of Ulam stability problem, 
we refer to [5,6,8-11,19,20,32,34] and references therein. 

In 1992, the second author [23,24] introduced the term “Euler-Lagrange functional equation” and 
“Euler-Lagrange quadratic mappings” , of satisfying 

Q(x + y) + Q{x - y) = 2[Q(x) + Q(y)\ (1.1) 

and then solved the Ulam stability problem of the Euler-Lagrange quadratic functional equation (1.1). In 
1996, J. M. Rassias [30] established the Ulam stablity of the general Euler-Lagrange quadratic functional 
equation 

Q(ax + (3y) + Q(f3x - ay) = ( a 2 + /3 2 ) [Q(x) + Q(y)] . (1.2) 

In 2009-2014, S. A. Mohiuddine et al. ( [1,2,12-18]) solved this problem in several normed spaces. In 
2008-2012 J. M. Rassias et al. ( [21,22,31,37]) solved the generalized Ulam problem via various methods. 
In 2010, M. E. Gorclji et al [7] established Ulam stabilities on Banach algebras. Also J. R.atz [35] results 
are interesting on orthogonal mappings. 

In this paper, we solve the Ulam stability problem for the Euler-Lagrange (a, /?; k) quadratic mapping 
satisfying 

kQ(ax + Py) + Q(k(3x — ay) = (a 2 + k(3 2 ) [kQ(x) + Q(y)\ ■ (1.3) 
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Let us note that Q(x ) = \x \ 2 satisfies equation (1.3) because the following Euler-Lagrange quadratic 
identity 

k\ax + (3y \ 2 + \kf3x — ay\ 2 = (a 2 + kf3 2 ) [fc|x| 2 + \y\ 2 ] (1.4) 

holds with any fixed reals a, (3 and k. 

Definition 1.1. Let X be a normed linear space and let Y be a real complete normed linear space. 
Then a non-linear mapping Q : X — > Y is called Euler-Lagrange quadratic if equation (1.3) holds for 
all 2-dimensional vectors (, x,y ) G X 2 , and any fixed reals a, (3 and k. We note that Q may be called 
quadratic because the above Euler-Lagrange identity (1.4) holds and because the functional equation 

Q(m n x ) = ( m n ) 2 Q(x ) (1.5) 

holds for all x £ X, all neN : 

m = a 2 + k(3 2 . (1.6) 



Assume m € I — {0, 1} and k € M — {—1, 0}. 

In fact, substitution of x = y = 0 in equation (1.3) yields 

( k + 1)(1 — m)Q{ 0) = 0, 



or 

Q(0) = 0, m/1 (and k ^ —1). (1.7) 

Substituting x = x, y = 0 in (1.3), one gets that 

kQ(ax ) + Q(kf3x) = km.Q{x) + mQ(0), (1.8) 

or 

1 777, 

Q{ax) + -Q{kj3x) = mQ(x) + — Q(0), 
k k 

holds for all x € X, and any fixed real k ^ 0. Employing (1.7), we obtain from (1.8) that 

Q(ax) + Q(kf3x) = kmQ(x). 

Moreover, substitution x — » ax, y = k[3x in (1.3), we find that 

kQ{mx) + Q(0) = m[kQ(ax) + Q{kf3x)\, 
or 

kQ(ax) + Q{k(3x) = km~ 1 Q(mx) -\ Q(0), (1.11) 

m 

or 

Q(ax) + -Q(k(3x) = m~ 1 Q(mx ) + - — Q(0) (1.12) 

k km 

holds for all x € X, and any fixed reals k / 0, m / 0. Functional Equations (1.8) and (1.11), or (1.9) 
and (1.12) yield 

km~ 1 Q(mx) Q(0) = kmQ(x) + mQ(0), 

TO 

or 

km[Q(x) — m~ 2 Q(mx )] = — to^Q(0), 



(1.9) 

( 1 . 10 ) 
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or 


km\Q{x) — m 2 Q(mx)] = ^ ^Q(O), 




or 


Q{x) — m~ 2 Q(mx) = (j - — y—]Q( 0)- 

\ rC TYl J 


(1.13) 


Employing (1.7), one gets 


Q{x) = m~ Q(mx), 


(1.14) 


or 


Q(mx ) = m 2 Q{x) 


(1.15) 


Replaying x — > mx in (1.15), 


we find 






Q(mrx) = m 2 Q(mx), 




or 


Q(m 2 x) = m 4 Q(x) 


(1.16) 



Then by induction onneN with x — > m n 1 x yields equation (1.5). 

Definition 1.2. Let X be a normed linear space and let Lbea real complete normed linear space 
we call the non-linear mapping Q : X — > Y, a 2-dimensional quadratic weighted mean if 

- kQ(ax) + Q(k/3x) 

Q{x) = 

km 

holds for all x £ X and any fixed reals k,m^ 0. 

Let us note that from (1.8) and (1.17), one get 

x kmQ(x)+mQ(o) 

Q(x) = y , 

km 

or 

Q(x) = Q(x) + j-Q(o), 

for all x € X, and any fixed real k ^ 0. From (1.7) and (1.18), we obtain 

Q(x) = Q(x), (1.19) 



. Then 
(1.17) 



(1.18) 



for all x € X. 



2. Stability for Euler-Lagrange quadratic mappings 



Let us introduce the Euler-Lagrange (a, /?; k) quadratic functional inequality 
|| kf(ax + (3y ) + f{k(3x - ay) - (a 2 + /c/3 2 ) [kf(x) + f(y)] || < c, 



(2.1) 



for all 2-dimensional vectors (x,y) £ X 2 and any fixed reals a, (3 and k as well as m = a 2 + k[3 2 , with 
m € M — {0, 1} {k £ M — {—1, 0}), and c(:= constant inde of x, y) > 0. 

Then we prove the following theorem. 

Theorem 2.1. Let X be a normed linear space and let Y be a real complete normed linear space. Let 
us denote, 



f(x) 



kf(ax) + f(k/3x) 
km 



(2.2) 
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holds for all x G X and any fixed reals k, m ^ 0. Also let us assume m : |m| > 1. Then the limit 



Q(x) = lim m n f(m n x), 



(2.3) 



exists for all x G X, all n G N, and any fixed real m : |m| > 1 and Q : X — > Y is the unique quadratic 
mapping satisfying functional equation (1.3) such that 



I f(x)-Q(x) < c 3 = 



C2 



m 2 — 1 



, \m\ > 1, 



(2.4) 



where 



2 \k + l|(l + |m|) + |1 + m| 

C2 = TO Cl = ; , ; I , ; , C, 



C3 = 



l*ll*+ll 

C2 



m 2 — 1 



Moreover , identity 



(2.5) 



Q(a;) = m 2n Q(m n x) 

holds for all x € X all n G N, and any fixed reals: a, /?; fc, m : |m| > 1 with to G K — {0, 1}, 

(k g R - {-1,0}). 



Proof of Existence in Theorem 2 . 1 . 

In fact, substitution of x = y = 0 in equality (2.1) yields 

|fc + l| |1 ~m\ ||/(0)|| < c, 



or 



1/(0) II < 



| k + 1 1 1 1 — to. 
Substituting x = x, y = 0 in (2.1), one gets that 



■, k ^ —1 , to. ^ 1 . 



or 



\kmf{x) — [kf(ax) + f{kj3x)] + m/( 0) < c, 



| f(x) — fix) + iy/(0)|| < — k^0,m^0, \m\ > 1 



from (2.2). Moreover substitution x — > ax,y = k(3x in (2.1), we find that 

II kf(mx) + /( 0 ) - m{kf{ax) + f{k(3x)\\\ < c, 



( 2 . 6 ) 



(2.7) 



or 



or 



kf(ax) + f(k/3x) — km 1 f(mx) /( 0 ) < - — - 

m \m\ 



\f(x) - TO, 2 f{mx) - 7— -y/( 0 ) || < 



km 2 11 \k\ m 2 ’ 

Functional inequalities (2. 6), (2. 7), (2. 8) and triangle inequality yields 

|| f(x) - mr 2 f(mx) || < || f(x) - /( x) + 7/(0) || + ||/(a:) - m~ 2 f(mx) - 7^/(0) 



(2.8) 



km 2 ' 



- ^< 0) 



< 



TO | |fc| TO 2 



\k\ 

1 + | TO, 

|fc| ?7l 2 | A: j TO 2 



1 1 — TO 2 
| A | TO 2 



/( 0 ) 



c + /AS|I/ ( o)| 
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< 



1 + Iml |1 — to 2 



1 



\k\ to 2 \k\m 2 |fe + l||l — m\ 

1 + \m\ |1 + m\ 

|fc| to 2 |fe||fe + 1 | to 2 

| k+ 1 1 (l + |m|) + |1 + m\ 

ci = 1 t 1 1 t i 1 1 c, 



|fc||fc + 1| TO 2 



or 



where 



I f(x) - to 2 f{mx) < ci = 






C 2 = nn c i = 



|fc + 1 1 (l + |to|) + |1 + TO | 



c, 



(2.9) 



( 2 . 10 ) 



\k\\k + 1| 

holds for fixed k, m 0, to y^ 1, to. > 1. Replacing a: — > mx in (2.9) and then multiplying by to^ 2 , we 
find 

( 2 . 11 ) 



-2 , 



/(mx) — to. /(to 2 a;) < to. 2 ci, m y^ 0 



From (2.9) and (2.11), one gets 

1 1 /(a;) — m _4 /(m 2 x)|| < ||/(x) — m _2 /(mx)|| + ||to _2 /(tox) — m _4 /(m 2 x)|| < 1 + m~ 2 ci, 



or 



||/(ar) — to. 4 /(m 2 x)|| < (1 + m 2 )ci,my^0. 

Employing (2.9) and (2.12) without induction, we obtain 

||/(x) — m _2 "/(m"x)|| < || /(x) — m _2 /(mx)|| + ||m _2 /(mx) — m _4 /(m 2 x)|| + 

+ ||m _2 (" _1 )/(m”~' 1 x) — m _2 "/(m"x) || 

< (l + m~ 2 + • • • + to _2 ^"^ 1 ^)ci, 



( 2 . 12 ) 



1 r rr) 2 71 jj-. 2 

||/(ar) — mT 2 "/(m”x)|| < — y-ci = (l-m~ 2w )ci, (2.13) 

or the general inequality: 

\\f(x) - mT 2 "/(m”x)|| < 1 (l - m~ 2n )c 2 , (2.14) 

m z — 1 

where |m| > 1, c 2 = mrci. 

Claim now that the sequence 

{ fn(x)},f n (x) = {m~ 2n f{m n x)} (2.15) 



converges. Note that from the general inequality (2.14) and the completeness of Y, one proves that the 
above sequence (2.15) is a Cauchy sequence. In fact, if i > j > 0, then 



or 



fi(x) - fj(x) 



= ||m _2 */(m®x) — m~ 2 ^ f{m? x) || 

= TO _2i ||m _2(l_i) /(TO l a;) — f(m? a;) || 

= to -2 - 7 || — m~ 2{l ~ j) ■ m?x) 

< m~ 2j ■ — - — -(1 - m' 2( * _i) )c 2 , 
m z — 1 



fi(x)-fj(x) < 



- 1 



( to . 2 -' — TO. 2i 



)C2, 



> 1, 



(2.16) 
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or 

0< lim \\fi(x) - fj(x)\\ < 0, 

i>j—* oo 

or 

lim \\fi(x) - fj(x)\\ = 0, (2.17) 

i>j — >oo 

completing the proof that the sequence { ,f n {x)} converges. Hence Q = Q( x) is well-defined via the 
formula (2.3). This means that the limit (2.3) exists for all x € X. 

In addition claim that mapping Q satisfies the functional equation (1.3) for all vectors ( x,y ) £ X 2 . 
In fact, it is clear from functional inequality (2.1) and the limit (2.3) that inequality 

k lim m~ 2n f\m n (ax + (3y)] + lim m~ 2n f\m n (k/3x — ay)] 

—(a 2 + k(3 2 )\k lim m~ 2n f(m n x) + lim m~ 2n f(m n y) 1 

L n— ► oo n — »oo J 

< c(lim m~ 2n ) = 0, \m\ > 1, (2-18) 

n—>0 

or 

||/cQ(aa; + f3y ) + Q(k/3x — ay) — (a 2 + k/3 2 )[kQ(x) + Q(y)|| = 0, 

or mapping Q satisfies the functional equation (1.3) for all x,y € X, and \m\ > 1. Thus Q is a 2- 
dimensional quadratic mapping. It is now clear from general inequality (2.14), n — > oo, and the formula 
(2.3) that inequality (2.4) holds in X, completing the existence proof of this Theorem 2.1. 

Proof of Uniqueness in Theorem 2.1. 

Let Q' : X — > Y be another 2-dimensional quadratic mapping satisfying equation (1.3), such that 

|| f(x)-Q'(x)\\ <c 3 (= (2-4 )' 

for all x £ X, and any fixed real m : |m| > 1. 

To prove the above-mentioned uniqueness employ (2.5) for Q and Q' , as well, so that 

Q\x) = m~ 2n Q' (m n x) (2.5 )' 

holds for all x £ X, all n £ N, and any fixed real m : \m\ > 1. 

Moreover, the triangle inequality and functional inequalities (2.4)-(2.4)' yield 

||<5(m"a;) — Q'(m n x) || < || Q(m n x) — /(m"a:)|| + ||/(m n a;) — Q'{m n x) ||, 

or 

||Q(m n x) — Q , (m ri a;)|| < 2c3, (2.19) 

for all x £ X, all n £ N, and any fixed real m : |m| > 1. Then from (2.5)-(2.5)', and (2.19), one proves 
that 

||Q(x) — Q , (a:)|| = ||m _2 ”Q(m"a;) — m~ 2n Q'(m n x) ||, 
or 

||Q(x) - Q\x) || < 2m _2 "e 3 , (2.20) 

holds for all x £ X, all n £ N, and any fixed real m : |m| > 1. Therefore from (2.20), and n — > cxd, one 
establishes 

0 < lim ||Q(x) — Q / (a;) || < lim m _2n )c 3 = 0, |m| > 1, 

n— >■ oo V n — >-oo / 
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or 



or 



I Q(x)-Q'{x) =0, 



Q(x) = Q'(x), \m\ > 1, 

for all x £ X, completing the proof of uniqueness and thus the stability of Theorem 2.1. 



( 2 . 21 ) 



Theorem 2.2. Let X be a normed linear space and let Y be a real complete normed linear space. Let 
us denote 



m 



f(x) = m f(m x) = — 



kf(—ax)+f(—(3x 
m 



( 2 . 2 )' 



holds for all x £ X and any fixed reals k, m ^ 0. Also let us assume |m| < 1. Then the limit 



Q(x) = lim m 2n f(m n x), (2-3)' 

n — »oo 

exists for all x £ X, all n £ N, and any fixed real m : \m\ < 1, and Q : X — > Y is the unique quadratic 
mapping satisfying functional equation (2.3)', such that 

Cl 



/( x) - Q(x) < c 4 = 



1 — TO 2 



Moreover, identity 



Q{x) = m 2n Q{m. n x) 



(2.5)' 



holds for all x £ X, n £ N and |m| < l,m ^ 0. From (2.7) with x — > m~ x x{m ^ 0, |m| < 1) and 
multiplying by m 2 , one find 

^2 



/(m x) - f{x) + — /( 0) 



\m\ 

~ |fc| C) 



where 



f(x) = m 2 f(m l x) = 



m 



kf(m 1 ax)+f(—(3x 



, m/0, |m| < 1. 



(2.22) 

(2.23) 



From (2.8) with x — > m 1 a; (m ^ 0, |m| < 1), one obtains 



1 



/(m x) - m f(x) - - — ^/(O) 
/c?n z 



< 



|fc| ?n 2 



Multiplying by m 2 , we get 



/(x) - /(x) - -/(0) 



< 



1*1 ' 



(2.24) 



Functional inequalities (2. 6), (2. 23), (2. 24) and triangle inequality yield 



|/(x) — m 2 /(m 1 x) < 



/(x) - /(x) + -/(0) 

x /(0) - ^ /(0) 



„ c Iml |?n 2 — II I, I 

s yi + yr “ PT I|/( )| 



i + w c+li -nq ||/(0)|| 



/(x) - TO 2 /(m 1 x) — /(0) 



1*1 



1*1 



< [ 1 + H + .I 1 + W , , c 



1*1 1 * 11* +11 
|fc + 1 1 (l + |m|) + |1 + to | 

Mk+1\ 



C = C 2 , 
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or 



where 



C2 = 



\\f(x) - m 2 f (in 1 a;)|| < c 2 , 

|fc+l|(l+| TO|) + |1 + TO 



(2.25) 



\k\\k + 1| 

Replacing x — > m~ 1 x in (2.25) and multiplying by to 2 , we get 



c, |m.| < 1 , k ^ 0, k ^ —1, to . ^ 0. 



/(to. l x) — m 4 f(m. 2 a;)|| < m 2 c 2 , 



(2.26) 



From (2.25)-(2.26), one finds 

|| f(x) —m A f(m~ 2 x ) || < || f(x) — m 2 /(m _1 a;)|| + ||m 2 /(m _1 2 ;) — m 4 /(m _2 ;r)|| < (l+m 2 )c 2 , 
or 

H/(*) — to 4 /(to. 2 a;)|| < (l + to 2 )c 2 , to 0. (2.27) 

Employing (2.25) and (2.27), without induction, we get 

||/(a;) — m 2n f(m~ n x) || < ||/(x) — m 2 /(m _1 a;)|| + ||m 2 /(ro _1 a;) — m 4 f(m~ 2 x) || + • • • 

+ ||TO 2 ^" _1 ^/(TO, _ ^" _1 ^a;) — m 2 "/(m _ "a;)|| 

< (l + TO 2 + h TO 2 ^" _ 1 ^)c 2 



or 

1 _ rn ' 2 ( n ~ 1 ) r 

\\f(x)-m 2n f(m- n x)\\ < m 2 c 2 = -^(l-m 2 ^- 1 )), (2.28) 

1 — m z 1 — m z 

or the general inequality: 

||/(s) - m 2n f(m- n x) || < — (2.29) 

1 — ?n z 

where |m| < 1 ,m ^ 0. 

Rest of the proof is similar to the proof of Theorem 2.1. 



Assume the following condition on /: 
From (2.30) and (2. 7)- (2. 8), we get 



m = o. 



f(x) - f(x) < 



c 

\k\ \m\ ’ 



and 

|| f(x) -m~ 2 f(mx ) || < C ^ 2 , k ^ 0,m ^ 0, \m\ > 1. 

From (2.31)-(2.32), one obtains 

|| fix) -m- 2 f(mx)\\ < \\f(x) -f(x)\\ + \\f(x) - m~ 2 f(mx)\\, 
or 

II f(x) -m~ 2 f(mx ) || <ci = I 7 I + 2 1 c, k ^ 0, m ± 0, \m\ > 1. 

Thus 



f(x) - m- 2n f(m n x) 



< ||/(x) — m~ 2 f(mx) || + ||to _ 2 /(to:e) — m~ 4 f(m 2 x) 
+ • • • + || to -2 (” -1 )/(to" -1 2 ;) — m~ 2n f(m n x) || 

< (l + to -2 + • • • + m~ 2 ( n_ 1 ' l )c , 1 , 



(2.30) 



(2.31) 

(2.32) 



(2.33) 



370 8 



Mohiuddine et al 363-373 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



or 



\f(x)—m 2n f{m n x) < 



1 — m 
1 — mr 



TO' 



- 1 



(l TO. 2 n )c[, 



or 



/( x) - TO 2n f(m n x) || < 1 (l - TO, 2 ”)4> 

m 777, z — 1 7 



(2.34) 



where 



\m\ > 1, with c' 2 = to 2 4 



|m| + 1 

~TT C ' 



Therefore the following Theorem 2.1a holds. 

Theorem 2.1a. Let X be a normed linear space and let Y be a real complete normed linear space. 
Then the limit (2.3) exists for all x £ X, all n £ N, \m\ > 1 and Q : X — > Y is the unique quadratic 
mapping satisfying equation (1.3), such that 



f{x) - Q(x) < 




\m\ + 1 1 

TO 2 — 1 



k 4 0, |to| > 1. 



The proof of this Theorem 2.1a is similar to the proof of the previous Theorem 2.1. 



(2.35) 



Alternatively: |m| < 1, /( 0) = 0: 

From (2.30) and (2.22) , (2.24), we get 

\\f(x) ~F(x)\\ < |||, (2.36) 

and 

\\F-m 2 f(m.- 1 x)\\<j^c, (2.37) 

k 4 0, to 4 0, |m| < 1. From (2.36)-(2.37), one obtains 

\\f{x) — to 2 /(to -1 a;) II < II f(x) — f(x)\\ + \\f(x) - TO 2 /(m _1 a;)|| 



or 



k 4 0, to 4 0, |to| < 1. Thus 



f(x) — to 2 /(to. 1 a;) < 4 



| to .| + 1 



f(x)—m 2n f(m "a:)|| < \\f(x)-m 2 f(mx)\\ 

+ • • • + ||rn 2 (" -1 )/(mr(" -1 )a;) — m 2n f(m~ n x) 
< ( 1 + to 2 H hm 2( " _1) )4, 



(2.38) 



or 

!!/(*) - m 2n f(m~ n x)\\ < 1 (l - m 2n )c' 2 , (2.39) 

1 — 

where |m| < 1, m 4 0. 

Therefore the following Theorem 2.2a (analogous to Theorem 2.1a) holds for \m.\ < 1, to. 4 0. 
Theorem 2.2a. Let A be a normed linear space, and Y a real complete normed linear space. Then the 
limit (2.3)' exists for all x € X, n € N, \m\ < 1; to 4 0, and Q : X — » Y is the unique quadratic mapping 
satisfying equation (1.3), such that 



f{x) - Q(x) < 



c 



/ 

2 



1 — TO 2 



1 + \in\ 1 
1 — to 2 I ft; I ’ 



(2.40) 



371 9 



Mohiuddine et al 363-373 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



k ^ 0, |m| < 1; to ^ 0. 



Special case: Replacing a = (3 = 1 in equation (1.3) and (2.1), one gets 

kf(x + y) + f(kx - y) = (k + 1) [, kf(x ) + f(y )] , k G R. - {-1, 0}. 



Thus 



m = fc + l€l-{0,l}. 



Also 

|| kf(x + y)+ f{kx - y) - (. k + 1) [kf(x) + f(y)] || < c, k G R. - {-1, 0}. 



(2.41) 



(2.42) 
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Abstract. In this paper, we introduce the concept of {h — (a, m))— logarithmically convex 
functions and establish some new integral inequalities of these classes of functions. 
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1 Introduction and preliminaries 

The mathematical inequalities play an important role in the mathematical branches and their 
enormous application can not be underestimated. Afterwards, many researchers[l-13] studied the 
properties of convexity and achieve some different integral inequalities. The purpose of this paper 
is to introduce the definition of {h — (a, m ))— logarithmically convex functions and establish some 
new integral inequalities of these classes of functions. Before stating our results, we need recall some 
notions. 

Throughout this paper, by 9ft, we denote the set of all real numbers. 

Definition 1.1 Let f : I C 9ft — >• 9ft be a function define on interval I of real numbers. Then f is 
called convex (see[4f) if 

f{tx + (1 - t)y) < tf(x ) + (1 - t)f(y) 
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11326099) and supported partly by the Provincial Natural Science Foundation of Jiangxi, China (20114BAB201003 
and 20142BAB201005) and the Science and Technology Project of Educational Commission of Jiangxi Province, China 
(GJJ11346). 



1 



374 



Jianhua Chen et al 374-380 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.2, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



for all x,y G I and t G [0, 1] . 

In [2] , Toader gave the definition of m— convexity as follows. 

Definition 1.2 The function f : [a, 6] — >• 3?, 0 < a < b is said to be m— convex , where m G [0, 1], if 

f(tx + m{ 1 - t)y) < tf(x) + m{ 1 - t)f{y) 

holds for all x, y G [0, 1] and t G [0, 1] . We say that f is m— concave if —f is m— convex. 

In [3] , Mihesan gave the definition of (a, m)— convexity as follows. 

Definition 1.3 The function f : [a,b] — )• 3ft, 0 < a < b is said to be (a, m)— convex , where ( a,m ) G 

[0, l] 2 , if 

f(tx + m( 1 - t)y) < t a f(x ) + m( 1 - t a )f(y) 
holds for all x, y G [0, 1] and t G [0, 1] . 

In [1], Ozedemir et al. gave the definition of ( h — (a, m))— convexity as follows. 

Definition 1.4 Let h : K C 3ft — >• 3ft be a nonnegative function, h ^ 0. The function f : L C 3ft — > 9ft 
is said to be ( h — (a, m))— convex function if f is non-negative and for all x, y G [0, 1] and t € (0, 1) 
for ( a,m ) € [0, l] 2 , we have 

f(tx + m{ 1 - t)y) < h a (t)f(x) + m(l - h a {t))f{y). 

In [5], Bai gave the definition of m— and (a, m )— logarithmically convex functions as follows. 

Definition 1.5 The function f : [a,b] — >• (0,oo),0 < a < b is said to be m— logarithmically convex, 
where m G (0, 1], if 

Ktx + m{l-t)y) 1-*) 

holds for all x, y G [0, 1] and t € [0, 1] . 

Definition 1.6 The function f : [a,b\ — >• (0, oo),0 < a < b is said to be (a, m)— logarithmically 
convex, where ( a,m .) € (0, l] 2 , if 

f(tx + m{ 1 - t)x) < [f(x)f [f(x)) m ^ 

holds for all x, y G [0, 1] and t G [0, 1] . 
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2 Main results 



In this section, we will introduce the concept of {h— ( a , m))— logarithmically convex functions. We 
give some new integral inequalities of these classes of functions. First, we present the definition of 
( h — (a, m))— logarithmically convex functions as follow. 

Definition 2.1 Let h : K C 3ft — >• 9i be a nonnegative function, h 0. The function f : L C 9ft — > 3ft 
is said to be (h — (a, m))— logarithmically convex function if f is nonnegative and for all x,y G L and 
t € (0, 1) for (a,m) G (0, l] 2 , we have 

fitx + m( 1 - t)y) < [f(x)} ha ^[f(y)r ( 1 ~ ha ^) . 

Obviously, if h(t) = t, then ( h—(a , m))— logarithmically convex function is a (a, m)— logarithmically 
convex function; if h(t) = t,a = 1, then (h—(a, m))— logarithmically convex function is a m— logarithmically 
convex function. 

Before giving our results, we need the following lemma which is proved by Ozdemir et al. [13]. 

Lemma 2.1 Let f : [a, b] — >• 9ft, 0 < a < b be continuous on [ a,b\ such that f G L([a,b]). Then the 
equality 

[ (x — a) p (x — b) q f(x)dx = (b — a) p+q+1 f (1 — t) p t q f(tx + (1 — t)y)dt 

J a JO 

holds for some fixed p, q > 0. 



Theorem 2.1 Let f : [a, b] — >• 3ft, 0 < a < b be continuous on [a,b\ such that f G L([a,b]). If the 
mapping f is (h — (a, m))— logarithmically convex on [a, b] for all t G (0, 1) and ( a,m .) G (0, l] 2 , then 




b) q f{x)dx < (b — a) p+q+1 [(3( 



1 — m 



+ 1) 



P 



1 — m 



+ D] 



1 —m 



X {1 [/(o) ]^^ ( ^ )1 " fta(t)dt } T 



where (3(x,y) = /g 1 ^)^ 1 (l — t) y 1 dt,. 



( 2 . 1 ) 



Proof. Using Lemma 2.1 , we have 



f (x — a) p (x — b) q f(x)dx = (b — o) p+IJ+1 f (1 — t) p t q f(ta + (1 — t)b)dt. (2.2) 

J a Jo 

Since / is (h — (a, m))— logarithmically convex on [a, b\, we know that for every t G (0, 1) 

f(ta + (1 - t)b) = f(ta + m{ 1 - t){-)) < [/(a)] h “W[/(-)] m ( 1 -' ! “W) . (2.3) 



m 



m 
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From (2.1), (2.2), (2.3) and Holder inequality, we can conclude that 

f (x — a) p (x — b) q f{x)dx 
J a 

= (b - a) p+q+l [ (1 - t) p t q f(ta + (1 - t)b)dt 

J o. 



= (b - a) p+q+l / (I - t) p t q f(ta + m{ 1 - t) — )dt 

Jo m 

<(b-a) p+q+1 [ (l -t) p t q [f{o)} ha ^[f{-)] m( y l - ha{t) )dt 

Jo 1 _ m 

<(b- a) J ’ +, ' +1 j J\( 1 - tyf^iA ( £ 

< (6 - a)P+^^ (r X- + 1, ^ + l)] 1 -”! £ {[/(a)]^[/(4) 1 -'*"< 1 >]}<if| ” 



<(b-a) p+q+ 1 ^j\(l-t)^t^dA f 



Hence, the proof of theorem 2.1 is completed. 



Remark 2.1 If a = 1, then we can conclude the following inequality: 

[\x - a) p (x - b) q f{x)dx <(b- a) p+q+1 [P ( + 1, P 



' 1 — m 1 — m 



+ D] 



1 —m 






Theorem 2.2 Let f : [a, b\ — >• 3ft, 0 < a < b be continuous on [a,b\ such that f € L([a,b]). If 

k 

the mapping |/| fc -i ( k > 1) is ( h — (a, m))— logarithmically convex on [a, b] for all t € (0,1) and 
(a, m) € (0, l] 2 , then 

k - 1 



(x — a) p (x — b) q f(x)dx < (b — a) p+q+1 [/3(kq + 1, kp + 1)] * 



|/(a)| fc-i dt 



L./o m 



(fc-D 2 

— p— 



(2.4) 



where /3(x, y) = /^(t) 30 1 (l—t) y l dt,. 

Proof. Using Lemma 2.1 , we have 

f (x — a) p (x — b) q f(x)dx = (b — a) p+q+1 f (1 — t) p t q f(ta + (1 — t)b)dt. (2.5) 

J a Jo 

k 

Taking into account that \ f\ k - 1 is (h — (a, m))— logarithmically convex on [ a,b ], we deduce that 

I f(ta + (1 - t)b) [A = | /(fa + m(l - f)(— ))|^ < |/(a)| (2.6) 



m 



m 
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Hence, from (2.4), (2.5), (2.6) and Holder inequality, we can achieve the following inequality: 

f (x — a) p (x — b) q f(x)dx 
J a 

= (b — a) p+q+1 [ (l-t) p t q f(ta + (l-t)b)dt 



<{b- a) p+q+l 



LJ o 



(1 _ t ) kp t kq dt 



= (b — a) p+q+1 [/3(kq + 1, kp + 1)] fc 



f(ta + 777,(1 — t ) — ) 
m 



k - 1 1 k 

dt 



f(ta + m(l — t ) — ) 



fc k — 1 

fc-1 | k 

dt 



l Jo 



777. 

< (b — a) p+q+1 [!3(kq + 1, kp + 1)] fc | [ |/(a)|^t ft 1 fl — ) | * I "' !l h ^ dt 



k - 1 
k 



Using Holder inequality again, we have 



/‘ 1 |/( 0 )|^ i, * 0(t) |/(A)|^ Tm(1 - h0(t)) di 

/ 0 "7 

1 



fc -1 

fc 



< 



< 



-1 



L -7 0 



L Jo 



\f(a)\tt ha ®dt 

\f(a)\& ha ®dt 



f l \\f^)\^- ha m^ d t 

r 0 777, 

L Jo m 



fc -1 fc -1 
fc | fc 



-1 fc -1 
fc ^ fc 



(2.7) 



(2.8) 



Combining with (2.7) and (2.8), we can conclude that (2.4) holds. Hence, the proof of theorem 2.2 is 
completed. 

Remark 2.2 If a = 1, then we can conclude the following inequality: 



(x — a) p (x — b) q f{x)dx < (b — a) p+q+1 [l3(kq + 1, kp + 1)] fc 



k^h(t) 



|/(a)| k—i dt 



f 1 | /( A ) |*H 1 -<'» 

L Jo m 



(fc-p 
— P“ 



L JO 

2 



Theorem 2.3 Let f : [a, b\ — > 3ft, 0 < a < b be continuous on [a,b] such that f £ L([a,b]). If the 
mapping \ f\ l (l > 1) is (h — (a, m))— logarithmically convex on [a, b] for all t. £ (0,1) and (a, m) £ 
(0, l] 2 , then 



(. x — a) p (x — b) q f(x)dx < (6 — a) p+q+1 [/3(q + l,p + 1)] * 



, / l/(-)l ^ dt 

L Jo rn 



a- 1) 



P(ql + 1 ,pl + 1) 
2 



7? 



b1 l 3 h a (t ) 

|/(a)| *-1 dt 



(2.9) 



where /3(x, y) = X (1 — t) y 1 dt. 

Proof. Using Lemma 2.1 , we have 



(x — a) p {x — b) q f(x)dx = {b — a) p+q+1 j (1 — t) p t q f(ta + (1 — t)b)dt. (2-10) 
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Since, \f\ l is (h — (a, m))— logarithmically convex on [a, b], we have 

I f(ta + (1 - t)b)\ l = | f(ta + m( 1 - f)(-))|' < |/(a)|^W|/(-)|M 1 -^W). 

m m 

From (2.9), (2.10), (2.11) and Holder inequality, we can achieve the following inequality: 

f (x — a) p (x — b) q f(x)dx 
J a 

= {b-a) p+q+l [ (! l-tyt q f(ta + m(l-t)(—))dt 

Jo 1 m 

<(b-a) p+q+1 [ [(l-t) p (t) q ] l -^[(l-t) p (t) q ]Tf(ta + m(l-t)(-))dt 
Jo rn 



< (b - a) p+q+l 



(1 - t) p {t) q dt 



rl [(l-t) p m\f(ta + m(l^t)(-))\ l dt 



m 



= {b _ a) P+i+^ {q+liP+l)] ^\ / [(1 — t) p (t) q ]\f(ta + m(l — t)( ))\ l dt 

' 0 m 



Using Holder inequality again, we have 
rl 



b w ii ' ! 



/ 0 



< 



[(l-tnt) q ]\f(ta + m(l-t)(-))\ l dt 
f\{ 1 - t) p (t) q ]\f{a)\ lha JJ\f(-)\ lm ^~ ha ^dt 



m 



<[{J o [(i -tym l dty{ 

< f3(ql + l,pl + 1) 

< \/3(ql + 1 ,pl + 1) 



|/(a)/ /l “^|/( — )| im ( 1 ”^“(0) 
y m 



J- . i 

l-l _ l-l | l 
l 



dt } 



L Jo 






, b . . 


l^m(l — h a (i)) 


l-l 


— 


‘- 1 dt 




m 


_ 




i-i 

ft 


r r 1 b ‘ 3 


' m{l — h OL (i)) 


/ l/(-)l 


(LTp dt 




[Jo rn 





a-ir 

J3 



(2.11) 



(2.12) 



(2.13) 



|/(a)| ‘- 1 dt 

By (2.12) and (2.13), we can achieve that (2.9) holds. Hence, the proof of theorem 2.3 is completed. 
Remark 2.3 If a = 1, then we can conclude the following inequality: 



(x — a) p (x — b) q f(x)dx < (b — a) p+q+1 [/3(q + l,p + 1)] * 



f3(ql + 1 ,pl + 1) 



l 6 h(t ) 



, / dt 

L Jo rn 



^ q-ir 



L-lo 



|/(a)| *-i dt 
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Abstract. In this paper, we study about periodicity of g-trigonometric function 
which was introduced by Gosper and also we rewrite the g-analogue of Legendres 
duplication formula with the same bases. Furthermore, we modify some identities 
involving g-shifted factorial. 
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1 Introduction 



The q-shifted factorial [1, 3] is defined by 



(o; q) n 



1 n = 0, 

n;=o(i-«D n = i,2,.... 



( 1 ) 



and it is assumed that a / q m , m = 0,1,.... The q-shifted factorial [1, 3] is 
also defined for any complex number a, 



(a; q)a 



(a;g)oo 

(ag Q ;g)oo’ 



( 2 ) 



where (a; q ) oc := lim^oo I]m=o(l — aq m ) and the principal value of q a is taken 
and it is assumed that 0 < q < 1. 

The q-Gamma function was introduced by Thomae [6] and Jackson [5], (see 
[3], page 20) 

r q (x) = l^^(l-q) 1 -*, 0 < q < 1. (3) 

(g x ;g)oo 

A q-analogue of Legendre’s duplication formula [5, 7] has the form 



r 9 (2cr)r 92 (i) = (1 + q) 2x ~ 1 T q 2 (x)T q 2 (x + 1). 
Gosper [4] defined q-trigonometric functions as follows: 



sin q (wz) 



cos q (wz) 



„f„2z. r ,2\ t r ,2—2z. r ,2\ 

(z—l/2) 2 (g i g )oo(g ; g )c 



2\2 



(g;g : 

2 (g 1+2z ;g 2 )oo(g 1_2z ;g 2 ) 

(g;g 2 )L 



0 < q < 1, 
< q < 1. 



( 4 ) 

( 5 ) 

( 6 ) 
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It can be seen [4] that 

7 r 

cos q (z) = sin q (- - z). (7) 

By using (5), (6) and (7), one can see that, for the cases x = 0 and x = 
sin q (x) and cos q {x) are; 



sin q (0) = 0, sin q ( f ) = 1, 

cos g (0) = 1, cos q ( §) = 0. ^ 

There are many identities involving q-shifted factorial [1, 3], but in this paper 
we are using the following identities; 

For all a £ C and n £ N, following equations hold 



( q 2a -,q 2 ) n = ( q a \q)n(-q a -,q)n , 


(9) 


{a;q) in = ( a-,q 2 ) n (aq\q 2 )n , 


(10) 


= (g a ;g)„(-l) n <?' (S) - an - 


(11) 


2 Main result 




In the next lemma we show that the equations (9) and (10) 
any complex number a, 


are also valid for 


Lemma 1. For all a, a £ C, the following equations hold 




( q 2a ",q 2 )a = ( q a ;q) a (-q a ;q)on 


(12) 


(a;q) 2a = ( a;q 2 ) a (aq;q 2 )a ■ 


(13) 



Proof. To prove (12) we use (2), then we have 



(<r°;r)c 



(g 2 a ;g 2 )oo 

{ q 2 a+ 2 a ;q 2 )oo' 



By using the definition of q-shifted factorial (1), we obtain 



(« ,<? )c 



(g 2 a ;g 2 )oo 

(q 2 a + 2 a ;q‘ 2 )oo 

n^ 0 (i-g 2a+2t ) 

Yir= 0 (i-<i 2a+2a+2i ) 

n” o (i-g a+ 0(i+g a+t ) 

n~ 0 ( 1 - 9° +a+i )(l + q a+a+i ) 

ns 0 a-g a+j ) n” 0 (i+g a+i ) 

n~o(! - ® a+Q+i ) UZoi 1 + q a+a+i ) 

(g a ;g)oo (~g a ;g)oo 

{q a+a ;q)oo (-g a+Q ;<?) oo 
( q a ',q)a(-q a ;q) a ■ 
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The proof of (12) is complete. To Prove the next equation, we use (1) and 
(2), then we have 



(a;q 2 ) a (gq;q 2 ) a _ (a; q 2 )^ (ag; g 2 )oo(ag 2a ; g)oo 

(a; q) 2a (aq 2a \ q 2 )oo(aq 2a+1 ; g 2 )oo(a; q) oo 

= (a;g 2 )oo(ag;g 2 )oo (ag 2a ;g) oo 

(a;g) oo (ag ,2Q ;<? 2 )oo(a<? 2 “ +1 ;g 2 )oo 



each fraction in the last line is equal 1, since (c; g)oo(c<p ; 9)00 = (c;<p)oo (see 
[8] , page 13). The proof of (13) is complete. 

□ 



In the next lemma, we want to modify the equation (11). 
Lemma 2. For all a and (3 G C, the following equation holds 






{q 0 -,q)a 



sin^qir(a + (3) 
sin^/qTriP) 



q 



(S)-“/ 3 ; 



(14) 



where sin q is defined as in (5). 

Proof. After applying the equation (2) for both numerator and denominator of 
the left hand side of the following equation, we obtain that 

{q 1 ~ a ~ 0 -,q) a = (g 1 -"-^) oo(g a+/3 ;g)oo 

(« q 0 ;q) a {q 1 ~ p ;q)oo{q p ;q)oo 



and by using the definition of sin q which is written in (5), we have 
(■ g 1 ~ a - /3 ;g)oo(g a+/3 ;g)oo = sin Vq TT(a + 13) 

(g 1_/3 ;g)oo(g /3 ;g)oo sin^iriP) 

Therefore proof is complete. □ 

Theorem 1. For all n GN and x € C, the following equations hold 

sin q (x + rnr) = (— 1 ) n sin q (x), (15) 

COS q (x + ?17r) = (— 1 ) H COS q (x), (16) 

tan q (x + rnr) = tan q (x), (17) 

cot. q (x + rnr) = cot q ( x). (18) 



Proof. We use lemma 2 for prove the equation (15). Taking any arbitrary n G N 
and a G C, then we have 



(g 



1—n—a 



;g)n = (g°;g). 



sin^ q n(a + n) 



sin^qir(a) 



(19) 
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By comparing the equations (11) and (19), we obtain 



sin + n) 
sin^qir(a) 



(-!)”• 



Substituting q with ^Jq and x with an completes the proof of equation (15). 
By using (7) and (15), one can shows that (16) is valid for all n G N and 
x € C, and the last two equations (17) and (18) comes from and 

respectively. 

□ 



Remark 1. The cos q (x) is an even function, its come from the definition (6) 
directly. And the sin q (x) is an odd function, since by using (7), we can write 
sin q (x) = cos q (^ —x) and also we know that cos q (x ) is an even function then we 
have sin q (x) = cos q (x — : |), again apply (7), we obtain cos q (x—^) = sin q (n— x). 
Now by using the Theorem 1, we obtain sin q (n — x) = —sin q {— x). Therefore 
sin q (x) = —sin q (—x). 

Lemma 3. For all k € Z, zeroes of q-sine and q-cosine functions are kn and 
(2fc+i)7r ^ res p ec ti ve ly . 

Proof. Since sin q is an odd function, therefore its enough to prove the lemma 
for positive value of k. We prove the lemma for positive value of k by induction. 
For k = 1 and using (15), we have 



sin q (n) = sin q ( 0 + n) = sin q ( 0) = 0, 

since sin q ( 0) = 0 comes from definition of sin q . Then lemma is valid for k = 1. 
Assume that sin q (mr) = 0 is true. We need to show that sin q ((n + l)7r) = 0 is 
also true. By using (15), we have 

sin q ((n + l)7r) = sin q (mr + n) = (—l)sin q (nir) = 0. 

Therefore zeroes of sin q (x) are kn, for all k € Z. About the zeroes of cos q (x), 
take any arbitrary k G Z, and by using the (7), we have 

.(2fc+l)7T. 7T . . , . 

cos q ( ) = cos q {kn + — ) = sin q {—kn) = 0. 



Therefore zeroes of cos q {x) are ( 2fc + 1 ) 7r , for all k G Z. 



□ 



Lemma 4. For all z G C, the following equation holds 
(■ q z+1 ;q)z = (-q^\q^hz(q^;q) z - 
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Proof. Taking a = 1, a = 2z and substituting q with q 2 in (12), and applying 
to ( — <72 ; 52 ) 22 , we obtain 



i~q 2 ',q 2 ) 2z 



(■ Q 2 ',q)z 

( q z + 1 -, q)z 



( 9 : 9)2 * (g 2 ;9) z 

(g 2 ;9 2 )2 Z (g z+1 ;g)z 



By using (2), the right hand side of (20) can be written as 



( 20 ) 



(9:9)22 (9^9)2 

(9* +1 ;«)* ( 9^)22 



( 9 : 9)00 

( g 2»+ 1 ; g ) oo 

(g* + 1 ;g)oo 

(g 2 *+ 1 ;g ) 00 



(<l 2 ',<l)z 

( 9 ^: 95 ) 22 ’ 



(g;g)oo (<p;g)2 

(? z+1 ; 9)00 (gs ; gs ); 

(«»;«)* 



( 9 : 9)2 



(9 2 ;9 2 )22 



( 21 ) 



By substituting q with q 2 and then taking a = g 2 in equation (13), one can 
see that the right hand side of ( 21 ) is equal 1 and this completes the proof. 

□ 



Lemma 5. For all z £ C, the following equation holds 

Z 1 

(g® _z ; q)z = {q z+1 ;q)z- — \ — r— cos^-kz). (22) 

(- q 2 ',q 2 hz 

Proof. By using the Lemma 4 the equation (22) can be written as 



(g 2 z ',q)z = {q 2 -,q) z q ~ 2 cos^(wz). 

The equation (23) is a special case of lemma 2 when (3 
sin q ( | — z) and also cos q is an even function. 



(23) 

2 , since cos q (z ) = 
□ 



Corollary 1. For the positive integers value of n, Lemma 5 deduce to 



(q h ~ n ;q) n = (— i) ra (g ra+1 ; g)n \ V • 

(— g 2 ; g 2 ) 2 n 

Proof. The result is obtained by using Theorem 1. 

□ 



Euler (see [2], page 271 or [3], page 222) found the following formula in 
connection with partitions, 

( 9;9)oo(g;g )oo = 1- 



In the next lemma, we want to generalize this Euler’s formula. 
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Theorem 2. For all z £ C, the following equation holds 

( q z+1 ',q)z = (-<r,q)z(q;q 2 )z- 

Proof. By substituting q with q 5 and then taking a = in equation (13), we 
have 

(- 9 5;g5) 2z = (-q^,q) z (-q;q) z1 
now, we apply the result to Lemma 5 and obtain 

( q z+1 ;q)z = (-q*;q)z(~q\q)z(q*;q)z- (24) 



Taking a = ^ in the equation (12) and then applying to the right hand side 
of the equation (24) completes the proof. 



□ 



Theorem 3. For all x £ C, the following equation holds, 

r,(2*)r,(i) = r 9 (a;)r g (a;+ ^)(-q^-q^) 2 x -i. 

Proof. By using the definition of g-Gamma function (3) and then applying the 
equation (2), we can write 

r 9 ( 2 *)r 9 (l) = (q x ;q) 00 (q x+ i-,q) 00 = {q x ;q) x ^ 

r g (x)T q (x + \) (q 2x ;q)oo(q^-,q)oo (q^;q)x’ 

the last equation holds since {q x ;q) x = and {q^;q) x = ^1+^” ■ Tak- 

ing /3 = 1 in Lemma 2 and applying for the denominator of the last fraction in 
(25), we get 



(q x ;q) x 

(q^',q) x 



(g x ;g) x 

(g5 _x ; q) x 

(q x ;q) x 

(q^~ x -,q) x 



sin^qn(^ + x) 
sin^qn{\) 

x 2 

cos^q(nx) g~ T . 



P 

2 



Now, by using Lemma 4, we have 



{q x \q)x , , ( q x ;q)x , i n 

cos. /Tjinxjq => = —— — r-(-g 2 ; g 2 ) 2x - 



, I_a, \ 

( q 2 ;q)x 

Making use of (2), we have 



(« I+1 ;9). 






(q x+ 1 ;q) x 



(q 2 x ;q)°o (q x+ 1 ;q ) = 
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After expanding the first and second fractions and then a simplification, 
yields 



(<f ; ;g)oo (g 2 * +1 ;g)oo 

( q 2x ;q)oo (q x+1 ;q ) oo 



(-g 2 ;g 2 ) 2 X = 



1 - q x 
1 - q 2x 



1 + q x 



(-g 2 ;g 2 ) 2 X % 

-q*\q*) 2x, 



= (-g 2 ;? 2 ) 2x-i- 



□ 
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APPROXIMATE QUADRATIC FORMS ON RESTRICTED DOMAINS 

WON-GIL PARK AND JAE-HYEONG BAE* 



Abstract. Let r,s be nonzero real numbers with r + s = 1. In [9], Najati and Jung investigated a 
quadratic functional equation g(rx + sy) + rs g(x — y) = rg(x) + sg(y). We introduce a functional 
equation f(rx + sy, rz + sw) + rsf{x — y, z — w) = rf(x, z) + sf(y, w) and investigate the relation 
between the above two functional equations. And we find out the general solution and the Hyers-Ulam 
stability of the latter on restricted domains. 



1. Introduction 

In 1940 and in 1968, Ulam [12] proposed the general Ularn stability problem: 

“When is it true that by slightly changing the hypotheses of a theorem one can still assert that the 
thesis of the theorem remains true or approximately true?” 

In 1941, Hyers [7] solved this problem for linear mappings. In 1950, Aoki [2] provided a generaliza- 
tion of the Hyers’ theorem for additive mappings. This stability concept is also applied to the case of 
other functional equations. For more results on the stability of functional equations (see [5, 6, 11]). 
In 1998, S.-M. Jung [8] investigated the Hyers-Ulam stability for additive and quadratic mappings on 
restricted domains. 

Let X and Y be real vector spaces. For a mapping g : X — >• Y , consider the quadratic functional 
equation: 

(1.1) g(x + y) +g(x - y) = 2g(x) + 2g(y). 

In 1989, J. Aczel [1] solved the solution of the equation (1.1). Later, many different quadratic func- 
tional equations were solved by numerous authors [3, 8, 10]. In recent, A. Najati and S.-M. Jung [9] 
introduced a generalized quadratic functional equation 

(1.2) g(rx + sy) + rs g(x - y) = rg(x) + sg(y), 

where r, s are nonzero real numbers with r + s = 1 . In 2007, the authors [4] solved the solution of the 
2-variable quadratic functional equation 

(1.3) f(x + y, z + w) + f(x - y, z - w) = 2 f(x, z) + 2 f(y, w). 

Consider a generalized 2-variable quadratic functional equation 

(1.4) f{rx + sy, rz + sw) + rsf(x — y, z — w) = rf(x, z) + sf(y, w), 
where r, s are nonzero real numbers with r + s = 1 . 

2000 Mathematics Subject Classification. Primary 39B52, 39B72. 

Key words and phrases. Solution, Stability, Approximate quadratic form. 
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2 WON-GIL PARK AND JAE-HYEONG BAE 

In this paper, we investigate the relation between (1.2) and (1.4) by the same method as the proofs 
of Theorem 1 and Theorem 2 in [4] . And we find out the general solution and the Hyers-Ulam stability 
of (1.4) in the spirit of Najati and Jung [9]. 

2. Relation between (1.2) and (1.4) 

The functional equation (1.4) induces the quadratic functional equation (1.2) as follows. 

Theorem 2.1. Let f : X x X — >• Y be a mapping satisfying (1.4) and let g : X — >• Y be the mapping 
given by 

(2.1) g(x):=f(x,x) 
for all x € X, then g satisfies (1.2). 

Proof. By (1.4) and (2.1), we obtain 

g(rx + sy ) + rsg(x — y) = f(rx + sy, rx + sy) + rsf(x — y,x — y) 

= rf(x,x ) + sf(y,y) 

= rg{x) + sg(y) 

for all x, y € X. □ 

Example 1. Let X be a real algebra and D : X — >• X a derivation on X. Define a mapping 
f :XxX ^X by 

f(x, y) ■■= D(xy) = xD(y) + D(x)y 
for all x,y € X. Then we see that 

f(rx + sy, rz + sw ) + rsf(x — y,z — w) = D[(rx + sy)(rz + sw )] + rsD[(x — y)(z — w)] 

= (rx + sy)D(rz + sw) + D(rx + sy)(rz + sw) + rs[(x — y)D(z — w) + D(x — y)(z — re)] 

= (rx + sy)[rD(z) + sD(w)] + \rD(x) + sD(y)\(rz + siu) 

+ rs((x - y)[D(z ) - D(w)] + [D(x) - D(y)\(z - w)) 

= r 2 xD(z) + s 2 yD(w ) + r 2 D(x)z + s 2 D(y)w + rsxD(z) + rsyD(w ) + rsD(x)z + rsD(y)w 
= r[xD(z) + D(x)z] + s[yD(w) + D(y)w\ = rD(xz) + sD(yw ) = rf(x, z) + sf(y, w) 
for all x, y, z, w € X . Thus f satisfies (1.4). Define a mapping g : X — >• X by 

g(x) := D(x 2 ) = xD(x) + D(x)x 

for all x € X . Then g satisfies (2.1). By Theorem 2.1, g satisfies (1.2). 

The quadratic functional equation (1.2) induces the functional equation (1.4) with an additional 
condition. 

Theorem 2.2. Let a, b, c € M and g : X — >• Y be a mapping satisfying (1.2). If f : X x X — >• Y is 
the mapping given by 

(2.2) f(x, y) := ag(x) + ^ [g(x + y) - g(x - y)] + cg(y) 
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APPROXIMATE QUADRATIC FORMS ON RESTRICTED DOMAINS 3 

for all x,y € X, then f satisfies (1.4). Furthermore, (2.1) holds if r is a rational number and 
a + b + c = 1. 

Proof. By (1.2) and (2.2), we see that 

f(rx + sy, rz + su > ) + r-sf(x — y,z — w) 

= ag(rx + sy) + - [ g(r(x + z) + s(y + w)) — g{r{x — z) + s(y — u;))] + cg{rz + sw) 

+rs (ag(x — y) + - [g(x — y + z — w) — g(x — y — z + in)] + cg{z — w)^j 
= ag(rx + sy) + rsag(x — y) + ^ \g(r(x + z) + s(y + w)) + rsg((x + z) - (y + w))] 

— - [ g{r(x — z) + s(y — w)) + rsg[(x — z) — (y — w))] + cg(rz + sw) + rscg(z — w) 

= a[g(rx + sy) + rsg(x - y)\ + ^ [rg(x + z) + sg(y + it>)] 

— - [rg(a; — z) + sg(y — u;)] + c[g(rz + sw) + rsg(z — u>)] 

= a[rg(x) + sg(y)] + | (r [</(.x + z) - g(x - z)] + s [y(y + w) - g(y - w)] ) + c[rg(z) + sy(w)] 

= rf(x,z) + sf(y,w) 
for all x, y,z,w € X. 

Let r be a rational number. Since g satisfies (1.2), it also satisfies (1.1) (see Theorem 2.3. in [9]). 
Letting x = y = 0 and y = x in (1.1), respectively, 

g( 0) = 0 and g(2x) = 4 g(x) 

for all x € X. By (2.2) and the above two equalities, 

f(x,x) = ag(x) + |[y(2x) - y(0)] + cg(x) 

= (a + b + c)g(x) 

= g(x) 

for all x € X. □ 

Example 2. Consider the function g : M 2 — >• M given by y(x) := x 7 Alx /or all x e M 2 , where A is 
a 2x2 reaf matrix. Then we see that 

g(rx + sy) + rs g(x — y) = (rx + sy) T rl(rx + sy) + rs(x - y ) T A(x — y) 

= (rx 1 + sy r )rl(rx + sy) + rs(x T — y T )A(x — y) 

= r 2 x T Ax + rs(x T Ay + y T Ax) + s 2 y T Ay + rs(x T Tx - x r Ay - y r Tx + y T Ay) 

= r(r + s)x 7 vlx + s(r + s)y 7 Aly = ry(x) + -sg(y) 
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for all x, y £ M 2 , where r,s are nonzero real numbers with r + s = 1. Thus g satisfies (1.2). Let 
a, b, c € R and define /(x, y) := ag(x) + |[g(x + y) — g(x — y)] + cg(y) for all x, y € M 2 . By Theorem 
2.2, the function f satisfies (1.4). hi fact, 




for all x, y € R 2 . 

Example 3. Let M n be the algebra of n x n real matrices. Consider the mapping g : M n — >• M n 
given by g(A) := A 2 for all A € M n . Then we see that 

g(rA + sB ) + rs g(A — B) = ( rA + sB ) 2 + rs(A — B ) 2 

= r 2 A 2 + rs(AB + BA) + s 2 B 2 + rs(A 2 — AB - BA + R 2 ) 

= r 2 A 2 + rsAB + rsBA + s 2 R 2 + rsA 2 — rsAB — rsBA + rsB 2 

= r(r + s)A 2 + s(r + s)i? 2 = rg(A) + sg(B) 

for all A, B €E M 2 , where r,s are nonzero real numbers with r + s = 1. T/jus g satisfies (1.2). Lei 
a, b, c € R and define 

f(A, B) := aA 2 + bA o B + cB 2 , 

where Ao B the Jordan product \{AB + BA) of A and B for all A,B£ M n . Then the mapping 
f : M n x M n — >• M n satisfies (2.2). By Theorem 2.2, the mapping f satisfies (1.4). 

3. Solution of the equation (1.4) 

We recall that r,s are nonzero real numbers with r + s = 1. In the following theorem, we find out 
the general solution of the functional equation (1.4). 

Theorem 3.1. Let f : X x X — >• Y be a mapping such that f(x,y) = f(—x,—y) for all x,y G X . 
Then f satisfies (1.3) if it satisfies (1.4). If r and s are rational numbers and f satisfies (1.3), then it 
also satisfies (1.4). 

Proof. Letting x = y = z = w = Oin (1.4), we gain /( 0, 0) = 0. Putting y = w = 0 in (1.4), we get 
f(rx, rz) = r 2 f(x , z) for all x, z € X. Replacing x by x + y and z by z + w in (1.4), we have 

(3.1) f{rx + y,rz + w) = rf(x + y,z + w) + sf(y , re) — rsf(x, z) 
for all x, y,z,w € X. Replacing y by — y and w by —w in (3.1), we obtain 

f(rx — y,rz — w) = rf(x — y,z — w) + sf(y, w ) — rsf(x, z) 
for all x, y , z, w € X. Adding (3.1) to the above equation, we see that 

(3.2) f(rx + y, rz + w) + f(rx — y, rz — w ) = r[f(x + y, z + w) + f(x — y, z — w)] + 2sf(y , ui) — 2 rsf(x, z) 
for all x, y,z,w € A. Replacing y by a? + ry and w by z + rw in (3.1), we obtain 

(3.3) f(r(x + y) + x, r(z + w) + z) = rf{ 2x + ry , 2z + ru>) + sf(x + ry, z + rtc) — rsf(x , 2 ) 
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for all x, y, z, w € X. Replacing x, y, z, w by 2x, ry , 2 z, rw in (3.1), respectively, we obtain 

(3.4) r/( 2x + ry, 2 z + rw) = r 2 f{2x + y, 2z + w) — r 2 sf{y , w) + rsf(2x, 2 z) 
for all x,y,z,w € X. Replacing y by ry and w by rw in (3.1), we obtain 

(3.5) sf(x + ry, z + rw) = rsf(x + y,z + w) — rs 2 f(y, w) + s 2 f(x, z) 

for all x, y,z,w € X. Replacing x, y,z,w by x + y, x, z + w, z in (3.1), respectively, we obtain 

(3.6) f{r(x + y) + x, r(z + w) + z) = rf(2x + y, 2z + w) + sf(x, z) — rsf(x + y,z + w) 
for all x,y,z,w € X. By (3.3), (3.4), (3.5) and (3.6), we see that 

(3.7) /( 2x + y,2z + w) + 2 f(x, z) + f(y, w) = 2 f(x + y,z + iv) + f(2x, 2 z) 

for all x, y, z,w € X. Putting y = —x and w = — z in (3.7), we get f(2x, 2 z) = 4 f(x, z) for all x, z G X. 
Therefore, it follows from (3.7) that 

/( 2x + y,2z + w) + f(y, w) = 2 f(x + y,z + w) + 2 f(x, z) 

for all x, y, z, w € X. Replacing y by y — x and vj by w — z in the above equation, we have 

f(x + y,z + w) + f{y - x, w - z) = 2 f(x, z) + 2 f(y, w) 

for all x, y,z,w € X. Hence / satisfies (1.3). 

Conversely, let r and s be rational numbers and let / satisfy (1.3). Then there exist two symmetric 
bi-additive mappings Si, S -2 : X x X — >• Y and a bi-additive mapping B : X x X Y such that 
f(x,y) = S i(x,x) + B(x,y) + S 2 (y,y) for all i,j/£l (see [4]). Since r and s are rational numbers, 

rf(x, z) + sf(y, w) - rsf(x -y,z- w) 

= r 2 S\{x, x) + 2rsSi(x, y) + s 2 Si(y, y) + r 2 B(x, z) + rsB(x, w) + rsB(y, z) + s 2 B(y, w) 

+ r 2 S 2 (z, z) + 2 rsS 2 (z, w) + s 2 S 2 {w, w) 

= Si(rx, rx) + 2S\(rx, -sy) + S\(sy, sy) + B(rx, rz) + B(rx, sw) + B(sy, rz) + B(sy, sw) 

+ S 2 (rz, rz) + 2 S 2 (rz, sw) + S 2 {sw, sw) 

= S\(rx + sy, rx + sy) + B(rx + sy, rz + sw) + S 2 {rz + sw, rz + sw) 

= f(rx + sy, rz + sw) 

for all x,y,z,w € X. Therefore / satisfies (1.4). □ 

4. Stability of the equation (1.4) 

From now on, let X be a real normed space and Y a Banach space. 

The authors proved a generalized Hyers-Ulam stability theorem on a functional equation (1.3). The 
following theorem is a particular case of Theorem 4 in [4] . 

Theorem 4.1 Let 5 > 0 be fixed. If a mapping f : X x X — >• Y satisfies the inequality 

(4.1) || f(x + y,z + w) + f(x - y,z - w) - 2 f(x,z) - 2f(y,w)\\ < 5 

for all x, y, z, w € X , then there exists a unique 2-variable quadratic mapping F : X x X — >• Y such 
that || f(x,y) - F(x,y ) || < for all x,y G X. 
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Using a similar method used in the paper [8], we obtain the following theorem. 

Theorem 4.2 Let d > 0 and 5 > 0 be fixed and let X {0}. If a mapping f : X x X -A Y 
satisfies the inequality (4.1) for all x, y, z,w € X with ||x + z|| + ||y + u>|| > d, then there exists a unique 
2-variable quadratic mapping F : X x X — >• Y such that 

(4-2) \\f(x,y) - F(x,y)\\ <^5 

for all x,y € X . 

Proof. Assume that ||x + z|| + ||y + w|| < d. Let 





r l + 
\ 


d ' 


){x + z) 


if 


X + z I 


> \\y + w\\ 


\\x + z I > 




'l+ 

\ 


d 


) (y + w) 


if 


\\x + z\ 


1 < II y + w 


\\y + w\\ 



H x + z = y + iv = 0, then one can choose a t € X with ||t|| = |. Note that 

2||t|| = \\x + z\\ + d > d if \\x + z\\ > || y + rc||; 

2\\t\\ = \\y + w\\ + d > d if \\x + z\\ < ||y + HI- 

Clearly, we see that 

|| x + z- 2t\\ + ||y + w + 2t\\ > 4p|| - (||x + z|| + ||y + w\\) > 2d - (||x + z\\ + \\y + w\\) 

>2 d > d, 

|| x + z — y — id || + 4||t || > \\x + z — y — w\\ + 2d > 2d > d, 

|| x + z + 2t\\ + || — y — w + 2t|| > max{||x + z + 2t\\, || — y — w + 2t||} > d, 

(4.3) ||x + z\\ + 2||t|| > 2||t|| > d, 2\\t\\ + ||y + w|| > 2||t|| > d, 4||t|| >2 d > d. 

These inequalities (4.3) come from the corresponding substitutions attached between the right-hand 
sided parentheses of the following functional identity. 

Besides from (4.1) with x = y = z = iv = Owe get ||/(0, 0)|| < |. Therefore from (4.1), (4.3) and 
the new functional identity 

2 [f{x + y,z + w) + f(x-y,z- w ) - 2f(x, z) - 2 f(y, w) - /( 0, 0)] 

= [f(x + y, z + w) + f(x - y - 2t, z - w - 2t) - 2 f(x -t,z-t) - 2 f(y + t,w + i)] 

- [f(x ~ y ~ 2t, z - w - 2t) + f(x - y + 2t, z - w + 2t) - 2 f(x -y,z-w)~ 2f(2t, 2 1)] 

+ [f{x — y + 2t, z — w + 2t) + f(x + y,z + w) — 2 f(x + t,z + t) — 2 f(—y + t, —w + t)] 

+ 2 [f(x + t, z + t) + f(x - t, z - t) - 2f(x, z) - 2 f(t, t)] 

+ 2 [f(t + y,t + w) + f(t - y,t - w) - 2 f(t, t ) - 2 f(y, u>)] 

-2[f(2t,2t) + f(0,0)-4f(t,t)], 
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we get 

2|| f(x + y,z + w) + f(x-y,z- w) - 2f(x, z ) - 2 f(y, w ) - /( 0, 0)|| 

< 6 + 8 + 6 + 25 + 28 + 28 = 96, 
or 

(4.4) \\f(x + y,z + w) + f(x-y,z-w)-2f(x,z)-2f(y,w)\\ < ^5 + ||/(0, 0)|| <55. 

Applying now Theorem 4.1 and the above inequality, there exists a unique 2-variable quadratic map- 
ping F : X x X — >• Y satisfying (4.2) such that F(x,y) = linx )WOO 2~ 2n f(2 n x, 2 n y), completing the 
proof. □ 

We recall that r, s are nonzero real numbers with r + s = 1. 

Theorem 4.3. Let d > 0 and 5 > 0 be given. Assume that a mapping f : X x X — >• Y such that 
f(x,y ) = f(~x, —y) and 

(4.5) || f(rx + sy, rz + sw ) + rsf(x — y, z — w) — rf(x, z) — sf(y, rc)|| <5 

for all x, y, z,w G X with ||x + z\\ + \\y + rc|| > d. Then there exists K > 0 such that f satisfies 

(4.6) \\f(x + y,z + w) + f(x-y,z-w) - 2 f(x,z) - 2f(y,w)\\ < 4 ( 2 + M + 

|rs| 

for all x, y, z,w G X with ||x + z\\ + || y + rc|| > K . 

Proof. Let x, y, z, w € X with ||x+^||-|-||y-l-u;|| > 2d. Since 2||y-|-u>|| = \\x+y+z+w+y+w— x— z\\ < 
\\x + y + z + w\\ + || y + yc || + ||a; + z\\, we get 

2||y + iv\\ - \\x + z || < || x + y + z + u;|| + ||y + rc||. 

Since ||x + z\\ = \\x + y + z + w — y — w\\ < \\x + y + z + w\\ + \\y + w ||, we have 

(4.7) max{||x + z||,2||y + w|| — \\x + z ||} < \\x + y + z + w\\ + \\y + w\\. 

If ||rr + z || < d, then, since ||rc + z || + ||y + w || > 2d, we get 2||y + w || > 2d = d + d > d + \\x + z\\ and 
2 || y + yd || — ||x + z\\ > d. So we have 

(4.8) max{||x + z\\, 2|| y + yd || — ||rc + z||} > d. 

By (4.7) and (4.8), we have \\x + y + z + w\\ + || y + yu|| > d. So it follows from (4.5) that 

(4.9) || f{rx + y,rz + w) + rsf{x, z) — rf(x + y,z + w) — sf(y, yd) || < 5 

for all x,y,z,w € X with ||x + z\\ + ||y + u;|| > 2d. So 

(4.10) || f{ry + x,rw + z) + rsf(y, w) — rf(x + y,z + w) — sf(x, z)|| < 5 

for all x, y, z,w G X with ||x + z\\ + ||y + yyy || > 2d. 

Let x,y,z,w £ X with ||x + z|| + ||y + w|| >4d(l/|r| + |l — 1/|?’||). If ||y/ -|- yd|| > 2d/\r\, then 

(4.11) ||x + z || + || x + ry + z + rw\\ > |r|(||y + yu||) > 2d. 
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If || y + w || < 2d/\r\, then ||x + z\\ > 2d(l/|r| + 2|1 — l/|r||) and 

(4.12) ||x + z\\ + || x + ry + z + ru>|| > 2||x + z\\ — |r| • ||y + w\\ >(7^7+41--!- — 1 ) > 2d. 

\|r| |r| J 

Therefore we get that ||x + z|| + || x + ry + z + rw\\ > 2d from (4.11) and (4.12). Hence by (4.9) we 
have 

(4.13) ||/(r(x + y) + x, r(z + w) + z) + rsf(x, z) — rf(2x + ry, 2 z + rw ) — sf(x + ry, z + ru;)|| < 5 

for all x,y, z,w € X with ||x + z|| + ||y + w\\ > 4d(l/|r| + |l — l/|r||). Set M := 4d(l/|r| + 1 1 — 1/|?’| |). 

Then 

M 

(4.14) \\x + y + z + w\\ + ||x + z\\ > — > 2d, \\2x + 2z\\ + ||y + w\\ > M > Ad 

for all x,y,z,w € X with ||x + z\\ + ||y + w\\ > M. From (4.9) and (4.10), we get the following 
inequalities: 

||/(r(x + y) + x, r(z + w) + z) + rsf(x + y,z + w) — rf(2x + y, 2z + w) — sf(x, z)|| < 8, 

|| rf(ry + 2x, rw + 2 z) + r 2 sf(y , w) — r 2 f( 2x + y,2z + w) — rsf( 2x, 2z)\\ < d|r|, 

|| sf{ry + x, rw + z) + rs 2 f(y, w) — rsf(x + y, z + w) — s 2 f(x, z)|| < <5|s|. 

Using (4.13) and the above three inequalities, we get 

( 4 - 15 ) II /(2x + y,2z + w) + 2 f(x, z) + f(y, w) - 2 f(x + y,z + w ) - /( 2x, 2z)\\ < 2 + | r l + 

|rs| 

for all x,y,z,w € X with ||a; + z\\ + ||y + w || > M. If x,y,z,w£X with ||x + z\\ + ||y + u;|| > 2 M, 

then ||x + z\\ + || y + w — x — z\\ > M. So it follows from (4.15) that 

(4.16) \\f(x + y,z + w) + 2f(x,z) + f(y-x,w-z)-2f(y,w)-f{2x,2z)\\ < 2 + | r l ^ 

\rs\ 

for all x,y,z,w&X with ||x + z\\ + ||y + w\\ > 2 M. 

Letting y = 0 and w = 0 in (4.16), we get 

(4.17) ||4/(x, z) — f(2x, 2z) — 2/(0, 0)|| < 2 + ^ + ,sl 6 

\rs\ 

for all x, z € X with ||x+ 2 :|| > 2 M. Letting x = 0 and z = 0 (and y, w € X with ||y|| > 2 M, ||u;|| > 2 M) 
in (4.16), we get 

(4.18) ll/(0,0)|| < ((2 + |r| + |s|)/|rs|)(5. 

Therefore it follows from (4.16), (4.17) and (4.18) that 

|| f(x + y,z + w) + f(y - x,w - z) - 2 f(x,z) - 2f(y,w)\\ 

< || f(x + y,z + w) + 2 f(x,z) + f(y - x,w - z) - 2 f(y,w) - f{2x,2z)\\ 

+ II 4/ (x, z) — f(2x, 2z) — 2/(0, 0)|| + 2||/(0, 0)|| 

< 4(2 + |r| + |s|) 

|rs| 
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for all x,y,z,w G X with \\x + z\\ > 2 M. Since f(x,y ) = f(—x,—y ) for all x,y G X, the above 
inequality holds for all x,y,z,w£X with \\y + w || > 2 M. Therefore 

|| f(x + y,z + w) + f(y - x,w - z) - 2 f(x,z) - 2f{y,w)\\ < 4 ( 2 + M + M) ^ 

|rs| 

for all x,y, z,w G X with ||x + z\\ + ||y + HI > AM. This completes the proof by letting K := AM. □ 

Theorem 4.4 Let d > 0 and 5 > 0 be given. Assume that a mapping f : X x X Y such that 
f(x,y) = f(—x,—y) and (4.5) for all x,y,z,w G X with ||.x + z\\ + || y + HI > d. Then there exists 
K > 0 such that f satisfies 

\\f(x + y,z + w) + f(x-y,z-w)-2f(x,z)-2f(y,w)\\ < 19 ( 2 + l r | + l 5 !) ^ 

|rs| 

for all x,y, z,w € X . 

Proof. By Theorem 4.3, there exists K > 0 such that / satisfies (4.6) for all x,y,z,w G X with 
||x + z\\ + || y + H| > K- By (4.4) and (4.18), we get that 

l|/(* + y, z + w) + f(x - y,z - w) - 2f(x, z) - 2 f(y, w)|| < 18 ( 2 + l r | + I 5 D j + ||/( 0 0)|| 

\rs\ 

< 19(2 + |r| + |s|) 

|rs| 

for all x, y, z , w G X. □ 

Theorem 4.5 Let d > 0 and 5 > 0 be given. Assume that a mapping f : X x X Y such that 
(4.5) and f(x, y) = f(—x, —y) for all x, y, z,w G X with ||x + z\\ + ||y + u>|| > d. Then there exists a 
unique quadratic mapping F : X x X —> Y such that F(x,y) = \im n ^ 00 A~ n f(2 n x,2 n y) and 

wtt -v nr mi ^ 19(2 + |t| + |s|) 

II f(x,y) - Q(x,y ) || < $ 

for all x,y G X . 

Proof. The result follows from Theorem 4.1 and Theorem 4.4. □ 

Corollary 4.6. Let r and s be rational numbers and a mapping f : X x X — >• Y satisfy f(x,y) = 
/(— x, —y) for all x, y G X . Then f is quadratic if and only if the asymptotic condition 

(4.19) 

|| f(rx + sy, rz + sw ) + rsf(x — y,z — w) — rf(x, z) — sf(y , yc) || — X 0 as ||x + z\\ + \\y + u;|| —too 
holds true. 

Proof. The asymptotic condition (4.19) is equivalent to the condition that there exists a sequence 
{H} monotonically decreasing to 0 such that 

(4.20) || f(rx + sy,rz + sw) + rsf(x — y,z — w) — rf(x , z) — sf(y , w) || < 8 n 
for all x, y, z,w G X with ||x + z\\ + ||y + HI ^ n - 
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It follows from (4.20) and Theorem 4.4 that there exists a unique quadratic mapping Q n :Ixl4 
Y such that 

(4.21) || f{x,y) - Q n (x,y) || < 19 ( 2 + l r j + 

|rs| 

for all x,y € X. Since {d n } is monotonically decreasing, the quadratic mapping Q m satisfies (4.21) 
for all m > n. The uniqueness of Q n implies Q rn = Q n for all m> n. By letting n -A oo in (4.21), we 
conclude that / is quadratic. 

The converse is trivial. □ 
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Abstract: We use the notion of topological vector space valued cone metric 
space and generalized a common fixed point theorem of a pair of mappings 
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well-known recent results in the literature. 
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1 Introduction and Preliminaries 

Many authors [1, 3, 4, 6, 17, 10, 11, 12, 13, 14, 15, 16, 17, 18, 21] studied 
fixed points results of mappings satisfying contractive type condition in Banach 
space valued cone metric spaces. The class of tvs-cone metric spaces is bigger 
than the class of cone metric spaces studied in [2, 7, 8, 19, 20]. Recently Azam 
et al. [5] obtain common fixed points of mappings satisfying a generalized 
contractive type condition in tvs-cone metric spaces. In this paper we continue 
these investigations to generalize the results in [1, 10]. 

Let ( E , t) be always a topological vector space (tvs) and P a subset of E. 
Then, P is called a cone whenever 

(i) P is closed, non-empty and P ^ {0}, 

(ii) ax + by £ P for all a;, y £ P and non-negative real numbers a, 6 , 

(hi) Pn(-P) = {o}. 

For a given cone P C E, we can define a partial ordering P with respect to 
P by x A y if and only if y — x £ P. x < y will stand for x A y and x y, 
while iCj will stand for y — x £ intP, where intP denotes the interior of P. 

Definition 1 Let X be a non-empty set. Suppose the mapping d : X x X — > E 
satisfies 

(di) 0 d{x,y) for all x,y £ X and d(x,y) = 0 if and only if x = y, 

(d 2 ) d{x,y) = d{y,x) for all x,y £ X, 

(da) d(x, y) A d( x, z ) + d(z, y) for all x,y,z £ X. 

Then d is called a topological vector space-valued cone metric on X and (A, d) 
is called a topological vector space-valued cone metric space. 

1 
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If E is a real Banach space then ( X , d) is called (Banach space valued) cone 
metric space [1, 6, 17, 10, 21] 

Definition 2 [7] Let (X,d) be a tvs-cone metric space, x £ X and {x n } n >i a 
sequence in X. Then 

(i) {x n } n > i converges to x whenever for every c £ E with 0 •C c there is a 
natural number N such that d(x n ,x) <C c for all n > N. We denote this by 
linx^oo x n = x or x n -> x. 

(ii) {x n } n > i is a Cauchy sequence whenever for every c £ E with OCc there 
is a natural number N such that d(x n , x m ) <C c for all n,m> N. 

(iii) ( X , d) is a complete cone metric space if every Cauchy sequence is conver- 
gent. 

Lemma 3 [7] Let (X,d) be a tvs-cone metric space, P be a cone. Let { x n } be a 
sequence in X and {a n } be a sequence in P converging to 0. If d(x n ,x m ) A a n 
for every n £ N with m > n, then {x n } is a Cauchy sequence. 

The fixed point theorems and other results, in the case of cone metric spaces 
with non-normal solid cones, cannot be proved by reducing to metric spaces. 
Further, the vector valued function cone metric is not continuous in the general 
case. 

Remark 4 [7] Let A, B , C, D, E be non negative real numbers with A + B + 
C + D + E < 1, B = C or D = E. If X = (A + B + D)( 1 - C - D)" 1 and 
H = {A + C + E)( 1 — B — E)- 1 , then A/x < 1. 

2 Common Fixed Points 

The following theorem improves/generalizes the results in [1, 7]. 

Theorem 5 Let (X, d) be a complete topological vector space-valued cone metric 
space, P be a cone and m, n be positive integers. If mappings F,G : X —> 
X satisfies: 

d(Fx, Gy) A A d(x, y)+B d{x , Fx)+Cd(y, Gy)+D d(x, Gy)+E d(y, Fx ) (2.1) 

for all x,y £ X, where A, B,C, D, E are non negative real numbers with A + 
B + C + D + E<1, B = C or D — E. Then F and G have a unique common 
fixed point. 

Proof. For xq £ X and k > 0, define 

X2k+1 = Fx 2k 

X2k+2 = GX2k+l- 
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Then, 



d{X2k+l,X2k+2) — 

-< 



d(Fx 2 k,Gx 2 k+ 1 ) 

Ad(x 2 k,X2k+i ) + Bd(x2k,Fx 2 k ) + Cd(x 2 k+i,Gx2k+i) 
+Dd(x 2 k, Gx 2 k+i) + Ed(x2k+i,Fx 2 k) 

[A + B ] d(x 2 k,X2k+l) + Cd(x 2 k+l,X2k+2) + D d{x 2 k,X2k+2) 
[A + B + D] d[x 2 k > X 2 k+i ) + [C + D] d(x 2 k+i, X 2 k+ 2 ) ■ 



It implies that 



[1 - C - D]d(x 2 k+i,X 2 k+ 2 ) A [A + B + D] d(x 2 k,x 2 k+ 1 )- 



That is, 

d(X2k+l,X2k+2 ) ^ ^ d(X2k , X2k+l), 

where A = . Similarly, 

1 — (_y — iy 

d{X2k+2, X2k+3) = d(FX2k+2,GX2k+l) 

A Ad(x 2 k+ 2 ,X 2 k+l) + B d(X 2 k+ 2 ,Fx 2 k+ 2 ) + Cd{x 2 k + l,Gx 2 k+l) 
+Dd(x 2fc+2, Gx 2fc+i) + S d(£ 2 fc+i, Fx2k+2) 

< A d(x 2 k+ 2 ,x 2 k+i) + s d(£ 2 /o+ 2 , £ 2 / 0 + 3 ) + Cd(£ 2 fc+i, £ 2 / 0 + 2 ) 
+-D d(x 2 k+ 2 , £ 2 / 0 + 2 ) + -B d(£ 2 fc+l, £ 2 / 0 + 3 ) 

[A + C + E] d{x2k+i , £ 2 / 0 + 2 ) + [-B + £] rf(£ 2 fc+ 2 , £ 2 / 0 + 3 )) 



which implies 

<^(£2/0+2) £2/0+3) nd(x 2fe+l, £2/0+2) 

yd I C | E 

with /.t = — — . Now by induction, we obtain for each k = 0, 1, 2, . . . 

1 — 13 — E 

d(X 2 k+\i £2/0+2) ^ A d(X 2 k, £2/0+1) 

^ (n)d(x 2 k- i,£2fc) 

^ A(A^i) d{x 2 k- 2 , £2/0-1) 

^ ^ A(A/./) fc d(£o, £1) 



and 



d(£2/o+2) £’2/0+3) ^ lxd{X 2 k+li £2/0+2) 

^ ^ (A/Li) fc+ 1 d(£ 0 , £1). 
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For p < q and by Remark 1.4, we have 



d{X2p+ 1, %2q+l) d d(X2p+\, X 2 P+ 2 ) + d(X2p+2> * 2 ^+ 3 ) + < ^( a: 2p+3) *2p+4) 
H b d{x 2q , X2q+l) 

A^(A/tx)*+ ^2 (A/r) 1 1 d(x 0 ,a:i) 

i—p i—p -\- 1 

, (A A i) p+1 ‘ 









1 — A/r 1 — A/./, 

" (A PY ' 

1 — A/x 



d(x 0 ,xi) 



^ (1 + A) 

In analogous way, we deduce 

d(x 2p , x 2 q+i) d (1 + A) 



d(x 0 ,xi). 



d{x 2 p, x 2 q ) d (1 + A) 



and 



d(x 2 p+ 1 , x 2q ) r< (1 + A) 
Hence, for 0 < n < m 



M 

Ll-A/xJ 

(AaO p • 

1 — A/i 

'ML 

1 — A/xJ 

d(x n ,x m ) d a n 



d{x 0 ,x 1), 
d(x 0 ,xi) 

d{x 0 ,x 1). 



where a ra = (1 + A) 



M T 



■ d( xo, X\) with p the integer part of n/ 2 . Fix OCc 

_ 1 \f-L J 

and choose a symmetric neighborhood V of 0 such that c + V C intP. Since 
a„ — > 0 as n — > 00 , by Lemma 1.3, we deduce that {x n } is a Cauchy sequence. 
Since X is a complete, there exist u € X such that x n — > u. Fix 0 -C c and 
choose no € N be such that 

c c c 

d(u,X 2n ) < XV?, d(x 2 n -l,X2n) < XXX, d{u,X 2 n - 1) < XT? 

oA oA oA 



for all n> Uq, where 

K = max 



1 + P> A + E C 

l-B-E' 1-B-E’ 1 - B ~E 



4 
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Now, 

d(u, Fu) A d(u, x 2n ) +d(x 2n ,Fu) 

A d(u, x 2n ) + d(Gx 2n -i, Fu) 

A d(u, X 2 n) + A d(u, X 2n - 1 ) + B d(u, Fu) + Cd(x 2n -l,GX 2 n-l) 
+D d(u, Gx 2n _i) + E d(x 2n -i, Fu) 

A d(u, x 2n ) + A d(u, x 2n -\) + B d(u, Fu) + Cd{ x 2n - 1 ,x 2n ) 

+D d{u, x 2n ) + E d(x 2n -i,u) + E d{u, Fu)) 

^ (1 + D) d(u, x 2n ) + (A + E) d(u , x 2n -i) + Cd(x 2 „-i, x 2 „) 
+(B + E) d(u, Fu). 



So, 



Hence 



d(u,Fu) A K d(u,X 2n ) + K d(u,X 2n -l) + K d(X 2 n-l,X 2 n) 



c c c 
« 3 + 3 + 3 =C 



for every p £ N. From 



d(u, Fu) <C - 
P 



— d(u, Fu) G intP, 



being P closed, as p — > oo, we deduce —d(u, Fu) G P and so d(u, Fu) = 0. This 
implies that u = Fu. Similarly, by using the inequality, 

d(u,Gu) A d(u,x 2n +i) + d(x 2n +i,Gu), 

we can show that u = Gu , which in turn implies that u is a common fixed point 
of P, G and, that is 

u = Fu = Gu. 

For uniqueness, assume that there exists another point u* in X such that 

u* = Tu* = Gu* 



for some u* in X. From 
d(u,u*) = 



= d(Fu, Gu*) 

A Ad(u,u*) + Bd(u, Fu) + Cd(u* ,Gu*) 
+Dd(u, Gu*) + Ed(u * , Fu) 

A Ad(u,u*) + Bd(u,u) + Cd(u* ,u*) 

+D d(u, u*) + Ed{u, u*) 

A (A + D + E)d(u,u*), 



we obtain that u* = u. 



By substituting D = E = 0 in the Theorem 2.1, we obtain the following 
result. 
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Corollary 6 Let ( X , d) be a complete topological vector space-valued cone met- 
ric space, P be a cone and to, n be positive integers. If mappings F,G : X — > 
X satisfies: 



d(Fx, Gy) A A d(x, y) + B d(x, Fx) + Cd(y, Gy) (2-2) 

for all x, y £ X , where A, B , C are non negative real numbers with A+B+C < 1. 
Then F and G have a unique common fixed point. 

By substituting B = C = 0 in the Theorem 2.1, we obtain the following 
result. 

Corollary 7 Let (X, d) be a complete topological vector space-valued cone met- 
ric space, P be a cone and to, n be positive integers. If mappings F,G : X — > 
X satisfies: 



d(Fx, Gy) A A d(x, y) + D d(x, Gy) + E d{y, Fx) (2-3) 

for all x, y £ X, where A , D, E are non negative real numbers with A+D+E < 1. 
Then F and G have a unique common fixed point. 

By substituting F = T m , G = T n in the Theorem 2.1, we obtain the follow- 
ing result. 

Corollary 8 [7] Let ( X , d) be a complete topological vector space-valued cone 
metric space, P be a cone and to, n be positive integers. If a mapping T : X — > 
X satisfies: 

d(T m x , T n y) A A d(x, y)+B d{ x, T m x)+Cd(y, T n y)+D d{x, T n y)+E d{y, T m x) 

(2.4) 

for all x,y £ X, where A, B,C, D, E are non negative real numbers with A + 
B + C + D + E<1, B = C or D = E. Then T has a unique fixed point. 

Corollary 9 [1] Let (X,d) be a complete Banach space-valued cone metric 
space, P be a cone. If a mapping F, G : X — > X satisfies: 

d(Fx, Gy) A pd(x, y) + q [d(x, Fx) + d(y, Gy)] + r [d(x, Gy) + E d(y, Fx)] 

(2.5) 

for allx,y € X, where p, q,r are non negative real numbers with p + 2q + 2r < 1. 
Then F and G have a unique common fixed point. 

3 Multivalued Fixed point results in tvs-valued 
cone metric spaces 

In the sequel, let E be a locally convex Hausdorff tvs with its zero vector 6 , P 
be a proper, closed and convex pointed cone in E with int P $ and =$ denotes 
the induced partial ordering with respect to P. 
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According to [5] let ( X , d) be a tvs- valued cone metric space with a solid cone 
P and CB(X) be a collection of nonempty closed and bounded subsets of X. 
Let T : X — > CB(X) be a multi-valued mapping. For any x € X, A £ CB(X), 
define a set W X (A) as follows: 

W X {A) = {d(x,a) : a £ A}. 

Thus, for any x,y £ X , we have 

W x (Ty ) = {d(x,u) : u £ Ty}. 



Definition 10 [9] Let (X, d) be a cone metric space with the solid cone P. A 
multi-valued mapping S : X — > 2 E is said to be bounded from below if, for any 
x £ X, there exists z(x ) £ E such that 

Sx — z(x) C P. 



Definition 11 [9] Let (X,d) be a cone metric space with the solid cone P. A 
cone P is said to be complete if, for any bounded from above and nonempty 
subset A of E, sup A exists in E. Equivalently, a cone P is complete if, for any 
bounded from below and nonempty subset A of E, inf A exists in E. 

Definition 12 [5] Let (X,d) be a tvs-valued cone metric space with the solid 
cone P. A multi-valued mapping T : X — > CB(X) is said to have the lower 
bound property ( l.b. property) on X if, for any x £ X, the multi-valued mapping 
S x : X — » 2 e defined by 

S x (y ) = W x {Ty) 

is bounded from below, that is, for any x,y £ X, there exists an element 
t x (Ty) £ E such that 

W x (Ty) - 4 (Ty) C P. 

l x (Ty) is called the lower bound ofT associated with (x,y) . 

Definition 13 [5] Let (X, d) be a tvs-valued cone metric space with the solid 
cone P. A multi-valued mapping T : X — > CB(X) is said to have the greatest 
lower bound property (for short, g.l.b. property) on X if the greatest lower bound 
of W x (Ty) exists in E for all x, y £ X. We denote d(x, Ty) by the greatest lower 
bound of W x (Ty), that is, 

d(x,Ty) = inf{d(a;,u) : u £ Ty}. 

According to [20], we denote 



s(p) = {q G E : p 4 q} 



for all q £ E and 

s (a, B) = Us (d (a, b)) = U \x £ E : d (a, b) =4 aA 
beB beB 
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for all a £ X and B £ CB{X). For any A,B£ CB(X), we denote 

s(A,B) = ( fl s (a, D s(b, A)V 

V cl£A J V b£B / 

Remark 14 [20] Let (X, d) be a tvs-valued cone metric space. If E = R and 
P = [0, +oo), then (X,d) is a metric space. Moreover, for any A,B £ CB{X), 

H{A , B) = inf s(A, B) is the Hausdorjf distance induced by d. 

Now we present the following theorem regarding the common fixed point of 
multivalued mapping with g.l.b property. 

Theorem 15 Let (X, d) be a complete tvs-valued cone metric space with the 
solid ( normal or non-normal) cone P and let S,T : X — ► CB{X) be multival- 
ued mappings with g.l.b property such that 

A d(x, y) + B d(x, Sx) + Cd(y, Ty) + Dd{x, Ty)+Ed(y, Sx)) £ s (Sx, Ty) (2.6) 

ffor all x, y £ X, where A, B, C, D, E are non negative real numbers with A+ 

B + C + D + E< 1. Then S and T have common fixed point. 

Proof. Let Xq be an arbitrary point in X and x± £ Sx o- From (2.6), we have 

Ad (xo, xi)+B(xo, Sxo)+Cd(xi,Txi)+Dd(xo, Txi)+Ed(xi, Sxq) £ s (Sxq,Txi) . 

This implies that 

Ad(xo,xi)+B(xo, Sxo)+Cd(xi,Txi)+Dd(xo,Txi)+Ed(xi, Sxo) £ ( fl s(x,Txi) 

yxESx o 

and 

Ad (xo, Xi)+B(xq, Sxo)+Cd(xi,Txi)+Dd(xo, Txi)+Ed(xi, Sx o) £ s (x, Tx i) for all x £ Sx q. 
Since X\ £ Sx o, so we have 

Ad (xo, xi)+B(xo, Sxo)+Cd(xi,Txi)+Dd(xo, Txi)+Ed(xi, Sx o) £ s (xi,Txi) 
and 

Ad(xo,xi)+B(xo,Sxo)+Cd(xi,Txi)+Dd(xo,Txi)+Ed(xi,Sxo) £ s(xi,Txi)= U s(d(x i, 

x€lTx 1 

So there exists some X 2 £ Tx such that 

Ad (xq, xi)+B(xo, Sxo)+Cd(xi,Txi)+Dd(xo, Txi)+Ed(xi, Sx o) € s (d(x 1 , 0 : 2 )). 

That is 

d{x\,X 2 ) A Ad (xm xi) + B{xq, Sxo) + Cd(xi,Txi) + Dd(xo,Txi) + Ed(xi, Sxq). 
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By using the greatest lower bound property (g.l.b property) of S and T, we get 
d (xi, x 2 ) A Ad (xq, Xi) + B(xq,Xi) + Cd{x 1, £2) + Dd{x 0, x 2 ) + Ed{x 1, £1), 



which implies that 



d (x\,x 2 ) A {A + B + D)d ( x 0 , x\) + (C + D)d( x\,x 2 ) 
which further implies that 



d(x 1 ,x 2 ) 



A 



A + B + D 
1 -C-D 



d {x 0 , X\) . 



Similarly from ( 2 . 6 ), we get 

Ad (xi,x 2 )+B(x 2 , Sx 2 )+Cd(xi,Txi)+Dd(x 2 , Txi)+Ed(xi, Sx 2 ) e s {Tx\,Sx 2 ) . 
This implies that 



Ad(xi,x 2 )+B(x 2 , Sx 2 )+Cd(xi,Txi)+Dd(x 2 ,Txi)+Ed(xi, Sx 2 ) G ( ft s(x,Sx 2 )\ 

\xETx 1 J 

and 

Ad {x\,x 2 )+B{x 2 , Sx 2 )+Cd(xi,Txi)+Dd(x 2 , Txi)+Ed(x\, Sx 2 ) € s (x, Sx 2 ) for all x G Tx 1. 
Since 12 £ so we have 

Ad (xi,x 2 )+B(x 2 , Sx 2 )+Cd(xi,Txi)+Dd(x 2 , Txi)+Ed(xi, Sx 2 ) G s ( x 2 , Sx 2 ) 
and 

Ad(xi,x 2 )+B(x 2 , Sx 2 )+Cd(xi,Txi)+Dd(x 2 ,Txi)+Ed(xi, Sx 2 ) G s(x 2 ,Sx 2 ) = U s(d(x 2 , 

x€lSx 2 

So there exists some 0:3 G Sx 2 , such that 

Ad (xi,x 2 )+B(x 2 , Sx 2 )+Cd(xi,Txi)+Dd(x 2 , Txi)+Ed(xi, Sx 2 ) G s (d(x 2 , x 3 )). 

That is 

d(x 2, X3) A Ad (xi,x 2 ) + B(x 2 , Sx 2 ) + Cd(xi, Tx\) +Dd(x 2 , Tx\) + Ed{x\, Sx 2 ). 

By using the greatest lower bound property (g.l.b property) of S and T, we get 
d{x 2, X3) A Ad (xi,x 2 ) + B(x 2 , X3) + Cd(xi,x 2 ) + Dd(x 2 , x 2 ) + Ed( xi, 2:3). 



which implies that 

d(x 2, 0:3) A [A + C + E)d (xi,x 2 ) + (B + E)(x 2 , X3). 
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This further implies 

d{x 2 ,x 3 ) A y + ^ d(x 1 ,x 2 ) ■ 

Let 5 = max{ Then 6 < 1 . Thus inductively, one can easily 

construct a sequence {x n } in X such that 

X2n-\-l G BX2ni X2n+2 G BX2n+l 

and 

d{x2m X2n-\-l) ^ 8di K X2n— 1? X2n) ' 

for each n > 0 . We assume that x n ^ x n+ \ for each n > 0 . Otherwise, there 
exists n such that X2 n = X2 n +i- Then a; 2 n G Sx2 n and X2 n is a fixed point of S 
and hence a fixed point of T. Similarly, if a;2 n +i = iC2n+2 for some n, then :E2n+i 
is a common Hxed point of T and S. Similarly, one can show that 

d(X 2 n+l ; X2n+2) ^ 8d(x2n i X2n-\-l ) • 

Thus we have 

d(^r n ,x n _j_i) ^ Sd(x n —i , x n ) 8~d(x n —2 > x n —\ ) ^ S d{x o,£i) 

for each n > 0 . Now, for any m > n, consider 

d{x m , x n ) =4 d{x n , x n+ i) + d(x n+ i, x n+2 ) \-d(x m ~i, x m ) 

4 [5 n + 6 n+1 + ■ ■ ■ + S™- 1 ] d(x o.si) 

- d(x 0 ,a;i). 

Let 0 <C c be given and choose a symmetric neighborhood V of 9 such that 
c + V C intP. Also, choose a natural number k\ such that y^s d(xo,X\) G V 
for all n> k\. Then jz^d(x 1,2:0) <C c for all n> k\. Thus we have 

- d(xo, x\) <C c 
0 

for all m > n. Therefore, {x n } is a Cauchy sequence. Since X is complete, 
there exists v G X such that x n — > u. Choose a natural number k2 such that 

1 + E c A c,B , c 

1 - C ^ V ' X2n+l > < 3’ 1 - C d ( X2n ’ V > ^ 3 aild X _ c d ( X 2n,X 2 n) < 

( 2 - 7 ) 

for all n > &2. Then, for all > k-2- we have 

Ad(x 2 n, v)+Bd(X2n, Sx2n)+Cd(v, Tv)+Dd(X 2 n,Tu)+Ed(u , Sx2n) G S ( SX2n,Tv ) . 

10 
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This implies that 



Ad(X 2 n , v)+Bd( x 2n , Sx2n)+Cd(v, Tv)+Dd(x2n,Tv')+Ed(u, Sx 2 n) G 



n 

x€Sx 0 



s (x,Tv) 



and we have 

Ad(x2n,v)+Bd(x2n, Sx2n)+Cd(v,Tv)+Dd(x2n,Ti , )+Ed(i', Sx2n) G s(x,Tv) for all x € Sx 2n . 

Since x 2n+1 € Sx 2n , so we have 

Ad(x2n,v)+Bd(x2n,Sx2n)+Cd(v,Tv)+Dd(x2n,Tv)+Ed(v, Sx 2n ) G s (x 2 n+ 1 ,Tv) . 

By definition, we obtain 

Ad(X2n,v)+Bd(X2n,Sx2n)+Cd{v,Tv)+Dd(X2n,Tl')+Ed(v,Sx2n) £ s (x 2 n+rf Tv) = U s (d (x 2 n+l ,u')) . 

u'dzTlL 



There exists some v n £ Tv such that 

Ad{X2n,’v)+Bd(X2n,Sx2n)+Cd(v,Tv)+Dd(X2n,Tv)+Ed(v, SX 2 n) G s (x 2ti+1 ,Tv) £ s (d(x 2n+1 , v n )~) , 
that is 

d{x 2 n+ 1 ,V n ) A Ad(x2n , v)+Bd(x2n, Sx2n)+Cd(v, Tv)+Dd(X2n,Tv)+Ed(v, Sx2n)- 
By using the greatest lower bound property (g.l.b property) of S and T, we have 
d(x 2 n+ 1 , v n ) A Ad(x 2n , v)+Bd( x 2n , x 2 n )+Cd{ v, v n )+Dd(x 2n , u n )+Ed(u, x 2 n +i)- 
Now by using the triangular inequality, we get 



d (X2n+l,V n ) A Ad(x 2n , v)+Bd(x 2 n, X 2 n+l)+Cd(v, X2n+l)+Dd(x 2 n, V n )+Ed(v, X 2 n+ 1) 



and it follows that 

A B C I E 

d{ X2n+l,Vn) A ^ _ <j d{x 2 n ,v) + ^ _ d(x 2w ,X 2 n)) + -^-C d(v,X 2 n +l)- 

By using again triangular inequality, we get 



d{u,v n ) A 

■< 

■< 

< 



d(u,X 2„+l) + d(x 2 n +l,Vn) 

A 

d{lS,X 2 n+ 1 ) + 1 _ c d{x 2n ,v) 



B .. C + E 

1 _ c d{X 2 n,X2n)) + -y _ q d{v , X 2 n+l) 



1 + E A B 

1 — a(y, X 2 n+l) + 1 _ c d(x 2 n,v) + ^ _ ( j d{X2n,X2n) 



c c 

3 + 3 =C 



Thus, we get 



d(v,v n ) < — 
m 

for all ? 7 z > 1 and so — — d(v, v n ) £ P for all m > 1 . Since — — > 9 as m — > oo 
and P is closed, it follows that —d(v,v n ) € P. But d(v,v n ) € P. Therefore, 
d( v,v n ) = 0 and v n v £ Tv, since Tv is closed. This implies that v is a 
common point of S and T. This completes the proof. ■ 
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Corollary 16 [5] Let ( X , d) be a complete tvs-valued cone metric space with 
the solid ( normal or non-normal ) cone P and let S,T : X — » CB(X) be 
multivalued mappings with g.l.b property such that 

B d{x , Sx) + Cd{y,Ty ) € s ( Sx , Ty) 

ffor all x, y £ X, where B , C are non negative real numbers with B + C < 1. 
Then S and T have common fixed point. 

Theorem 17 [5] Let (X,d) be a complete tvs-valued cone metric space with 
the solid ( normal or non-normal) cone P and let S,T : X — > CB(X) be 
multivalued mappings with g.l.b property such that 

Dd{x,Ty ) + Ed{y, Sx)) € s (. Sx,Ty ) 

ffor all x,y £ X, where D, E are non negative real numbers with D + E < 1. 
Then S and T have common fixed point. 
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ON THE TWISTED g-CHANGHEE POLYNOMIALS OF HIGHER 

ORDER 

JIN- WOO PARK 



Abstract. The g-Changhee polynomials and numbers are introduced by T. 
Kim et al in [3]. Some interesting properties of those polynomials are derived 
from umbral calculus (see [4]). In this paper, we consider Witt- type formula 
for the n-th twisted g-Changhee numbers and polynomials of higher order and 
derive some new interesting identities and properties of those polynomials and 
numbers from the Witt-type formula which are related to special polynomials 
and numbers. 



1. Introduction 

Let p be an odd prime number. Z p , Q p and C p will denote the ring of p-adic 
integers, the field of p-adic numbers and the completion of algebraic closure of 
Q p . The p-adic norm | • | p is normalized by \p\ p = Q Let C(Z P ) be the space of 
continuous functions on Z p . For / £ C(Z p ), the fermionic p-adic integral on Z p is 
defined by T.Kim to be 

P N - 1 

7 -?(/) = [ f(x)dfi,- q (x) = lim f ^ f(x){-q) x , (see [6, 7, 9]). (1.1) 

H v IP \—q “ 

Let fi(x) = f(x + 1). Then, by (1.1), we get 



ql-M + /_,(/) = [2] g /(0), (see [6, 7]). (1.2) 

By (1.2), we easily see that 

n— 1 

Q n I- q + = [2], E(-l )"" 1 -'/(0, (1-3) 

;=o 

where f n {x) = f{x + n ) and n > 0. 

It is well known that the twisted q-Euler polynomials are defined by the gener- 
ating function to be 



[ 2 ] 9 c xt 

1 + qee 1 



j.n 

^2 E n , s ,q( x)—, (see [13]). 

n— 0 



(1.4) 



When x = 0, E n ^ iq = E n ^, q ( 0) are called the n—th twisted q-Euler numbers. 
For e = 1, E n} i, q (x) = E niq (x) are the n-th q-Euler polynomials , and x = 0 , 
E n ,i, q ( 0) = E n , q (0) are the n-th q-Euler numbers. 



2000 Mathematics Subject Classification. 11S80, 11B68, 05A30. 

Key words and phrases. Euler numbers, g-Changhee numbers, twisted g-Changhee numbers 
of higher order. 
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2 JIN- WOO PARK 

Indeed, we note that i, q ( x ) = H n (x\ — g), where H n {x |A) are the Frobenius- 
Euler polynomials which are defined by the generating function to be 

i \ 00 4-n 

e te = ^>„(:r|A)-, ( see W)' 
e l — A ' n! 

n— 0 

Recently, the g-Changhee polynomials are defined by the generating function to 
be 

[ol °° fn 

TXli ( l + t) x = (^e [10]). (1.5) 

l Q Tl. 

n—0 

When x = 0, Ch n ^ tq = Ch n ^ e q ( 0) are called the q-Changhee numbers, (see [3]). 

The Stirling number of the first kind is defined by 

n 

(. x) n = x(x — 1) • • • (x — n + 1) = ^ Si(n, l)x l , (see [3]). (1.6) 

1=0 

The g-Changhee numbers and polynomials are introduced by T. Kim et. al. in 
[3], and found interesting identities in [5, 8, 11, 12]. In this paper, we consider the 
twisted g-Changhee numbers and polynomials of order k which are derived from 
the multivariate fermionic p-adic q- integral of higher order on and give some 
relationship between twisted g-Changhee polynomials and numbers of higher-order 
and special polynomials and numbers. 



2. Twisted g-CHANGHEE numbers and polynomials of higher-order 



For n € N, let T p be the p-adic locally constant space defined by 

T p = U C p r, = lim C p n , 

n> 1 n—> oo 



where C p n = |w|w p " = l} is the cyclic group of order p". 

For e e T p , let us take f(x) = (1 + et) x for \t\ p < p^p^ 1 . Then by (1.2), we get 

J^(l + £t) X d^ q (x) = q Jl 9 [2]q = ]t Ch n,e, g ^ (2-1) 

where Ch n , eA are called the n-th twisted q-Changhee numbers. 

From (2.1), we can derive the following equation: 

/ (1 + ei) x+ ydp- q {y) = [2 } (1 + et) x = Ch n , e , q {x)- (2.2) 

Jz p qet+i 2 ]? ^ n\ 

where Ch nt£}q ( x) are called the n-th twisted q-Changhee polynomials. Note that 
C^n,e,g( 0) = Ch n ^ A are n-th twisted g-Changhee numbers. 

Since 




et) x+v dp- q (y) 



X>“/ (^"V.W” 

n = 0 ' ' 

°°^ r j.n 

y'e” / {x + y) n dp- q (y) — , 

n = 0 ' 



by (2.2) and (2.3), we obtained the following theorem. 



(2.3) 
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Theorem 2.1. For n > 0, we have 

Ch n>etq (x)=£ n (x + y) n dy- q (y). 

J 7 Lp 

From (2.1), we note that 

n— 0 \ / 



qei + [2\ q n=Q 



(2-4) 



Thus, by comparing the coefficients on the both sides, we obtain the following 
theorem. 

Theorem 2.2. For n > 0, we have 



1CK« W= (“£) - 



Replacing t by in (2.2), we get 



„ , d” _ [2] 9 xt _ , .1 / e* — 1 

/ , E n q (x) r — ~ t -e — y Ch n e q (x) - ( 
z — ' n! qe l — 1 z — ' n! V e 

n— 0 ^ n— 0 ' 



n! ge 4 — 1 
where E n q is the n-th g-Euler polynomials and 



(2.5) 



1 / t -i \ FI OO -j 

Y, Ch n,e, q {x)- =Y, C Ke, q {x)- [ £- n n\ ( ]T S^n)"— 



n — 0 



n— 0 
oo m 



t" 

ml 



,t n 



( 2 . 6 ) 



ml 



= ^2 Ch n ^ q (x)S 2 (m, n)s 

m=0 n = 0 

where Sb (m, n) is the Striling number of the second kind. 

By comparing the coefficients on the both sides of (2.5) and (2.6), we obtain the 
following theorem. 

Theorem 2.3. For n > 0, we have 

n 

E n ,q(x) = Ch m ^^ q {x)S 2 {n, m)e~ Tn . 

m—0 

By Theorem 2.1, we easily get 

Chn tStq (x)=£ n (x + y) n dy- q (y) 

J 'Zip 

n p n 

—£ n Si(n, l) / (x + y) l dfj,- q {y)=£ n y2S 1 (n,l)Ei tq (x). 

, „ J « 



(2.7) 



;=o 



;=o 



Therefore, by (2.7), we obtain the following theorem. 
Theorem 2.4. For n > 0, we have 



Ch n , e , q (x) = £ n Y, Mn, l)Ei, q (x). 



1=0 



where Si(n,l) is the Stirling number of the first kind. 
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In viewpoint of (2.3), the n—th twisted q-Changhee numbers of the first kind with 
order k are defined by the generating function to be 



Ch^=s n J ---J (x H \- x k ) n d^- q {xi) . . .dqi- q {x k ), (2.8) 



where n is a positive integer. 
By (2.8), we easily get 






° ^ V n— 0 



(et) n dfj,_g( xi) • • • d^_ q {x k ) 



J -J {l+Et) n dgL_ q (x l )---dLi- q (x k ). 



From (2.1) and (2.9), we have 






n! \get+[2] ? 



[2], 

qet + [2} q 



= E E 

n—0 \l iH \-l k —n 



ll ? • • • 5 lb 



By simple calculation, we easily see that 

( [gk V V'f d 

\qst + [2] q ) A [2 \q 



Chl lt£t q ■ • ■ Chl k ^q I . (2.11) 

/ Tl. 



k + n — 1\ t 



n / n\ 



Thus, by (2.10) and (2.12), we get 

[2 TqCh^ ={-q) n n\e " 



n + k — 1 



=(-g)"e"(fc + n-l) n 

n 

=(- g ) n £ ,l ^5 1 (n,0(fc + n-l) i . 

1=0 

Therefore, by (2.10), (2.11) and (2.13), we obtain the following theorem. 



Theorem 2.5. For n > 0, we have 



[2 } q Ckdfl q =[2] q £ 



1 1 H h Ik — n 



h,-- ■ ,h 



Ch iue , q ■ ■ ■ Chi k 



=(-q) n e n Y, Mn, l )(k + n - l) 1 



From (2.8), we have 



Ch n,l,q = e ” / • • • / ( X 1 d b x k ) n d/i- q {x i) • • • dqi- q ( x k ) 

J Z p J lip 

=e n ^2Si(n,l) ■j (x\ H 1- x k ) l dn- q (xi) ■ ■ ■ dfi- q (x k ). 

in Zn a Zr> 
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Now, we observe that 



e ( Xl +'~+ x k) t dn_ q {x- L ) • • • djjL_ q {x k ) = 



[2], 



qe t + 1 



k oo 



= p- 15 ) 



n— 0 



(k) 

where Enf q are the g-Euler numbers of order k. 

From (2.14) and (2.15), we obtain the following theorem. 

Theorem 2.6. For n > 0, we have 

n 

Ch { n k l q =e n Y / Si(n,l)El k q \ 



1=0 



Replacing t by - — we get 

n=0 



[2]<j 



qe f + 1 



k oo 



^ n ' q nV 



n=0 



and 



J2 Ch nl 



1 (e t -l 



« 77.1 



n oo / m 



= E J2 £ ~ nCh nlM m ’ n ) 



(2.16) 



(2.17) 



n— 0 x 7 m = 0 \n = 0 

Thus, by (2.16) and (2.17), we obtain the following theorem. 
Theorem 2.7. For n > 0, we have 



E {k l = E s- m Ch%l q S 2 (n,m). 



m = 0 



Now we define the twisted q-Changhee polynomials of the first kind with order k 
as follows: 

Ch n^,q( x )= £n ■ (and h X k + x) n dp- q {x 1 ) ■ ■ ■ d/j,- q (x k ), (2.18) 

*7 Zp J Zp 

where n > 0 and k € N. 

From (2.18), we can derive the generating function of the twisted g-Changhee 
polynomials as follows: 



°° , n p p 

Ti Ch nL( x )^ = / •••/ (i+etr + - + ^ +x dp. q ( Xl )---dp. q ( Xk ) 

„ n ^ " J Zn J Zr, 



[2] q 



qet + [2], 



(2.19) 



(1 +et) x . 



It is easy to show that 

‘ (! + «()• = £( y. 



[ 2 ], 



oo / n 



,qet+[ 2] 9/ 
By (2.20), we get 



n— 0 \m— 0 



(aOmCTi^ 



1 ^ 

m ’ £ >3 ) nT 



(2.20) 



= E 

m— 0 
n 

= E £ * 



a; \ n! 



m— 0 



m) (n — m ) ! ' n - m ’ e ’ 9 



n — m) m\ m ’ e ' r 



( 2 . 21 ) 
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From (2.18), we have 

Ch n , l , q ( x ) = e " / ••• / (xi H \- x k + x) n dpL- q {x\) ■ ■ ■ dp,- q {x k ) 

J Zp «/ Zp 

=£ n VSi(n,() / •••/ (xi h x k + x) l d[i- q (xi) ■ ■ ■ dfi- q (xk) 

, n J z„ J z„ 



1=0 



=s n Y / Si(n,l)E^(x). 



1=0 



( 2 . 22 ) 



Hence, by (2.22), we obtain the following theorem. 
Theorem 2.8. For n > 0, we have 



n / \ j n 

ch^Ux) = E ^ L 1 m ) E 

m — 0 ' ' ’ /— 0 



where are the q-Euler polynomials of order k. 

Now, we consider the twisted q-Changhee polynomials of second kind with order 
k as follows: 

ChLl t q(x) = £ n •••/ (-xi x k + x) n dii- q (xi) ■ ■ ■ dpL- q (x) k - (2.23) 

J Zp J Zp 

By (2.23), we have 

E^i fe i>)^=/ •••/ (l + et)^-— ‘^^(xO-.-d/i-^aifc) 

n J Z„ YZ„ 

\ fc 

J (l+Sf)^, 



n — 0 



[2], 



(2.24) 



+ [2]q 

where fc is positive integer. 
Hence, 

— .(fc) 



=£ n ••• / (-xi x k + x) n dp 1 _ q {xi) ■ ■ -dn-qtxk) 

J Zp J Zp 

=£ ri V'S'i(n, 0(— 1) J f ■■■ f (xi H h x k - x) l dn- q (xi) ■ ■ ■ dpL- q (x k ) ^ ^ 

I n J Zr, j Zr, 



=£"^5 1 (n,Z)(-l)'£; i ( J(-x). 



1=0 



Therefor, by (2.25), we obtain the following theorem. 
Theorem 2.9. For n > 0, we have 

: (fc) 






1=0 



429 



JIN-WOO PARK 424-431 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



ON THE TWISTED g-CHANGHEE POLYNOMIALS OF HIGHER ORDER 



Now, we consider the n-th twisted g-Changhee polynomials of the first kind relate 
to n-th twisted g-Changhee polynomials of second kind. 



={-l) n e n 



=£ 



—X\ — • • • — Xk + x 
n 

xi + • • • + Xk — x -\- n— 1 
n 



=£ ny p-1 

' ^ \ n — m 



m—0 



X\ + • • • + Xk ~ X 

m 



m- 

n 

= E 

m— 1 



n — 1 \ £ 



to — 1 / to ! 



I m 



-TTl'.E 



n 1 ^ £ n-m x) 

TO — 1 



dn- q (xi) ■ ■ -d^- q {x k ) 
d^ q (x i) • • • dfX- q (x k ) 

dn- q { xi) ■ ■ ■ dfi- q (xk) 

dn- q {x i) • • • dn- q ( x k ) 



X\ + • • • + Xk — X 
TO 



(2.26) 



By (2.26) and proceeding similar to (2.26), we have the following theorem. 
Theorem 2.10. For n > 0, we have 



(k) 

(-i rchlijx) 



= E 

m=l 



and 



(-1 ) n Ch£l q (x) _ A 

7.1 2^ 



n\ 



n 1 ^ £ n ~ m Chm^s, q ( x) 

TO — 1 



, . (M 

— 1\ Ch m „(—x) 

\ m m.e.q v / 



TO — 1 



n-m 

to ! 



By (2.25), 

Ch n ,£ J q(x') 

=£ B VSi(n, 0( -1 )* / •••/ ( S H x k - x) l dn- q (x 1 ) ■ ■ ■ d^- q (x k ) 

l n </Z T , J Ij-t, 



1=0 



r m 



/— 0 m—0 

and thus we obtain the following theorem. 
Theorem 2.11. For n > 0, we have 

n l 

Ch n , £ , q ( x )= e n J2Y .(- i y +m 

1 = 0 m=0 



S x {n,l)E^ m x n 
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SOME SYMMETRY IDENTITIES FOR THE (h, g)-BERNOULLI 
POLYNOMIALS UNDER THE THIRD DIHEDRAL GROUP D 3 
ARISING FROM g-VOLKENBORN INTEGRAL ON Z p 

S.-H. RIM, T. G. KIM, S. H. LEE 



Abstract. In this paper, we give some new identities of symmetry for the 
(h, (j')-Bemoulli polynomials arising from g-Volkenborn integral on TL V . 



1. Introduction 



let p be a fixed prime number. Throughout this paper, Z p , Q p aud C p will, 
respectively, denote the ring of p-adic integers, the field of p-adic rational numbers 
and the completion of algebraic closure of Q p . Let v p be the normalized exponential 
valuation of C p with |p| p = p~ v p(p'> = 1/p and let q be an indeterminate in C p with 
|1 — q\ p < p'F 1 . The g-extension of x is defined by [ x\ q = 1 //^ q • Note that 
lim g _>.i[:r]q = x. Suppose that / is a uniformly differentiable function on Z p . Then 
the p-adic g-Vollcnborn integral is defined by Kim to be 



p -i 



( 1 ) 



Iq(f)=[ f(x)dp q (x)= \ im E f(x)n q {x + p N Z p ) 

/ H? TV— >-oc z ' 

J & V x=0 



p" - 1 



= lim 



n s=0 



E /(*)«*■ 



As is well known, Carlitz’s g-Bernoulli numbers are defined by 



Po,q = 1, 



<?(?/?+!)" 




if n = 1 
if n > 1, 



with the usual convention about replacing /3” by /3 ra , g (see [1,8,10]). 
The g-Bernoulli polynomials are given by 



&n, q {x) = e (") 



(1 - q) r 



1=0 



E ? <-D 



\l lx l + 1 
9 [1 + 1 ], 



(see [10]). 



In 1999, Kim gave the formula which is given by 

Pn,q(x)= [ [x + y] q dp q (x), (neNU{0},) (see [1-15]). 

J z„ 



432 



S.-H. RIMet al 432-436 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



2 S.-H. RIM, T. G. KIM, S. H. LEE 

For h £ Z, we consider (h, g)-Bernoulli polynomials as follows: 



( 2 ) 



P%l( x )=[ q (h 1)x [x + y}qd^ q (x), (n € Z>o) 

J Z p 

= (see [ 8 , 10 ]). 



When x = 0, (3^1 = 0) are called the (h, g)-Bernoulli numbers. 

In this paper, we consider the symmetric identities for the (h, g)-Bernoulli poly- 
nomials under the third Dihedral group D 3 which are derive from p-adic g-Volkenborn 
integral on 7L V . 



2. Symmetric identities for the (/i, ^-Bernoulli polynomials 
Let w i, W‘ 2 , u >3 be positive integers. Then we observe that 



(3) 



/ q(h-l)w 2 W 3 y e [w 2 W 3 y+WlW 2 W 3 X+W 1 W 3 i+WlW 2 j] q t ( J ^ W 2 W 3 (y) 

J Z„ 



1 P 1 
N ~>°° [p N ]q^3 ^ 



q(h-l)w 2 w 3 y e [w2W3y+w 1 w 2 W3X+w 1 W3i+w 1 w 2 j] q t qW 2 w 3 y 



l tui-lp -1 

\ w ip n ]^ S § 9 



hw2 W3 ( k+wi y ) g [w2 W3 (k+wi y ) +toi 102 103 x+w \ 103 i+w\ W2 j] q t 



By (3), we get 



tO 2 — 1 W 3 — I 



[w2W 3 ] q 



E E q(wiw^i 



+wiw 2 j)h 



i = 0 j = 0 



(4) 



x / q(h-l)w2W3y e [w 2 W3y+w 1 W2W3X+w 1 W3i + wiW2j]qt c ii^ W2W3 ^y'j 
JZn 



to 2 — 1 103 — 1 tOi — 1 



= lim -j— 

N-Ioo iq 



1 J b_L_ 

\ \ \ ' h(wiW3i+wiW2j+w 2 W3k)+hwiW2W3y 

1 Z^ Z^ Z^ q 



i = 0 j— 0 lc=0 

^ e [w 2 W 3 (k+W 1 y)+W 1 W 2 W 3 X+W 1 W 3 i+WlW 2 j]qt 

From (4), we note that the expression is invariant under any permutation of W \ , W 2 , W 3 
in third Dihedral group D 3 . Therefore, by (4), we obtain the following theorem. 

Theorem 2.1. Letwi, W 2 , w 3 be positive integers. Then, the following expressions 



-1 “ v-v 

y^ y^ g^(i« CT( i)2« CT (3)i+t« CT (i)?u CT (2)i) 



i—0 j — 0 



X / g( h - 1 ) ,1 '<'(2)" , <s(3)!/ e [v' CT ( 2 )«’<,( 3 )2/+«'<r( 1 )^(2)«' CT (3)*+«’ CT ( 1 )«'a(3)<+«’c(l)«' CT (2)l]<!^ /z w<T(2)Wa(3) ( y ) 

J Zp 

are f/ie same for any a £ D 3 . 
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Now, we note that 



(5) 



[w 2 w 3 y + W\W 2 W 3 X + wiw 3 i + w 1 w 2 j] q = [w 2 w 3 \ q 



W 1 . W 1 . 

y + ivix H 1 ^ j 

w 2 w 3 



Therefore, by (2), Theorem 1 and (5), we obtain the following theorem. 
Theorem 2.2. For w\, w 2 , w 3 € N, the following expressions 

K(2)^(3 ) ]r 1 E E q h(w ^ w ^ i+w ^ w ^ j) 

i—0 j—0 

are the same for any a £ D 3 . 

It is not difficult to show that 

( 6 ) 



x #l ft Eo)“V( 3 ) (w*(i)X + W °^-i + U ^-j) 

n ' q «V( 2 ) Wa( 3) 



W 1 W 1 . 

2/ + Wix H z H j 

w 2 w 3 



\ _ qWlW 3 i+WlW2j 



+ q w lW3 i + w ^ j [ y +WlX ] qW2W3 



l — qw 2 w 3 

+ w 2 j\ qW1 + q ^i+w lW2j[y + Wix] 

[w 2 W 3 \ q 



From (6), we have 

(7) 



w 1 . w 1 

y + WiX d * H j 

w 2 w 3 \ q „ 2 v , 3 

( [wi] ^ 



= E 

k—0 



q (h - 1)w2W3V d^ 2W3 (y) 

) n—K 



Thus, by Theorem 2 and (7), we get 

( 8 ) 



[W2W3]g _1 E Er 

i—0 j—0 





W i . 

y + w\X H * H ? 


' Zp 


u > 2 w 3 



dflqw 2 W 3 ( v ) 



J q w 2 w 3 



n / \ a; 2 — J- ^3 — 1 

/c=0 ' ' i—0 j—0 



/c— 0 

where 

(9) 



w\ — 1 to 2 — 1 

TW(«; 1 ,«;2|fe)= J] E ? (H ' ,)(ro2i+ ”' u) hi + W ij] 

i—0 j—0 



n—k 

Q 



As this expression is invariant under the third Dihedral group D 3 , we have the 
following theorem. 
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Theorem 2.3. For n > 0, w i, u> 2 , w 3 € N, the following expressions 

n 

k—0 

are all the same for any a £ D 3 . 
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(>< 7 ( 2)1 






I n-ka(h) 

T ( 1 )J? Pk,q 



V(2)“V(3) 1 



7(1). 



c) r 



(h\ 

n,q 



t(1) ' 



7 ( 2 ), 



0.7(3) | k) 
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SOME IDENTITIES OF BELL POLYNOMIALS ASSOCIATED 
WITH p-ADIC INTEGRAL ON Z p 

SEOG-HOON RIM, HONG KYUNG PAK, J.K. KWON, AND TAE GYUN KIM 



Abstract. In this paper, we investigate some identities of Bell polynomials as- 
sociated with special polynomials which are derived from p-adic integral on Z p . 



1. Introduction 



Let p be a fixed odd prime number. Throughout this paper, Z p ,Q p and C p 
will denote the ring of p-adic integers, the field of p-adic rational numbers and the 
completion of algebraic closure of Q p . Let v p be the normalized exponential valuation 

of C p with |p|p = p _ D>(p) = I. Let q be an indeterminate in C p with |1 — q\ p < p p - 1 
and let the g-extension of number x is defined as [x\ q = X \fff q -«■ The Euler polynomials 
of order r are defined by the generating function to be 

O 

= (see [1 - 18]) 

n=0 

and the higher-order Bernoulli polynomials of order r are given by 

, f \ r 00 +n 

(yrri ) (see [9- 10]). 



When x = 0, Bn' 1 = Bn > ( 0), En > = En\ 0) are called higher-order Bernoulli 
numbers and Euler numbers. 

Let f(x) be a uniformly continuous function on Z p . Then the bosonic p-adic 
integral on Z p is defined by 






n = 0 
n(r) 



?(r)i 



P N - 1 



(1) 



[ f{x)dp o(x) = lim Y /( x )> ( see I 12 D’ 



and the fermieuic p-adic integral on 7L p is given by 



(2) 

Thus, we have 

( 3 ) 

and 

( 4 ) 



r i p 1 

/ f(x)d/i-i(x) = Y /( x )( -i r> ( see I 12 ))- 

JZ P P x = — 1 



[ fix + l)dno(x) - [ f(x)dn o(x) = /'( 0 ), 

J Z p J Zp 

[ f(x + l)d/j-i(x) + [ f{x)dp-i(x) = 2 /( 0 ). 

J 'L’o 
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As is well know, the higher-order Changhee polynomials are given by 

, 9 \ r 00 t n 

(5) (—) (1 +tr = ^C/.M(x) s , (see [11 - 15]), 

n=0 

and the higher-order Daehee polynomials are defined by the generating function to 
be 

(6) ( log(l+t) )’- (1 + t) , = |L c <,) ( ff (see|u _ 15|) 

n= 0 

When x = 0, Cii r V = Chn\ 0) and Dn' 1 = Dn\ 0) are called the Changhee numbers 
and the Daehee numbers with order r. 

Finally, we introduce the Bell polynomials which are given by the generating 
function to be 



4-71 

(7) e ( et ~ 1 ) x = V Bel n (x)-., (see [4, 14, 16]). 

^0 nl 

The purpose of this paper is to given some identities of Bell polynomials associated 
with special polynomials arising from p-adic integral on Z p . 



2. Some identities of Bell polynomials 
From (2), we note that 



( 8 ) 



^ (y) 

‘V 

OO r> 

Y / {x + y) n dno(y) 



(e t - 1 y 



n= 0 " ^ P 
oo n 



n! 



^ ~ ' ' ° j_Yl 



n= 0 k= 0 

where S 2 (n, fc) is the Stirling number of the second kind. On the other hand, 



(9) / e (e l)[x+v) dy Q {y) = V / Bel n (x + y)dfx 0 (y) — . 

Jz P ^ n! 

Thus, by (8) and (9), we get 

(10) / Bel n { x + y)d/j,o(y) = Y B k{x)S 2 {n , fc). 

fc =0 

By the same method as (10), we get 

« n 

(11) / Bel n (x + y)dn~i(y) = ^ E k (x)S 2 (n, k ). 

VZp fc=0 
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3 



Note that 



(12) 



[ •••/ (1 + t)^ + - +Xr+x UMxi) ■ ■ ■ dll o(s r ) = ( log(1 t + 1] y ( i + ty 

J 2 Dr) J Zr) 



°° +n 

E^’Wy 

n= 0 "■ 



By replacing f by e fii 1 — 1, we get 



(13) 



Lip U-ip 



f e (e t -l)( Xl +-+ Xr +*)dp o(xi) • • • C^oOzy) 

«/ 7 j V 

(r) (e* — 1)* ' ' 00 



e — 1 \ r 



3 et_ l — 1 






(E 



1=0 
k s 00 



y, Bel m {x ) 



m=0 



(E B < w E*( ,! ’0y)(E Bei ”( i 

Z=0 fc=J ra=0 

co k l. oo 

(E(E Bl r] S 2 (k,l)) f - )(E Bel m ( 



k = 0 1=0 
co n 



m = 0 



m! 

j-m 

;) — — 
to ! 



EE 



Bel m (x)n\ 



n=0 m=0 
oo n 



m\(n — to)! 



y B[ r) S 2 (n-m,l)J^ 



n=0 ra=0 



1=0 
n—m 



Y.{Yi Bl r) S 2 (n-m,l)y-. 



1=0 



TO! 



On the other hand, 



(14) 




e (c*- 1 )(* 1 +-+ a!r +*) dAio ( a . i ) . . . dMo ( Xr ) 




t n 

Bel n (x i H 1- ay + xW/Way) • • • dp 0 (x r ) — . 

n\ 



Therefore, we obtain the following theorem. 
Theorem 1. For n > 0, we have 




Bel n (x i H hx r + x)dp 0 (xi) ■ ■ ■ dp 0 (ay) 



n / \ n—m 

= y ( n ) Bel m (x) y B\ r) S 2 (n~m,l). 

771=0 1=0 
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From (12), we note that 

/ •••/ e (e t - 1 )(*i+-+*r+*) d/io(a .i )...df iQ (x r ) 

J J Tjp 

(e* - l) r 



m=k 



(15) 



E^ r) Ws( t,,M) - ')" = E4E) E 

77 = 0 fc=0 

oo m 1 

- o r 

m=0 /c=0 

oo m oo 



m! 



, TO 



m =0 fc =0 
oo n m 



= E{EE (x)S 2 (to, fc)S 2 (n, to) } — . 

n= 0 m=0 fc=0 

Therefore, by Theorem 1 and (15), we obtain the following theorem. 
Theorem 2. For n > 0, we have 



n / \ n—m 

Y (m) Bdm ^ £ B \ r) S 2 {n - m,l) 

m = 0 ' 1=0 



(16) 



= EE D^\x)S 2 (m, k)S 2 (n,m). 

m = 0 k = 0 

From (7), we note that 

OO 

e xt = Y Bel m {x) — (log(l + f)) 

m = 0 

°° °° xm 

= ^ Belm(x) Y 5 'l ( n > 

m=0 n=m 

oo n 

= E(E SeZ m (x)5i(n, 



, m) 



n=0 m=0 

where Si(n,m) is the Stirling number of the first kind. 
Therefore, by (16), we obtain the following theorem. 



TO! 

r 

ra! 



TO) ] r , 



Theorem 3. For n > 0, we have 



x n = 



Y Bel m (x)Si{ 



m = 0 



It is easy to show that 

(17) i 

Thus, by (17), we have 



e xt d/a o(x) = 



e t — 1 



n, to 



X> 

77=0 



n! 



x n dfM)(x) = B n , (n > 0). 
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From Theorem 3, we can derive the following equation: 

(18) B n = f x n dno(x) = Y Si(n,m) f Bel m (x)dn 0 (x), (n > 0). 

JZp m= o 

Therefore, by (10) and (18), we obtain the following theorem. 

Theorem 4. For n > 0, we have 

n m 

B n = EE Si(n, m)S 2 (m, k)Bk- 

m = 0 k = 0 

It is not difficult to show that 



o 00 j-n 

e xt dfi. 1 (x) = zrvT = Y J En 



e t + 1 



n = 0 



n\ 



(19) 

Thus, by (19), we get 

(20) I x n d/a- i(x) = E n , (n > 0). 

J 'ffjp 

From Theorem 3 and (20), we have 

(21) E n = f x n dn-i(x) = Y, Si(n,m) f Bel m (x)d/j- \(x). 

JZp m_ o J TLp 

Therefore, by (11) and (21), we obtain the following theorem. 
Theorem 5. For n > 0, we have 



E n — EE Si(n, m)S 2 (m, k)Ek- 



m = 0 k = 0 

Now, we consider the following equation. 



(log(l + t)) r 



m ! 



e(x+Xl+ ... +Xr)t = Bel m (x\ + --- + x r + x) 

m = 0 
oo 

(22) = Bel m (x 1 -1 b x r + x) ^ S\ (n, m) 

m = 0 n—m 

oo n 

= E(E Bel m (x i + • • • + x r + x)Si(n, 



n = 0 m=0 

Thus, by (22), we have the following theorem. 
Theorem 6. For n > 0, we have 



T 

n\ 

r 

n\ 



(x + xi + • • • + x r ) n = Bel m (x i + • • • + + x)5i(n, m). 



m = 0 
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From (4), we can easily derive the following equation: 



/ ••• / e (xi+-+*r+x)t d/i _ i(a . i )... d / X _ i ( Xr )= (_l_) r 
J Ztj Zrj ^ 



(23) 



xt 



°° j.n 

E^w^. 

»i=0 



Thus, by (23), we get 

(24) f ■ ■ ■ f (x\ H x r + x) n dn-i(xi) ■ ■ ■ dn-i(x r ) = Ef£\x). 

J 'ffjp J Zp 

By (3), we easily get 



(25) 

From (25), we have 



/ • • • / e (*i+-+^+*)*d M , 0 (*i) • • • d^r) = (^ I ) r 

Zr) Zr) 






E B b>( 



n= 0 



x) — . 
n\ 



(26) / ••■/ (aq 4 b av + x) n d^ 0 (xi) • • • dfi 0 (x r ) = B^\x). 

J Z p «/ Zp 

From Theorem 6, (24) and (26), we have 

(27) B^\x) = Si(n,m ) / ••• / Bel m (x + x\ H b x r )d(j®(xi) • • • d/j, 0 (x r ) 

m= 0 «/ Z D J TLx, 



and 

(28) 



^ 61(71, m) / ••• / i?eZ m (a; + zi 4 b a; r )d/x_ 1 (x 1 ) • • • d/j,-i(x r ). 



m=0 

Now, we observe that 



E 



n=0 



Bel n (x + xH b x r )d/.i 0 (xi) ■ ■ ■ d/j, 0 (x r )— 

n\ 



(29) 



I 



<p ^ ^jp 

OO 



= (e 4 — l)(xiH l-x. 



+3:)i d/i 0 (a:i) • ■■dfi 0 {x r 



m=0 
oo n 

E(E 4 r) ws 2 ( 



71=0 771=0 

Thus, by (29), we get 



n,m) l—. 
n! 



(30) 



« 71 

/ Bel n (x i H bs r + a;)d/xoOci) • • • d/x 0 (av) = V] 5^(a;)5 2 (n, m). 

m=0 



Therefore, by (27) and (30), we obtain the following theorem. 
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Theorem 7. For n > 0, we have 

n m 

B n\x) = ^2S 1 (n,m)S 2 {m,k)B^\x). 

m = 0 k = 0 

By the same method of (29), we get 



£ 



Bel n (x + x\ + • • • + x r )dfi-i(xi) ■ ■ ■ dji- i(x r ) — 



n =o " ^ p 



n\ 



(31) 



[ ■■■ f e( e * -1 )( xl+ '" +XT ' +x ) t d//_i(xi) • • • dn-\{x r ) 
J Z© J Zr> 



u p 

oo n 



= E(E^ ) (^( 

n = 0 m = 0 

From (31), we have 



n,m) | . 

n\ 



(32) / •••/ Bel n (x iH bx r +x)d/i_i(xi) ■ ■ ■ d/j,-i(x r ) = V] £ , ^(x)5 2 (n, m) 

J'Lp Jz p m=0 

Therefore, by Theorem 6 and (32), we obtain the following theorem. 

Theorem 8. For n > 0, we have 



(33) 



“P ~ tup 

2 \ r , 



B n\ x ) = E ^2 s i(n,m)S 2 (m,k)E^\x). 

m = 0 k = 0 

From (4), we have 

[ • f (l + t)^ + - +x ^d^ 1 (x 1 )---d f i. 1 (x r ) 

J Jj-o J Z c 

oo 

(i+tr = ^cfcMwi 

n = 0 

By replacing t by e — 1, we get 

/ •••/ e ( et - 1 )(zi4--+zr+z)^_i( a ,i) . . . ^_i( Xr ) 

«/ z p «/ Zp 

/ ••• / (x'l H 1- x r + x)d/i_i(xi) • • • d//_i(x r ) — (e* - l) r 

“n ^z„ ./z„ ™ 



1 + t 



t n 

)-r- 

n! 



m=0 ^ 

OO 



(34) 



£j4 r> M — (e*-!) 

' m! 



m=0 

oo 



E E ^(n^n) — 

m=0 n=m 

oo n 

E(E E m\ x ) S 2(n, 



n = 0 »n=0 



m) I — , 
n! 
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and 



_ 9 r 



1=0 
oo n 



(E Bell ^ r) T\) (E Bel ™( x ^ 



m = 0 



(35) 



Belm(x)Bel n -m(-r)n V 



ryy 

m\(n — m)\ 

n=0 m = 0 v 

OO 71 / \ 

E^E ( m ) Be lrn{ x )Bel n - m (-r)^j—. 



71—0 771—0 



Therefore, by (33), (34) and (35), we obtain the following theorem. 
Theorem 9. For n > 0, we have 



E E < £>(x)S 2 {n,m 

m = 0 




Bel m {x)Bel n — m {_ r ) . 



Now, we observe that 



(36) 



E 

771—0 



1 

m\ 





00 00 (pi _ i \k 

E Ch ™W E ^(fc,m) 1 J 

771—0 k=m 



oo k . 

= EE C'/ l «(x)5 2 (/c,m)^(e t -l) fe 

fc=0 771—0 

oo k oo n 

= EE C'/iW(x) 5 2 (A:, m) E ^(n, &)^ 

/c=0 771—0 n=k 

oo n k n 

= E(EE C7$(x)S 2 (fc,m)S 2 (n,A0)^. 

n = 0 fc=0 m=0 



Therefore, by (33), (34) and (36), we obtain the following theorem. 
Theorem 10. For n > 0, we have 



E E m( x ) S 2 (n,m) 

771—0 



71 

= EE <7/&>(®)S 2 (A;,m),S 2 (n,A;). 

fc=0 m = 0 
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9 



From (4), we have 

/ •••/ e (e*- 1 )(*i+-+*r+*) d/i _i( a .i)... dAi _i( a . r ) 

J Z v J 



(37) 



e e - 1 + 1 

OO 



a (e*-l)x 






m = 0 
oo 



1=0 

fc, 00 



(Y E ™ Y S 2 {k,m)-^(j2Bel l {x) 



m = 0 k=m 

oo k 



1=0 
. 00 



= (£(£*£’&(*■■ ">))*;) (£ Sei '< 
k= 0 m= 0 /=0 

oo n k 

= Y{Y Y E rn {x)S 2 (k,m)Bel n - k (x) 

n = 0 k=0 m = 0 



X] T\ 



n\ 



- \1 \ ^ 



n 



k\(n — k ) 
t n 



-Y- 

! / n! 



Y ( x ) S 2{k,m)Bel n _ k (x)} — 



n=0 k = 0 v 7 m= 0 

Therefore, by (34) and (37), we obtain the following theorem. 
Theorem 11. For n > 0, we have 



n / \ k 

n y 



Y E k\ x ) S 2{ n ,k) = Y[j t ) Y E m( x ) S 2(k,m)Bel n _ k (x). 

k = 0 k = 0 ' m= 0 
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ON A PRODUCT-TYPE OPERATOR FROM WEIGHTED 
BERGMAN-NEVANLINNA SPACES TO WEIGHTED ZYGMUND 
SPACES ON THE UNIT DISK 

ZHI JIE JIANG, HONG BIN BAI, AND ZUO AN LI 



Abstract. Let B = {z £ C : \z\ < 1} be the open unit disk, i p an analytic 
self-mapping of B and ip an analytic function in B. Let T> be the differentiation 
operator and ITG y, the weighted composition operator. The boundedness and 
compactness of the product-type operator from weighted Bergman- 

Nevanlinna spaces to weighted Zygmund spaces on B are characterized. 



1. Introduction 

Let C be the complex plane, D = {z G C : \z\ < 1} the open unit disk in C, 
17(0) the class of all holomorphic functions on D, ip a holomorphic self-mapping of 
D and ip € H( D). Weighted composition operator on 77(0) is defined by 

W v ^f(z) = ip{z) ■ f(ip(z)), zeD. 

If ip = 1 the operator is reduced to, so called, composition operator and usually 
denote by C v . If <p(z) = z, it is reduced to, so called, multiplication operator 
and usually denote by M,p . Standard problem is to provide function theoretic 
characterizations when and ip induce a bounded or compact weighted composition 
operator. Weighted composition operators between various spaces of holomorphic 
functions on different domains have been studied by numerous authors, see, e.g., 
[1,2,8,9,11,13-17,19,21,23,28,34,35,45,49,50,53] and the references therein. 

Let V be the differentiation operator on IL(O), that is, 

Vf{z) = f'(z), z G D. 

The product-type operator C v V has been studied, for example, in [4,18,20,25,26, 
29,41,44,46]. In [31] Sharrna has studied the following operators from Bergman- 
Nevanlinna spaces to Bloch-type spaces: 

M^C v Vf(z) = iP{z)f\ip{z)), 

M^DC v f{z) = ip(z)ip'(z)f'(ip(z)), 

C lfi M i ,Vf(z) = ip(ip(z))f (ip(z)), 

and 

C tp VM^ 1 f{z) = ip'((p(z))f((p(z))+ip(g}{z))f'((p(z)), 



2000 Mathematics Subject Classification. Primary 47B38; Secondary 47B33, 47B37. 

Key words and phrases. Weighted Bergman-Nevanlinna spaces, product-type operators, 
weighted Zygmund spaces, little weighted Zygmund spaces. 
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for z € D and / € H( D). These operators on weighted Bergman spaces, were 
also studied in [51] and [52] by Stevie, Sharrna and Bhat. If we consider the 
product-type operator then it is clear that 

M.,i,C v V = W,p^V, M^VCcp = Wtp^.tp'V, 

T/,,, IT — and (ib, ID AT,/, — 11/ , y * o ^ -\- W<p ,ipo < * 

Quite recently, the present author has considered operator W V ^T> from weighted 
Bergman spaces to weighted Zygmund spaces in [10]. This paper is devoted to 
characterizing the boundedness and compactness of operator from weighted 

Bergman-Nevanlinna spaces to weighted Zygmund spaces. It can be regarded as a 
continuation of the investigation of operators from weighted Bergman-Nevanlinna 
spaces to other spaces (see. e.g., [12] and [30]). 

Next we introduce the needed spaces and some facts. Let dA(z) = - dxdy 
be the normalized Lebesgue measure on D. For a > —1, let dA a {z) = {a + 
1)(1 — \z\ 2 ) a dA(z) be the weighted Lebesgue measure on D. The weighted Bergman- 
Nevanlinna space A\ og on D consists of all f & H (D) such that 

H/lUfog = [ 1 °g ( 1 + I f(z)\)dA. a (z) < 00. 

J D 

It is a Frechet space with the translation invariant metric 

d(f,g) = 11/ — fflUfog - 

For some details of this space, see, e.g., [6], [7], [47] and [54]. 

For (3 > 0, the weighted-type Ap consists of all / G H( D) such that 

sup(l^ |z| 2 ) /3 |/( 2 )| < oo. 

zSD 

This space is a non-separable Banach space with the norm defined by 

ll/IUy 3 = SLip(l - \z\ 2 Y\f( Z )\. 

ze d 

The closure of the set of polynomials in Ap is denoted by App, which is a separable 
Banach space and consists exactly of those functions / in Ap satisfying the next 
condition 

lim (l-|*|y|/(*)|=0. 

For f} > 0, the weighted Bloch space is defined by 

Bp = {/ € H( D) : sup(l - \z\ 2 f\f(z)\ < oo}. 

z6B 

Under the norm 

11/118,3 = 1/(0) | + sup(l - \z\Y\f(z)\, 
ze b 

it is a Banach space. For more detail on the space, see, e.g. [55]. The closure of the 
set of polynomials in Bp is called the little weighted Bloch space and is denoted by 
Bpp. For a good source for such spaces, we refer to [55]. 

For (3 > 0, the weighted Zygmund space Zp consists of all / € H{ D) such that 

su P (i-i2iyi/"wi<oo. 

zeD 

It is a Banach space with the norm 

WfWz, = l/(0)l + |/'(0)| + sup(l - \z\W(z)\. 

ze b 
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The little weighted Zygmund space Zp$ consists those functions / in Zp satisfying 

lim (l-\z\y\f"(z)\=0, 

|z|->T - 

and it is a closed subspace of the weighted Zygmund space. 

For weighted-type spaces, weighted Bloch spaces and weighted Zygmund spaces 
on the unit disk, the upper half plane, the unit ball, the unit polydisk and some 
operators, see, e.g. [5,11,16,22-24,27,28,32,33,36-40,42,43,48] and the references 
therein. 

Since the weighted Bergman-Nevanlinna space is a Frechet space and not a Ba- 
nach space, it is necessary to introduce several definitions needed in this paper. Let 
X and Y be topological vector spaces whose topologies are given by translation 
invariant metrics dx and dy, respectively, and let L : X — > Y be a linear operator. 
It is said that L is metrically bounded if there exists a positive constant K such 
that dy(Lf, 0) < Kdx{f, 0) for all / G X. When X and Y are Banach spaces, 
the metrical boundedness coincides with the usual definition of bounded operators 
between Banach spaces. Recall that L : X — > Y is metrically compact if it maps 
bounded sets into relatively compact sets. When X and Y are Banach spaces, 
the metrical compactness coincides with the usual definition of compact operators 
between Banach spaces. When X = A/ og and Y is a Banach space, we define 

ll-MUfog^ = SU P II L /IIy, 

ll/IU £g <i 

and we often write ||L||a^ by ||L||. 

Throughout this paper, an operator is bounded (respectively, compact), if it is 
metrically bounded (respectively, metrically compact). Constants are denoted by 
C, they are positive and may differ from one occurrence to the next. The notation 
a x b means that there exists a positive constant C such that a/C < b < Ca. 

2. The operator W v . 4 ,V : A? og ->■ Zp (Zp fi ) 

Our first lemma characterizes the compactness in terms of sequential conver- 
gence. Since the proof is standard, it is omitted (see, e.g., Proposition 3.11 in [3]). 

Lemma 2.1. Let a > — 1, /3 > 0 and y G {Zp, Zp 0 } . Then the bounded operator 
W^V : — » y is compact if and only if for every bounded sequence {f n )ne N 

in Afo g such that f n — > 0 uniformly on every compact subset of B as n —> oo , it 
follows that 

lim \\W v ,^Df n \\ y =0. 



The next result can be found, for example, in [54], 

Lemma 2.2. Let a > — 1 and n G No = NU {0}. Then for all f G Ai og and z G B, 
there exists a positive constant C independent of f such that 

(i-NYl/MMI<«p (l ^|^2 - 

Now we consider the boundedness of operator W v ^V : A/ og Zp. 
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Theorem 2.3. Let a > —1, f3 > 0, ip be an analytic self-map o/D and ip G H{ D). 
Then for all c > 0, the following statements are equivalent: 

(i) The operator : A^ og -A Zp is bounded. 

(ii) The operator W v ^V : A^ og — > Zp is compact. 

(Hi) ip <E Zp, 

M 0 = sup(l - \z\ 2 y j \ip(z)\\<p'(z)\ 2 < oo, 

z6B 

Mi = sup(l - \z\ 2 )P\ip(z)(p”(z) + 2ip' (z)p' (z)\ < oo, 

zgB 



lim j 1 t (L \ip"{z)\ exp 
<p(z)->dn 1 - \<p{z)\ 2 



(! - W{z)\ 



2\a+2 



= o, 



[l-\z\ 2 f 

¥>(*)-<» (1 - \p{z)\ 2 ) 2 



ip(z)ip"(z) + 2 ip'{z)ip'{z) exp 



( 1 -| 



= 0, 



and 



l; (1 -\Z\ 2 Y 

^ob(1-|^( 2 )| 2 )3 



\ip(z)\\ifi' (z)\ 2 exp 



(! - \v{z)\ 



2\a+2 



= 0. 



Proof. Suppose that (?) holds. Take the functions f(z) = z and f(z) 
respectively. Since the operator : _4j“ g -a Zp is bounded, we have 



sup(l - \z\ 2 f\ip"(z)\ < WW^VzWz, < C\\W^V\\ 

zE B 



and 



sup(l - \z\ 2 f\ip"(z)ip(z) + 2ip'(z)<p'(z) + ip(z)tp"(z)\ < C\\W v ^,V\\. 

zE B 

Inequality (1) shows that ip € Zp. Also by (1) and the boundedness of ip, 

sup(l - | 2 | 2 ) /3 |V’" (z)\\<p(z)\ < oo. 



Then by (2), (3) and the boundedness of ip, 

Mi = sup(l — \z\ 2 )^\ip(z)p"(z) + 2ip' {z)p‘ (z)\ < oo. 

zgB 



( 1 ) 

(2) 

(3) 

(4) 



Let the function f(z) = z 3 . Then 



sup(l - \z\ 2 )P\ip” (z)p(z) 2 +2ip(z)p' (z) 2 + 4 iP'(z)p'(z)p(z) + 2iP{z)p" [z)p(z)\ 

zE B 

<C\\W^V\\. (5) 



By (4), (4) and (5), 

Mo = sup(l - \z\ 2 ) l3 \ip(z)\\ip'(z)\ 2 < C\\W V ^T>\\ < oo. (6) 

zgB 

For id € i, we choose the function 

f (4- I<pHI 2 ) q+2 (i - Wiw)\ 2 ) a+A 

(1 - p{w)z) 2 A+ 2 ) (l-p(w)z) 2 A+ 2 '>+ 2 

(i-|^HI 2 ) a+5 (i - |^(w)l 2 ) Q+6 

+ C‘\ 

(1 - p{w)z) 2 A+Z)+3 (1 _ v {w)z) 2(«+2)+4 
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where 



C2 = 



48a 3 + 460a 2 + 1398a + 1340 
24a 3 + 214a 2 + 655a + 682 ’ 
16a 2 + 104a + 164 



C3 = 



and 



6a 2 + 37a + 62 
Cl = 1 - C 2 - c 3 . 



We also choose the function 

2a + 7 (1 — \ip{w)\ 2 ) a+2 6a + 21 (1 — \ip(w)\ 2 ) a+A 



gi{z) = 



4a + 8 (1 — <p('u;) 2 ') 2 ( a + 2 ) 4a + 12 (1 — ip(w) z) 2 ( a + 2 )+ 2 

(1 - |<^(V)| 2 ) a+5 



(1 — (p(w)z ) 2 ( a+2 )+ 3 
For the functions /i and gi, we have 

= fi'&iw)) = 0 

and 

= 9\{v{w)) = o. 

Consequently, (7) and (8) make the function f{z ) = fi (z) exp cgi(z) to satisfy 

= /'X«0) = 0 

and 

= c- 

where 

C = 2c 2 + 3c 3 - 4. 

By the boundedness of the operator W v ^V : Af — > Zp, we find 



( 7 ) 

(8) 



<p(i 



( 1 - |^( w )| 2 )«+ 3 6XP ( 1 - \< p ( w )\ 2 ) a + 2 ’ 



IpMK 1 - \ w \ 2 Y 



Thus 



(1 - |(^(w;)| 2 ) q+3 
lim (1 - 1 * 1 ' 1 ' 



ip"(w) exp 



(1 - |</?( ui )| 2 )“+ 2 



ip"(w) exp 



(1 - |<^(u0| 2 )“+ 2 



< c. 



= 0. 



<p(w)->-dVi 1 — \lfi(w)\ 2 1 

For w £ D, we choose the functions 

3a + 8 (1 — \<p(w)\ 2 ) a+2 6a + 22 (1 — |y>(n>) | 2 ) a + 4 



/2O) = 



and 



Then 



3a + 10 (l - <p(w)z ) 2 ( a + 2 ) 3a + 10 (l - ip(w)z) 2 ( a + 2 )+ 2 
6a + 24 (1 — \g>(w)\ 2 ) a+b (1 — \<p(w)\ 2 ) a+6 

^ 3a + 10 (1 _ ^w) Z ) 2 (“+2)+3 “ (l-^)«)2(a+2)+4’ 

a + 3 (1 — \ip{w)\ 2 ) a+2 (1 — \<p(w)\ 2 ) a+4 



92{z) = 



a + 2 (1 — <p(to) 2 ) 2 (“+ 2 ) (1 — ip(w)z) 2 (“+ 2)+2 

fziviw)) = fiiviw)) = fzivM) = 0 



( 9 ) 
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and g' 2 (ip(w)) = 0. From this and (9), for the function g(z) = f- 2 {z) exp cg 2 (z) we 
have 

g'Mw)) = g"'{v{w)) = o 

and 



g"{<p(w)) = C 



ip(w) 



(l- |^HI 2 )“+ 4exp (1- I^HI 2 )^ 2 ’ 

24a + 120a + 141 
O — — 



where 



3a + 10 

By the boundedness of W v ^V : A? og —> Zp, 

\\W^Vg\\^<C\\W^V\\, 

and from which we obtain 

\<P(w)\ 2 {l ~ \w\ 2 )P , 



(1- |^(w)| 2 )«+ 4 1 
This shows that 

(1 - \w\ 2 ) 0 



ip(w)ip" (u>) + 2i />' (w)ip' (w) exp ■ 



lim 



¥>0)->dB (1 — |(p(w)| 2 ) 2 
For w £ D, we choose the functions 



(1 - \ip(w)\ 2 ) a+2 

. n 

ip(w)tp ' {w) + 2ip'(w)ip'(w) | exp 



< C. 



(1 - \<p{w)\ 2 ) a+2 



= 0. 



_ 1 (! - W(w )\ 2 ) a+2 2 (i - |^HI 2 ) q+4 



3 (1 — ip(w)z) 2 ( a + 2 ) (1 - <p(w)z) 2 ( a + 2 )+ 2 

8 (1 — \ip{w) | 2 )“+ 5 (1 — |(^(w)| 2 ) a+6 



and 



3 (1 — ip(w)z) 2( - a+2 ) +3 (1 - ip(w)z) 2 (° t+2 ') + ‘i 

gM = <* ^ '^" 2 >“ +2 



(1 - <p(w)z) 2 ( a + 2 ) 

From a calculation, we obtain 

/3(<p(w)) = ftiiviw)) = fsivi™)) = 0- 

Define the function h{z) = fo{z) exp cgs(z). Then by (10), 

ti(<f{w)) = h"(<p(w)) = 0, 

and by a direct calculation, 



( 10 ) 



h"'(<p(w)) = C 



<p(w) 



exp ■ 



(i - |^HI 2 ) a+5 (i - |<p(w)| 2 )«+ 2 ’ 



where C = — 30(a + 2) 2 — 8. Since W V ^T> : A“ og Zp is bounded, we have 

\\W^Vh\\ Zfi <C\\W^V\\, 

and so 

(1 - \z\ 2 Y\(W^Vh)"{z)\ < c\\w^v\\, (11) 

for all zeD. Letting z = w in (11) yields to 



(! - M 2 )^ 

(1 - |(/?(m;)| 2 ) q+5 



\ip{w)\\y (w)| |<^(w)r exp 



(1 - \tp(w)\ 2 ) a + 2 



<C\\W^V\\. 
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Thus 



. , ... . . l2 c <7(1 — \ip(w)\ 2 ) a+2 . 

n I / M2\3^( W b W exp- 1 / 'I2W+2 < 1 / \ |3 ; • (12) 

(i - wMrr (i- mw)\ 2 ) a + 2 l^Mr 



(! - M 2 )^ 
i - i^hi 2 ; 

Taking limit as <p(w 



lim 



c® in (12) gives 

(1 - \w\ 2 y 



<p(w)^do (1 — |(^(k;)| 2 ) 3 



|^(R>)||v5'(R>)|-exp 



(1 - |^(rOI 2 )“+ 2 



= 0. 



The proof of the implication is finished. 

(in) => («)• Let (/„)„<=« be a sequence in A^ g with sup n6N ||/„|U“ < M and 
fn—tO uniformly on every compact subset of D as n — > oo. We have that for the 
constant C in Lemma 2.2, for any e > 0 there exits a constant 8 £ (0, 1) such that 
whenever S < \tp(z)\ < 1, it follows that 



(i-N 2 )* 

i-lv>(*)l 2 



W (z) | exp 



<7 

(1-|^)| 2 )«+ 2 



< e, 



(l l -\ltw)^ {ZW ' {Z) + WWWl 6XP (l-|^)|2)a + 2 < 



and 



(1 k|2)/? :|tH*)ll^)| 2 exp- C 



< £. 



(l-l^)l 2 ) 3lrv ' - '(l-wol 2 ) 0 * 2 

Then by Lemma 2.2, for a fixed 8 £ (0, 1) we have 

II Wp^VfnWzf, = \ (4>-fn°<p)( 0)| + \(il>- f' n oy)\0)\ + sup(l- \z\ 2 ) p \(^(z)f' n (^(z))'^ 



zsd 



= |^(0)||/n(^(0))| + ip'(0)f„(ip(0)) +V’(0)/"(^(0))<p(0) 

+ sup(l - \z\ 2 f ip"(z)f^(ip(z)) + U(z)<p" (z) + 2tp'(z)tp'(z))f^(<p(z)) +Ip(z)<p'(z) 2 f"(ip(z)) 

zgB ' ' 

< (I^(0)| + |V’ , (0)|)|/( 1 (y 3 (0))| + |p(0)||VK°)||/nM°))| +sup(i-|,|y|v."(.)||/;(^))| 



+ sup(l - \z\ 2 Y ij)(z)<p"(z) + 2ij/(z)(p'(z) \ f”(<p(z))\ T sup(l - \z\ 2 ) p \ip(z)\ \<p'(z)\ 2 \f"(ip(z)) 



zgB 



zgB 



< 



< 



(\m\ + |V ,, (0)|)|/n(Y J (0))| + |<p(0)||V'(0)||/"(<^(0))| 

f sup (1 - \z\ 2 f\^'(z)\\.C(ip(z))\ + sup (1 - \z\ 2 Y\il>" (z)\\f' n (y(z))\ 
Iv(z)|<(5 5<\tp(z)\<l 

f sup (1- \z\ 2 Y 1p(z)<p"(z) + 2-lp' (z)ip' (z) \fn(<p(z))\ 

\tp(z)\<6 

f sup (1 - \z\ 2 f 1 p(z)<p"(z) + 2 1 p'(z)ip'(z) \fn(<p(z))\ 

8<\<p(z)\<l 

f sup (1 - \z\ 2 f\^(z)\\^(z)\ 2 \f”'(ip(z))\ 

|^(z)|<(5 

f sup (1 - \z\ 2 )P\i/j{z)\\ip'(z)\ 2 \.C(tp(z))\ 

8<\ip(z)\<l 

(iV’(O)l + |^ , (0)|)|/(U<£(0))| + |<^(0)||V'(0)||/"(v5(0))| + IIV’II^ ! 
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sup 



(i-l4 



5 <i v(z )i<ii-|^)l 2 



W ' {Z)V exp d-|^)l 2 )- 2 + Ml ^ 



6 < mF ) |<1 ( 1 -| V (*)| 2 ) 2 

M 0 sup |/"'(<p(z))| -+ 
lv(z)l<<5 



ip(z)ip"(z) + 2 ip' (z)tp' (z) exp 



C 



(l-|^)P)«+2 



«<|°WI<i (!-|^)l 2 ) 3 



( 1 - 



l'0(^)l l^ , (^)| 2 exp 



C 



(l-|^)P)«+2- 



By Cauchy’s estimation, if (/„)„ 6 n converges to zero on each compact subset of D, 
then (/4)neN) (fn)ne N and (/"OneN also do as n — > oo. From this, and since both 
{z € D : |z| < 5} and {0} are compact subset of D, there exists a natural number 
N such that whenever n > N, it follows that 

(|^(o)| + |V / ( 0 )|)|/^(< 40 ))| + |^(o)||^(o)||/"(^(o))| < e 

and 

SUP \.f^{ip(z))\<£, 

W{z)\<5 

where i = 1,2,3. Consequently, for all n > N it follows that 



II W^VfnWz, < (4 + + Mo + M 1 )e, 

which shows that the operator W V ^D : Af og —> Zp is compact. 
(ii) => (i). This implication is obvious. The proof is finished. 



Now, we consider the boundedness of operator W v ^V : Af og — > Zp t0 - We first 
have the following result. 



Lemma 2.4. Let a > — 1, (3 > 0, ip be an analytic self-map of D and if £ H{ D). 
Then for all c > 0, the following statements are equivalent: 

(i) 



lim 



( 1 - 



ao 1 — |^(z)| 2 



ip(z)(p" (z) + 2ip r (z)ip' (z) exp 



(1 - \ip(z)\ 2 ) a + 2 



(ii) 



lim 



( 1 - 



<p(z)-¥d D 1 — \tp{z)\ 2 
and if ip" + 2 ip'tp' £ Ap i o- 



if(z)tp"(z) + 2i/j'(z)ip , (z) exp 



(1-\V(Z)\ 2 )<*+ 2 



= 0. 



= o, 



Proof. Suppose that (i) holds. Since 

1 c 

i-k4*)l 2 6XP (i-|¥>(*)l 2 )“ +2 - 

for all z £ D, we have 

(1 - \z\ 2 f\ ip(z)<p"(z) + 2ip' (z)p>' (z)\ 

- \*ww +mzW(z)\ = P (1 _ 
— > 0 , 



as z — > 3D. Hence ipip" + 2 if'tp' £ Ap$. Since ip(z) — > 3D implies z — > 3D, it 
follows that the first assertion in (ii) holds. 



454 



ZHI JIE JIANG et al 447-458 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



ON AN OPERATOR 



9 



Now suppose that (ii) holds, but (i) is not true. Then there exist constants 
c 0 > 0, £ 0 > 0 an( i a sequence {z n } tending to <90 as n — > oo such that 

<*P (1 _ 2 *>• < 13 > 

Since ipip" + 2 if'ip' G Ap, o> it follows from (13) that the sequence (2 n ) n gN has a 
subsequence (z„ k )ke n with tp(z nk ) — ► <90. Therefore, applying ( z nk )ken to the first 
assertion in (ii), we arrive a contradiction to (13), finishing the proof. 

By Lemma 2.4, the following result follows similar to the proof of Theorem 2.3. 
Hence, the proof is omitted. 

Theorem 2.5. Let a > —1, /3 > 0, <p be an analytic self-mapping of IS) and 
if G H(IS). Then for all c > 0, the following statements are equivalent: 

(i) The operator : A(f g — > Zp t o is bounded. 

(ii) The operator W v ^V : A(f g — > Zp^o is compact. 

(Hi) 

if" , ipip' 2 , ifip" + 2 ip'ip' G Ap,o, 



lirn f 1 I ( z ) I ex P 

<p(z)->dD 1 - \ifi(z)\ 2 



(! - \<f(z)\ 



2\a+2 



= 0 , 



1™ , (1 7 ^ | |^(g)||y> / (g)| 2 exp 

v (z)^dB (1 - | p(z)\ z y 



(1-| v(z)\ 2 r+ 2 



= 0, 



and 



lim 



( 1 - 



ip(z)^9B (1 - \lfi(z)\ 2 ) 2 

M 

(i-\ z \*r 



ip(z)(p"(z) + 2 ip'(z)ip'(z) exp 



( 1-|^)| 2 )«+ 2 



= 0. 



lim 



lim \ip"(z)\ exp 

z-s-OB 1 - \lf(z)\ 2 Wl 

(i-NY 



( i -|^)| 2 )«+ 2 



= o, 



an (1 — \ip(z)\ 2 ) 3 



\ip(z)\\tp (z)\ exp 



( 1 -| <p(z)\ 2 r+ 2 



= 0, 



and 



(i-\ z \ 2 r 

z^d B (1- \v(z)\ 2 ) 2 



i p(z)ip"(z) + 2 ip'(z)ip'(z) exp 



(i-\<p( Z )\ 2 r+ 2 



= 0. 
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Abstract: The Maclaurin symmetric mean ( MSM ), originally introduced by Maclaurin, can capture the 
interrelationship among the multi-input arguments. It plays an important role in many multiple attribute 
decision making problems. In this paper, we first extend MSM operator to deal with hesitant fuzzy infor- 
mation and propose some new hesitant fuzzy aggregation operators, such as the hesitant fuzzy Maclaurin 
symmetric mean (. HFMSM ) and the weighted hesitant fuzzy Maclaurin symmetric mean ( WHFMSM ). 
Then, we further investigate some desirable properties and special cases of those operators in detail. Finally, 
we develop an approach to hesitant fuzzy multiple attribute decision making problems based on the pro- 
posed operators. A practical example is given to illustrate the practicality and effectiveness of the proposed 
method. 

Keywords: fuzzy set; hesitant fuzzy set; aggregation operator; Maclaurin symmetric mean; multiple at- 
tribute decision making 



1 Introduction 

Multiple attribute decision making is one of the most significant human activities in many fields includ- 
ing social science, economics, medical science, engineering, environmental science and so on. The purpose 
of a decision making is to find a desirable solution from a finite alternatives. In order to obtain a desirable 
solution, the decision information provided by decision makers always need to be aggregated into an overall 
one by using a proper aggregation technique. Therefore, the research on information aggregation method is 
an important topic in multiple attribute decision making. In the past few decades, a variety of aggregation 
operators have been developed and applied to multiple attribute decision making with different decision in- 
formation, such as accurate numbers, fuzzy numbers, intuitionistic fuzzy numbers, trapezoidal fuzzy numbers 
and so on [1-4], 

Recently, Torra introduced the hesitant fuzzy set ( HFS ) [5], which allows membership degree to have a 
set of possible values. Therefore, it is an efficient tool in the situation where the evaluation of an alternative 
under each attribute is represented by several possible values. Since its appearance, HFS has attracted more 
and more attention from researchers [6-8]. Hesitant fuzzy information aggregation has become a hot topic 
in the hesitant fuzzy set theory and lots of hesitant fuzzy aggregation operators have been developed [9-17]. 
For example, Xia and Xu [11] first presented some hesitant fuzzy operational laws, based on which they 
proposed a series of aggregation operators, such as hesitant fuzzy weighted averaging ( HFW A ) operator, 
hesitant fuzzy weighted geometric ( HFWG ) operator and so on. Xia et al. [17] developed some confidence 
induced aggregation operators for hesitant fuzzy information. Xia et al. [12] gave several series of hesitant 
fuzzy aggregation operators with the help of quasi-arithmetic means. Wei [10] explored some hesitant fuzzy 
prioritized aggregation operators and applied them to hesitant fuzzy decision making problems in which the 
attributes are in different priority levels. Zhang [14] extended the power aggregation operator to the hesitant 
fuzzy power aggregation operators, whose weighting vectors depend upon the input arguments and allow 
values being aggregated to support and reinforce each other. Zhu et al. [16] extended Bonferroni mean to 
deal with hesitant fuzzy information and get the hesitant fuzzy Bonferroni mean operator. By combining 

‘Corresponding author. Tel: +86 13789003995. E-mail address: zxq0923@163.com, liwu0817@163.com. 
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the Bonferroni mean and the geometric mean, Zhu et al. [15] further investigated the geometric Bonferroni 
mean under hesitant fuzzy environment. 

The Maclaurin symmetric mean ( MSM ) was originally proposed by Maclaurin [18] and many important 
results on the MSM have been obtained [19-22], It is worth noting that the MSM has desirable properties 
capturing the interrelationships among multi-input arguments. The BM also can capture the interrelation- 
ships among arguments, but it only reflect the interrelationships between two arguments whereas the MSM 
can reflect the interrelationships among multi-input arguments. Furthermore, for the same collection of ar- 
guments, the MSM is monotonically decreasing with respect to the parameter, which make the decision 
makers can select easily the parameter value according to their risk preferences in decision making progress. 
Therefore, the MSM is more flexible and robust such that it is more adequate to solve multiple attribute 
decision making problem where the attributes are independent. So far, the MSM has been used successful 
to deal with not only the crisp values but also the intuitionistic fuzzy values [23]. But we have not seen 
any work based on the MS At for aggregating hesitant fuzzy information. Thus, it is meaningful to use the 
AISA1 to develop the aggregation techniques under hesitant fuzzy environment. In this paper, motivated by 
Qin [23], we develop some new hesitant fuzzy aggregation operators based on the MSM, and apply them to 
multiple attribute decision making under hesitant fuzzy environment. 

The rest of this paper is organized as follows. In Section 2, we review the notions of HFS and the 
MSM. In Section 3, we introduce the hesitant fuzzy Maclaurin symmetric mean (. HFMSM ) operator and 
discuss some desirable properties and special cases of the proposed operator. In Section 4, we further develop 
the weighted forms of the previous operator and apply them to hesitant fuzzy decision making. Finally, 
conclusions are stated in Section 5. 



2 Preliminaries 

In this section, we recall briefly the necessary notations on F[FS and MSM. We also present the dual 
Maclaurin symmetric mean based on the M SM. 



2.1 Hesitant fuzzy set 

Torra and Narukawa [5] extended the fuzzy set to the hesitant fuzzy set (HFS), shown as follows: 

Definition 2.1. Let X be a reference set, an HFS on X is in terms of a function that when applied to X 
returns a subset of [0, 1] . 

To be easily understood, Xia and Xu [11] expressed the HFS by mathematical symbol 

h H (x) 



H = 



\xex 



where hu(x) is a set of some values in [0, 1], denoting the possible membership degrees of the element x € X 
to the set H. For convenience, Xu and Xia [7] called hn( x) an hesitant fuzzy element ( HFE ). 

Let hi and h 2 be HFEs , the union, intersection and complement of them are definded by Torra and 
Narukawa [5] as: 

(1) h 1 Uh 2 = U 7ie / lli72e / l2 maa;{7i,72}; 

(2) hi n h 2 = U 7ie / lli72e / l2 mm{7i,7 2 }; 

(3) hi = U 7l£/ll {l -71}. 

Let a > 0, hi and h 2 be two HFEs, Xu and Xia [11] defined some operations on the HFEs hi and h 2 
as follows: 

(5) hi ®h 2 = U 7iefcli72e/l2 {71 + 72 - 7172} 

(6) hi ®h 2 = U 7ie/lli72e/l2 {7172} 

(7) ah = U 7e/l (7“} 

(8) h a = U 7G fc (1 - (1 - 7 )“} 

In [11], Xia and Xu defined the score function of HFEs and gave the comparison laws. 

Definition 2.2. Let h be an HFE, s(h) = Yl-yeh 7 ca lted the score function of h, where n(h) is the 
number of values of h. For two HFEs hi and h 2 , if s(hi) > s(h 2 ), then hi > h 2 ; if s(hi) = s(h 2 ), then 
hi = h 2 . 

Xia and Xu [11,12] further gave some hesitant fuzzy aggregation operators as follows: 

Let hj(j = 1,2,--- ,n) be a collection of HFEs, u = (loi,uj 2 ,- ■ ■ ,ui n ) T be the weight vector of hj(j = 

n 

1, 2, ■ ■ • , n) with ujj € [0, 1] and Uj = 1, then 

i=i 
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(1) The hesitant fuzzy weighted averaging ( HFW A ) operator 

n Ini 

HFW A(h\, h 2 , • • • , h n ) = 0 (ujhj) = |J ll - J] (! - 7 iY* \ 

i =1 7 { j= 1 J 

2= l,--- ,n 

Especially, if iv = (1/n, 1/n, • • • , l/n) T , then the HFW A operator reduces to the hesitant fuzzy averaging 
( HFA ) operator 



HFA(hi,h 2 , • • • , h n ) = |J l l-[](l- 7j ) 1/ 



7 j£hj, { i =1 

2=1, ••• ,n 



(2) The hesitant fuzzy weighted geometric ( HFWG ) operator 



HFWG(hi, h 2 , ■ ■ • , h n ) = (g) hp = 1J ^ II 7/ 

i=i yjekj, y =1 

2=1, ••• ,n 



Especially, if w = (1/n, 1/n, • • • , l/n) T , then the HFWG operator becomes to the hesitant fuzzy geo- 
metric ( HFG ) operator 



HFG(hi,h 2 , ■ ■ ■ ,h n ) = u n 



I j=l 

2=1, ••• ,n 



2.2 Maclaurin symmetric mean 

The MSM introduced by Maclaurin [18] is a useful technique characterized by the ability to capture 
the interrelationship among the multi-input arguments. The definition of MSM is given as follows. 

Definition 2.3. [18] Let ap = 1, 2, • • • , n) be a collection of nonnegative real numbers and r = 1, 2, • • • , n. 

If 

1 

( E IIchX 

MSM^( ai ,a 2 ,--- ,a n ) = 



then MSM ^ is called the Maclaurin symmetric mean, where (ii,i 2 , ■■ ■ ,i r ) traversal all the r-tuple combi- 
nation of (1, 2, • • • , n), Cl] is the binomial coefficient. 

It is clear that the MSM^l have the following properties: 

(1) MSM (r )(0,0, - ,0) = 0; 

(2 ) MSM {r \a,a,--- ,a) = o; 

(3) MSM^ r \ai, a 2 , ■ ■ ■ ,a n )<MSM^ r \bi,b 2 ,--- ,b n ), if a.i < bi for all i; 

(4) min{aj} < MSM^ r \a i,a 2 , • • • , a n ) < max{a,}. 

2 2 

3 Hesitant fuzzy MSM operator 

In this section, we shall extend MSM to aggregate hesitant fuzzy information and obtain a hesitant fuzzy 
Maclaurin symmetric mean operator. We also investigate a variety of desirable properties and some special 
cases. 

Definition 3.1. Let hp = 1, 2, • • • , n) be a collection of HFEs and r = 1, 2, • • • , n. If 



HFMSM^ r \h 1 ,h 2 ,--- ,K) = 



© © hi 

l<ii< - j — 1 
<i r <i n 
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then HFMSM M is called the hesitant fuzzy Maclaurin symmetric mean (HFMSM), where (■ i\,i 2 , ■■ ■ ,i r ) 
traversal all the r-tuple combination of ( 1,2, ••• , n), Cf, is the binomial coefficient. 



Based on the operations of HFEs described in Section 2, we can derive the following Theorem 3.2. 



Theorem 3.2. Let hi(i = 1,2, , n) be a collection of HFEs and r = 1,2,- •• , n. Then the aggregated 

value by using the HFMSM ^ is also an HFE, and 



HFMSM lr) (h 1 ,h 2 ,• 



/ 



,M= U { 



7 i£hi, 
£=!,••• ,n 



l - 



• i l<£i< 

v v 



n ( 1 - n % 

j= i 



r) 

> ) 



(4) 



Proof. By the operational laws (5)-(8) described in Section 2, we have 



r 




3 = 1 



u (n^l 

7 J 



and 



0 0 hij - |J 

l<£i<--- j=l li£hi, 

<i r <n £=!,-•• ,n 



l - 



n 1 n ^ 



<i r <n 



i=i 



then we obtain 



1 

ci 



r i 






/ 


/ r ' 


0 


*1 


0 0 h ti 


- u < 


1 - 


n 


[ 1 - n ^ 




1 


l<ii<— j=l 
\ <i r <n / 


liCihi, 

£=!,••• ,n 


< 


l<£l<-” 
\ <£ r <n 




' 


* 



Thus 



HFMSM^(h l ,h 2 ,••• ,/i„) 



/ 



u 

liCihi, 

£=!,••• ,n 




n 

\ <i r <n 




> ) 






which completes the proof of Theorem 3.2. 



□ 



In the following, we shall study some desirable properties of HFMSM . 

Theorem 3.3. Let hi(i =1,2 , ■■■ ,n) &e o collection of HFEs. If hi = h = { 7 } /or all i € {1,2, ••• ,n}, 
then 

HFMSM (r \h 1 ,h 2 , ■ ■ ■ , h n ) = h 
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Proof. Let hi = {y*}, then y* = y (i = 1, 2, ■ ■ ■ , n). By Theorem 3.2, we have 



HFMSM^ r \h 1 ,h 2 ,■■■ ,/i„) 



u < 


/ 

1 - 


/ 

n 


(i-fh) 




I 


7i£ hi, 
i= !,••• ,n 


V 


\ <i r < n 


V i - 1 / J 


) 


J 







/ 


/ 


\ 


© ^ 


1 


u < 




1 - 


n a 


— li) 






7 i&hi, 

i= !,••• ,n 




l 


Aja 

Paa 

3 : 


) 


) 


J 




= {(l-(l-y))*} 
= {7} = h. 



□ 



Corollary 3.4. Let hi(i = 1,2 , • • • , n) 6e a collection of HFEs. 

(1) If hi =h = {0} /or all i, then HFMSM^(hi, h 2 , ■ ■ ■ ,h n ) = {0}; 

(2) If hi = h = {1} for all i, then HFM S M^ r \h\, h 2 , ■■■ , h n ) = {1}. 



Theorem 3.5. Let hi(i = 1,2,--- ,n) be a collection of HFEs, and h.^i = 1, 2, ■ ■ ■ , n) be any permutation 
of hi(i = 1, 2, • • • , n), then 



HFMSM^(h u h 2 , ■ ■ ■ , h n ) = HFMSM^ r ' ) {h l ,h 2 , • • • % h n ) 



Proof. Since h^i = 1, 2, • • • , n) is any permutation of hi(i = 1, 2, ■ • • , n), by Definition 3.1, we have 



HFMSA&\hi,h 2 ,--- ,K) = 



© © hi 

j = 1 

<2 r <i n 

Cl 



© © K 

l<u<- j=i 

<i r <in 

Cl 



V 



= HFMSA&\h[,h 2 , • • • , h n ). 



□ 



Theorem 3.6. Let h a = {h ai ,--- ,h an } and hp = {hp 1 ,--- ,hp n } be two collections of HFEs. If for any 
la, G h ai and y p i £ hp t , we have y ai < y p i for all i(i = 1, • • • , n), then 



HFMSM M (h ai , h a2 , • • • , h an ) < HFMSM (r) ,hp 3 ,- ■ ■ ,hp n ) 
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Proof. Since 7 ai < 7 ^ for allz, i = 1, • • • , n, we have 

r r 

1 - n - 1 - n ^ 

3 = 1 3 = 1 



n 1 - n ^ ^ n 1 - n 



1 <* 1 <- \ 3 = 1 

<i r <n 



1 <<i<- \ j=l 
<i r <n 



1 <U<- \ j=l 
<i r <n 



1 n ^ n 1 



<i r <n 



According to Definition 2.2 and Eq. (4), we can complete the proof of Theorem 3.6. □ 

Theorem 3.7. Let hi{i = 1,2, ••• , n) 6e a collection of HFEs, h~- = mm{hf \hf — min{ 7 j € hi}}, and 

i 

h max = max { h t\ h t = max{7i e *i}}. Then 
2 

Knin < HFMSM {r \h u h 2 ,h„) < h+ ax 

Proof. Since /i~ in < h~ < 7 i < hf < h^ ax for any 7 * G hi(i = 1, 2, ■ ■ • ,n), then we have 



> 1 - (/»L) r 



li£hi, 1 7=1 
2 = 1 , ••• ,n 



u n i-n^ 



7 l 1<U<- • \ j=l 
2 = 1, ••• ,n I \ <2 r <n 



2=1, ••• ,n 



^rnin — U 1 IT ^II 



1 <* 1 < - \ . 7=1 

<i r <n 



Thus the proof is completed. □ 

Next, we present some special cases of the HFMSM 7) operator by changing the parameter r. 

Theorem 3.8. Ifr = 1, then HFMSM 7) operator reduces to the hesitant fuzzy averaging ( HF A ) operator 
(i.e., Eq. (1)). 

Proof. By the definition of HFMSM^ r \ we have 

HFMSM ( - 1 \hi,h 2 , ■ ■ ■ ,h n ) 



= u i- n i-ir*. 

7 i&hi, \ \l<U<n y j = 1 

2=1, ••• ,n l \ 



7 

2=1, ••• ,n 



= U S 1_ n d -7*1) >(/et*i=i) 



- U i-na-7<)* 



7i G k i=l 

2=1, ••• ,n 

= HFA(hi,h 2 , ••• ,h n ) 
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Theorem 3.9. If r = 2, then HFMSM M operator reduces to the hesitant fuzzy interrelated square Bon- 
ferroni mean (HFBAI 1 ’ 1 ) which was introduced by Zhu et al. in [16]. 

Proof. Let Pij^j = hi (g> hj = (J {1 — 7*7^} = (J {1 — Sij}, then by the definition of 

HFMSM^ r \ we have 

H F Al S AI^ 2 \h 1 , h 2 , ■ ■ ■ ,h n ) 

= u 

7 ‘i£hi, 

i — !,••• ,n 



= u 



7i£ hi, 
i— !,••• ,n 





/ 


( / 2 


A 




1 \ 

2 




1 - 


n 1 






> 




l 


!<*}< V ^ 

\ i2<n 


’) 


J 


j 




( 


( \ 


55 T 




1 \ 

2 




1 - 


n (1-7*1 7 * 2 ) 










l 


i<*i< 

\i 2 <n j 




) 


j 



> ( let i\ =i,i 2 =j) 



u 



'Yi£hi,-yj£hj, 



1 II (1 — 7*7j) ' 



^-1) 



i,j=l 






?=!,••• ,n,i<j I \ i<3 



( 



u 



= HFB 1,1 (hi,h 2 , ■ ■ ■ ,h n ) 



i- n 

*>!— l 



-i) 



□ 



Theorem 3.10. If r = n, then HFMSM operator reduces to the hesitant fuzzy geometric ( IFG ) operator 
(i.e., Eq. (2)). 

Proof. By the definition of HFMSM , we have 

HFMSM^\h u h 2 ,ft n ) 



= u 

liShi, 

i= ,n 



( 


/ 


/ n \ 


\ 


*1 


1 - 


n 


1 - n ^ 




l 


V 


1 — *1<"' 
\ <i n =n 


V 1=1 ) 


/ J 


j 



= u 



,n 



1 ( 1 n 

i=i 



- u n* 

7j£^', \! =1 

1=1)’" i n v 

= HFG(hi,h 2 , ■ ■ ■ ,h n ) 



(let ij = j) 



□ 



Theorem 3.8-3.10 show that some exiting hesitant fuzzy aggregation operators are the special cases of 
the HFMSM oprator. 
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4 The weighted hesitant fuzzy operator and its application in de- 
cision making 

In many practical applications, the weights of attributes should be taken into account. Especially for 
multiple attribute decision making problems, the considered attributes usually are of different importance. 
To overcome the limitations of the HFMSM operator defined in the previous section, in this section, we 
shall introduce the weighted hesitant fuzzy Maclaurin symmetric mean (W HFMSM) operator and apply 
it to solve multiple attribute decision making problems. 



4.1 WHFMSM operator 

we first introduce the definition of WHFMSM operator as follows. 

Definition 4.1. Let hi(i = 1, 2, • • • , n) be a collection of HFEs, r = 1, 2, • • • , n, w = (wi,w 2 , • • • , w n ) T is 

n 

the weight vector of hi (i = 1, 2, • • • , n) with Wi G [0, 1] and ^ =1. If 

i= 1 



WHFMSM^(h u h 2 , • • • , hn) 



© © w i 

<i r <i n 

ci 



V J 



(5) 



then WHFMSMw ^ is called the weighted hesitant fuzzy Maclaurin symmetric mean, where (*i , * 2 , • ■ • , i r ) 
traversal all the r-tuple combination of { 1,2, ••• , n), Clf is the binomial coefficient. 

According to the operations of HFEs described in Section 2, we can derive the following Theorem 4.2. 



Theorem 4.2. Let hi(i = 1,2,- • - ,n) be a collection of HFEs and r = 1,2,- •• ,n. Then the aggregated 
value, by using the WHFMSM is also an HFE, and 



WHFMSMl r \h u h 2 ,--- ,h n ) 



U 



'iiCzhi, 

*=!,••• ,n 



u 

v 



3 = 1 



l<il <■■ 
<ii r <.n 




' ! \ 



Proof. The proof is similar to one of Theorem 3.2. 



□ 



4.2 An application to multiple attribute decision making 

Based on WHFMSM operator, below we develop an approach to multiple attribute decision making 
under hesitant fuzzy environment. 

For a multiple attribute decision making problem, let Y = {Y\,Y 2 ,--- ,Y m } be a discrete set of alter- 
natives, A = {Ai,A 2 , • • • , A n } be a collection of attributes, whose weight vector is w = (wi,w 2 , • • • , w n ) T , 
satisfying w, € [0,1] and Y^i=i = b w h ere w i represents the importance degree of the attribute A t . 
The decision makers provide several values for the alternative Yi(i = 1,2,- •• , m) under the attribute 
Aj (j = 1,2, ••• , n) with anonymity, these values can be considered as an HFE hij = U 7 y g/ li .{ 7 jj}. All 
elements hij (i = 1, 2, ■ • ■ , rn, j = 1, 2, • • • , n) construct a hesitant fuzzy decision matrix the decision matrix 

H — ( hij f m X n • 

Then, we use the WHFMSM operator to develop an approach to multiple attribute decision making 
problems with hesitant fuzzy information, which can be described as follows: 

Stepl. According to the decision information provided by the decision makers, construct the hesitant fuzzy 
decision matrix H = (hij) mxn - If there are some cost attributes in decision making problems, then we need 
to transform the decision matrix H = (hij) mxn into a normalization matrix P = ( Pij)mxn > where 

_ J pij, for benefit attribute A t j , 
y p^j, for for cost attribute Ajj. 

Here = A lijepij { 7 ^}, pfj is the complement of p i: and p^ = U 7yepy {1 - 7 ij}. 

Step2. Utilize the WHFMSM operator 

Pi = WHFMSM^ (piupa, • • • ,p in ) 
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to aggregate all the performance values Pij (j = 1, 2, • • • , n) of the ith line and get the overall performance 
value pi corresponding to the alternative Y t (i = 1, 2, • • • , to). 

Step3. Calculate the score values s(pi) of the overall preference value pi (i = 1, 2, • • • , to). 

Step4. Rank all the alternatives Yi (i = 1, 2, • • • , m) according to s(pi) in descending order, and then select 
the best one. 



4.3 Illustrative example 



Let us consider a Management School in a Chinese university, which wants to introduce a teacher 
(adapted from [24]). There is a panel with five possible alternatives. A set of four factors are considered: 
A = {A\, A2, A3, ^4}= {morality, research capability, teaching skill, education background}, whose weight 
vector is w = (0.3, 0.2, 0.1, 0.4) T . The experts evaluate four alternatives Y t (i = 1, 2, ■ • • ,4) in relation to the 
factors A = {Ai, A2, A3, A4}. The evaluation information on the four alternatives Yi(i = 1,2, ••• ,4) under 
the factors A = {Ai, A 2 , A 3 , A 4 } are represented by the HFEs. 

Stepl. Construct the hesitant fuzzy decision matrix H = {hij) 5x4, which is listed in Table 1. Considering 
that all the attributes Aj (j = 1,2, 3,4) are the benefit type attributes, the performance values of the 
alternatives Yi(j = 1, 2, • • • , 5) do not need normalization. 

Step2. Utilize the WHFMSM operator aggregate all the performance values hij(j = 1,2, 3, 4) of the 
ith line and obtain the overall preference value hi corresponding to the alternative Y). Take alternative Y\ 
for an example, and let r = 2, we have 



hi 



WHFDMSM^\hn,h 12 ,--- ,h u ) 

" • --y 

> 

/ 

{0.814019, 0.816764, 0.819298, 0.818635, 0.821303, 0.823767, 0.823095, 0.82569, 0.828086, 
0.820225, 0.822867, 0.825307, 0.824669, 0.827238, 0.829611, 0.828963, 0.831463, 0.833771, 
0.826476, 0.829016, 0.831362, 0.830748, 0.833218, 0.8355, 0.834877, 0.837281, 0.839501}. 



u 

»=!,■■■ 




As the parameter r changes we can get different results for each alternative, here we will not list them 
for vast amounts of data. 

Step3. Compute the score values s(hi)(i = 1,2, ,5) of hi(i = 1,2, 3, 4) by Definition 2.2. The score 

values for the alternatives are listed in Table 2. 

Step4. By ranking s(hi)(i = 1, 2, • • • ,5), we can get the priorities of the alternatives l}(i = 1,2,--* ,5) 
as the parameter r changes, which are shown in Table 2. 

From Table 2, it can be seen that the ranking results are slightly different when the parameter change, 
which indicates the parameter can reflect the decision maker’s risk preferences. Furthermore, we can find that 
the score values obtained by the WHFMSM operator become smaller when the parameter r increases for 
the same aggregation arguments. Therefore, the decision makers can choose a proper value of the parameter 
r according to their risk preferences in real practical decision making process. 



Table 1: Hesitant fuzzy decision making matrix FI 





Ai 


A 2 


A 3 


a 4 


Y\ 


{{0.4, 0.5, 0.6} 


{0.7} 


{0.2} 


{0.4} 


>2 


{0.2, 0.5, 0.8} 


{(0.5, 0.7} 


{0.6, 0.8} 


{0.6, 0.7} 


U 


{0.8, 0.9} 


{0.4, 0.6} 


{0.3, 0.4} 


{0.1, 0.3} 


r 4 


{0.3, 0.4, 0.6, 0.8} 


{0.4, 0.8} 


{0.3, 0.5} 


{0.5, 0.6} 


Vs 


{0.3, 0.5, 0.7} 


{0.2, 0.4} 


{0.6, 0.7} 


{0.4, 0.6} 
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Table 2: Score values obtained by the WHFMSM and the rankings of alternatives 





Vi 


y 2 


Vs 


y 4 


W 


Rankings 


r = 1 


0.156157 


0.218865 


0.194147 


0.188703 


0.158 


Y 2 y Y 3 y Y 4 y Y s y Yi 


r = 2 


0.14665 


0.205581 


0.15069 


0.175264 


0.147543 


Y 2 y Y 4 y Y 3 y V 5 y Y 


r = 3 


0.135688 


0.198208 


0.132396 


0.163811 


0.140404 


Y 2 y Y 4 y Vs >- Yi >- V 3 


r = 4 


0.113003 


0.185361 


0.116269 


0.14538 


0.130822 


Y 2 y Y 4 y Vs >- V 3 >- Yi 



Remark 4.3. To demonstrate the advantages of our method, in the following, we compare our method 
with the existing methods, such as the HFW A and HFWG operators introduced by Xia and Xu [11], and 
the weighted hesitant fuzzy Bonferroni mean (W H F B™) and weighted hesitant fuzzy geometric Bonferroni 
mean {WHFGB™) proposed by [15,16]. The rankings obtained by different aggregation operators are listed 
in Table 3. 

From Table 3, we can see that i) when r = 1, the WHFMSM and HFW A operators have the same 
rankings; ii) when r = n, the WHFMSM and HFWG operators have the same rankings; iii) when r = 2, 
the WHFMSM , WHFB™ and WHFGB ™ operators have the same rankings. It verifies the proposed 
method is reasonable and validity. 

(1) Compare with the HFW A and HFWG operators. Our method can deal with the multiple attribute 
decision making problems where the attributes are independent, whereas the HFW A and HFWG operators 
can not do them. In addition, the WHFMSM has an alterable parameter, With the change of the parameter, 
the proposed operator can be evolved into lots of different aggregation operators, which make decision making 
more flexible and can meet the needs of different types of decision makers. But the HFW A (or HFWG) 
operator has not alterable parameter, so they can only satisfy the demand of a type of decision makers. 

(2) Compare with the WHFB™ and WHFGB™ operators. The main advantage of the proposed 
method is that it can capture the interrelationship among the multi-input arguments, while the WHFB™ 
and WHFGB ™ operators can only capture the interrelationship between two arguments. That is to say, 
our method is more general. In addition, the WHFB™ and WHFGB™ operators consider two parame- 
ters, while our method only needs to take one parameter. Therefore, the computational complexity of the 
WHFB™ and WHFGB™ operators are much higher than our method. Moreover, the WHFMSM has a 
desirable property that the score values are more smaller when the parameter r increases, which indicates 
the decision makers can select easily a proper value for the parameter r according to their risk preferences. 
But the WHFB™ and WHFGB™ operators do not have the property. It follows that they are difficult 
to determine the values of the parameters p and q to reflect the decision makers’ risk preferences in real 
practical decision making process. 

According to the comparisons and analysis above, it is clear that our method is more flexible and robust 
to aggregate hesitant fuzzy information. Therefore, It is more suitable than the exiting aggregation operators 
to solve hesitant fuzzy multiple attribute decision making problems in which the attributes are independent. 



Table 3: Comparisons with the exiting aggregation operators 



Aggregation operator 


Rankings 


Aggregation operator 


Rankings 


WHFMSM 


Y 2 y Y 3 y Y 4 y Y s y Y 


WHFMSM™ 


Y 2 y Y 4 y Y 3 y V 5 v VI 


HFW A 


Y 2 y Y 3 y Y 4 y Vs V V 


WHFBi; 1 


Y 2 y Y 4 y Y 3 y V 5 v VI 


WHFMSM l n) 
HFWG 


Y 2 y Y 4 y Vs V V 3 v V 
Y 2 y Y 4 y Vs V V 3 >- Y 


WHFGBl; 1 


Y 2 y V 4 v V 3 V V 5 v VI 



5 Conclusions 

The MSM is a classical averaging mean operator, which has been widely used in information fusion. 
However, it can not deal with the hesitant fuzzy information. To fill this gap, in this paper, we have extended 
the MSM to hesitant fuzzy environment, and defined a hesitant fuzzy Maclaurin symmetric mean. Some 
desirable properties and special cases have been discussed in detail. Considering the weight vector of the 
arguments, we have further developed a weighted hesitant fuzzy Maclaurin symmetric mean which can 
consider the importance of each attribute and the interrelationship among multi-input arguments. We also 
have proposed a method to solve hesitant fuzzy multiple attribute decision making problems. The illustrative 
example has shown that the proposed method is not only reasonable and validity but also more suitable 
to deal with multiple attribute decision making problems in which the attributes are independent under 
hesitant fuzzy environment. 
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A NOTE ON THE GENERALIZED g-CHANGHEE NUMBERS OF 

HIGHER ORDER 

EUN-JUNG MOON 1 AND JIN- WOO PARK 2 ’* 



Abstract. Recently, Changhee numbers and polynomials are introduced by 
T. Kim et al in [3]. In this paper, we consider the generalized q-Changhee 
polynomials and numbers of higher order by using the fermionic p-adic q- 
integral and give some relations between the generalized q-Changhee numbers 
of higher order and special numbers. 

1. Introduction 

Let d be fixed odd positive integer and let p be a fixed odd prime number. 
Throughout this paper, Z p , Q pi and C p will respectively denote the ring of p- 
adic rational integers, the field of p-adic rational numbers and the completions of 
algebraic closure of Q p . The p-adic norm is defined \p\ p = 1. 

We set 

X = Xd = limZ/dp^Z, X* = |^J (a + dpZ p ) , 

^ 0 <a<dp 

(a,p )= 1 

a + dp N Z p = {x € X\x = a (mod dp N )} , 
where a £ Z and 0 < a < dp n . 

When one talks of g-extension, q is various considered as an indeterminate, a 
complex q £ C, or p-adic number q £ C p . If q £ C, one normally assumes that 
|g| <1. If q € C p , then we assume that | q — l| p < p~p^ so that q x = exp(xlogg) 
for each x £ Z p . Throughout this paper, we use the notation : 

1 _ (~aY 1 - a x 

M -q = 1 _ and \ x \q = Y^q' 

Hence, lim^^xfaij^ = x for each x £ Z p . 

Let C(Zp) be the space of continuous functions on Z p . For / £ C{ Z p ), the 
fermionic p-adic q-integral on Z p is defined by T. Kim as follows : 

p n -i 

J -?(/) = / f{x)dp- q {x) = Jim^ ^ (see [4, 5]). (1.1) 

dZ p IP 1 -q X=Q 

Then, by (1-1), we can get the following well-known integral identity 

I-q{h) + I- q (f) = [ 2 ],/( 0 ), ( 1 . 2 ) 



1991 Mathematics Subject Classification. 11B68, 11S40, 11S80. 

Key words and phrases, the generalized g-Changhee numbers attached to x, the generalized 
g-Euler numbers attached to %, the p-adic ^-integral on Z p , the Stirling numbers of the first kind, 
the Stirling numbers of the second kind. 
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where fi(x) = f(x + 1) (see [1, 4, 5, 6]). 

Recently, g-Changhee numbers and polynomials are introduced by Kim et. al. in 
[9], and have been studied by many mathematicians, and possess many interesting 
properties (see [3, 7, 9, 10]). In this paper, we consider the generalized g-Changhee 
polynomials and numbers of higher order by using the fermionic p-adic g-integral 
and give some relations between the generalized g-Changhee numbers of higher 
order and special numbers. 



2. The GENERALIZED g-DAEHEE NUMBERS ATTACHED TO X 



Let x be the Dirichlet character with conductor d £ N = {1,2, . . .} with d = 
1 (mod 2). Then the generalized q-Changhee numbers Ch n ^ q attached to x are 
defined by the generating function to be 



[2], 

1 +q d (l +t) d 



d— 1 oo n 

^(-l)“x(a)g a (l +t) a = J2 CVx,^, 

a— 0 n—0 



( 2 . 1 ) 



where t £ C p and |t| p < p~v^. 

As is well known, the generalized q-Euler numbers E n ^ q attached to x are defined 
by the generating function to be 



[2] g 

1 + q d e dt 



d - 1 



^(- 1 ) a x(a)g°e a * = Y ( see I 12 ])- 

a— 0 71=0 

The Stirling numbers of the first kind is given by 



(x) n = x(x — 1) ■ ■ ■ (x — n + 1) = Si{ n > l)x l (x > 0), 

1=0 



and the Stirling numbers of the second kind is defined by the generating function 
to be 

00 t l 

(e*-l r=n!$> 2 (Z,n)- 

l—n 

(see [2, 11]). 

By replacing t by e* — 1 in (2.1), we can have 



d - 1 



y^ r} ( e * — l) n _ [2] g y^, , \ o / \ a at _ y^ p 

Y Cfln ’*>i n \ ~i + q d e dtY^ 0 X(a)q e - Y Em ’X>i m \ > 



71 = 0 

and 



(2.2) 



a — 0 



771 = 0 



X 1 \ 71 °° TIL °° J-771 

Y Ch l n,x,q - — j = Y — s 2 (m,n) — 

Z — ' n\ z — ' n! z — ' ml 

71=0 71 = 0 771=71 



OO / 771 



(2.3) 



= 5Z Td- 

771 = 0 \71=0 / 

Therefore, by (2.2) and (2.3), we obtain the following theorem. 



Theorem 2.1. Form > 0, we have 

771 

■^m, Xi Q = ^ qS2 (jYl', tl)* 

71=0 
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Now, we define the generalized q-Changhee polynomials Ch n ^ q (x) as follows: 



[2] <j 



d - 1 



^(-l)“ X (a)g a (l + t) a+x = Ch n , x , q (x)^ (2.4) 



1 + q d {\ +t) d 



a— 0 



n = 0 



where t € C p and \t\ p < p-p^. 

Note that, in the special case, x = 0, Ch n ^ Xtq { 0) = Ch nxq are generalized 
g-Changhee numbers. 

From (1.2), we can derive the following equation.: 



n— 1 



Q n I- q (fn) + (-1 )"- 1 /- 9 (/) = [2]q X)(-l 



1=0 



where f n {x) = f(x + n ) and n > 0. 

If taking f{x) = x(a;)(l + t) x in (2.5), we can have 

q d [ X(x){l + t) x+d d/j,_ q (x) + [ x(z)(l + t) x dp_ q (x) 

Jx Jx 

d—1 

= [2] g ^(-l)“x(«)<? a (l + i) a . 

a— 0 

By (2.6), we can easily have 

^ xox 1 + t) x dn- q (x) = 1 + t ^ d YJ-irx(ami + ty 

°°^ -j.n 

= E Chn,x,q— j’ 



n — 0 



and 



ix 



xW(l + t) x dp_ q {x) = ^ \^J ^x{x){x)ndp- q (x)j — . 



Therefore, by (2.7) and (2.8), we obtain the following theorem. 

Theorem 2.2. For n > 0, we have 

Ch n 
n\ 

By (2.4), we note that 



' , n,x,q 

7.1 



= J x X( x ) (JJ dn- q (x). 



^ -f-n 

E Cfl n, x ,q( x )— } = 



[2] <3 



n— 0 



n! l + g d (l+t)' 

( OO 

y Chm tXl 

m — 0 

oo n / 

=EE._* 



^(-l)“x(a)g a (l+t) 



a+x 



a— 0 



<7 i 

m! 



E 



n—0 m— 0 



c/i. 






n — m ml 



So, by (2.9), we can have 



(2.5) 



( 2 . 6 ) 



(2.7) 



(2.8) 



(2.9) 
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ChniXiQ (*^) 



n\ 



= £ 

m— 0 



Ch 



m,x,q 



n — m m\ 



( 2 . 10 ) 



From Theorem 2.2 and (2.10), we can derive the equations 
Ch n ^q{x) 



n\ 



= £ 

m—0 



X \ 1 

n — m 



m ! V TO / 



= J ^ xiv ) (^ + y ^Jdn_ q {y). 



( 2 . 11 ) 



Therefore, by (2.11), we obtain the following corollary. 
Corollary 2.3. For n > 0, we have 



ch nxq (x) r . s( x + y\, / \ 

nl = J x xiv) { n 



For r G N, let us consider the generalized q-Changhee numbers of order r attached 
to x as follows: 



(d - 1 



E . . il", .... (-irxovAi+tr 



Ka=0 

d—1 



= £ 



1 + g d (l +f) d 

[2], 



' V! + 9 d (l+i) d 

ai,...,a r =0 x 



= fn 

= V Ch M — 

Z s ° n n,x,g n i 



( -_l)a 1 +-+ a r x ( ai )... x (a r )q' 



fllH h Q*r 



(1 + 1 ) 



H \-dr 



n—0 



( 2 . 12 ) 



By (2.7), we can see that 



f • f x( x i)---x( x r)(l+t) Xl+ " +Xr dy,- q (x 1 )---dy,- q (x r ) 

Jx Jx 

g ( [2] 



ai,...,a r =0 



1 +q d {l +t) d 



(_ 1 )a 1 +."+° rx ( ai )... x ( a r )g. 



OlH b^r b& 



(2.13) 



Thus, by (2.12) and (2.13), we get 



Ch n?x,q= ••• / x(^i)---xW(^H \-x r ) n dii- q (xi)---diX- q {x r ). (2.14) 

J.Y J.Y 



473 



EUN-JUNG MOON et al 470-479 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



A NOTE ON THE GENERALIZED q-CHANGHEE NUMBERS OF HIGHER ORDER 5 



From (2.14) and Theorem 2.2, we can drive 

Ch ( r ) 

' m.v.a 



X&l) ■ ■ ■ X(x r ) 



lx Jx 



X\ H V x r 

n 

n / \ n—l\ 



IX JX 



x{x\) ■ • • x(x r ) r 1 ) 



dn-q(xi) ■ ■ ■ d^- q (x r ) 

n—l i l r — 2 

E 



l r —l —0 



X 1 1 

lr— 1 



h = 0 x 7 l 2 =0 

dfl- q (x l) • • • d/J,- q (x r ) 

Chl-L Hl 2 * * * Chl r _ 1 ^qC h n —l 1 l r —l ,X,<I 

h'-hl-'-lr-lKn-h-h ir-l)! ' 



(2.15) 



l r ... ^ ^ 

n n—l i n—l i l r -2 

= EE- E 

1 1 —0 Z 2 — 0 Z r _ i=0 

Therefore, by (2.13), (2.14) and (2.15), we obtain the following theorem. 
Theorem 2.4. For n > 0, we have 

n n—l i n— Zi Z r -2 ✓ 

c<L = EE ■ £ b, , 2 ... , , , , 

4=o ; 2 =o i r -i=o Vl,t2 ’ ** r - 1 ’ n 11 * r - ] 

X Ch^^^qCh^^^q ' ' * Chl r _ 1 ^,qCJl n —l 1 l r _ 1 ,x,q 

where ,/ r ) = 414 !. ..; r ! • 

From (2.14), we note that 

n n,x,q 

= ■■■ x( x i) ■ ■ ■ x(x r ){xi H fa: r ) Tl d^_g(a:i)---d/i_ g (a; r ) 

dx ./x 

= ^2Si(n,l) ■ I x(xi) ■ ■ ■ x(x r ){xi h x r ) 1 dii- q {x 1 ) ■ ■ ■ dn- q (x r ) 

l = 0 ^ Y 

n 

(r) 



= ^5 1 (n,04E, 



;=o 



(2.16) 



/ r \ 

where ^ are the Tth generalized g-Euler numbers of order r attached to x, 
which given by 

(-PD- 

\ y a=0 / n=0 

Therefore, by (2.16), we obtain the following theorem. 

Theorem 2.5. For n > 0, we have 



= !>(«. 



1=0 
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By replacing t by e* — 1 in (2.12), we can get 
(e* - 1)" 



n! 



Z. ^ L l n,\,q 

n—0 

= E ( 1+ [2] rf dt ) (-ir +! ' +0r l(«i)-lK)f + - +ar e (ai+ - + “ f)t (2.17) 

ai,...,o T .=0 ' + 9 e / 



= V £« — 



m = 0 

and 






CK 



(r) 



n—0 



rx n ' 

n—0 

oo / m 



ml 



= E ( E Ch £L<i s *( m ’ n ) L- 



(2.18) 



Tnl 

m = 0 \n— 0 / 

Therefore, by (2.17) and (2.18), we obtain the following theorem. 
Theorem 2.6. For n > 0, we have 



E $ x , q = Y , Ch » kM m ’ n )- 



n—0 



From (2.12), we can consider the generalized q-Changhee polynomials of order r 
attached to x as follows: 



/ d—1 

E 



\a— 0 
d - 1 

= E 

ai ,...,a r =0 



[2], 

1 +q d {l + t) d 



Bl 

1 + q d {\ +t) d 



(-l)“ X (a)g a (l+t) a J (1 +t) x 

(— 1 )° 1+ '" +ar x(a 1 ) • • • x(a r )g“ 1+ " +ar ( 1 + t) 0l +-+“r+x 



= E ^ 1 >V 



n—0 



(2.19) 



and 



f • f x(xi)---x(x r )0+t) Xl+ ' +Xr+x dF- q {x 1 )---dn_ q (x r ) 
Jx J X 



IX JX 
d - 1 

= E 

ai ,...,a r =0 



[2], 



(- 1 ) 



H h^r 



x (° l ) ' ' ' X { a r)f 



^lH b dr 



(1 + 1 ) 



aiH b a r -\-x 



l + q d {l + t) d / 

Thus, we get 

Ch^ xq {x)= / ••• / x(% i)--xWbH hi r +a:)„(lmbi)'”rf/i- 9 br). 

i.Y JX 

( 2 . 20 ) 
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From (2.20), we have 

= / •••/ x( x i) • • • xi x r)(xi -\ x r + x) n diJ,- q (x 1 ) ■ ■ ■ d/j,- q (x r ) 

J X Jx 

= £<Si(n, l) / •••/ x(xi) ■ ■ ■ x(x r )(xi \-x r +x) l d^-q{x 1 )---d^^q{x r ) 

, „ Jx Jx 



1=0 



= ^Si(n,l) E \ r ^ q {x). 



X Jx 
(r) 



1=0 



Therefore, by (2.21), we obtain the following theorem. 
Theorem 2.7. For n > 0, we have 



Ch^ q (x)=Y / S 1 (n,l)E^ q (x). 



1=0 



In (2.19), by replacing t by e t — 1, we can get 



(2.21) 






[2], 



n— 0 



\a— 0 
oo 



1 + q d e dt 



(-1 ) a x{o)q a e at e xt 



= VbW ( x )*— 



m—0 



m! 



and 



= E IE “LI. «&(">.») I E 

m— 0 \n = 0 / 



oo / m 



n — 0 



n! 



Therefore, by (2.22) and (2.23), we obtain the following theorem. 
Theorem 2.8. For n > 0, we have 



( 2 . 22 ) 



(2.23) 



E m, x ,q( x ) = £ C7i«>)S 2 (m,n). 

n— 0 

As is well-known, the rising factorial is given by 

n 

( X ) (n ) = x(x + 1) • • • (x + n - 1) = (-1 ) n {—x) n = ^(-l)" _ *Si(n, l)x l , (2.24) 

1=0 

where n > 0 (see [2, 11]). 
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Next, we consider the generalized q-Changhee numbers of order r 
of the second kind as follows: 



Ch 



= ■ x(*i) ' ' ' X(x r )(-xi x r ) n d^- q {xi) ■ ■ ■ dn- q (x r ) 

J X Jx 

= V'(- 1 ) Z <Si (n,l) / ••• / x{ x i) ‘ ‘ ' x( x r)(xi 4 \- x r ) l dfi_ q (xi) 

, Jx Jx 



= £(-l)%(M)i?g !? . 



1=0 



r) 



The generating function of Ch n x q is given by 



E^il f 



n = 0 



q n\ 



■■ x(xi) ■ ■ ■ x( x r)(l +t) n Xl Xr dn- q (xi) ■ ■ ■ dn- q (a 

Jx Jx 

= (e [21 « 



(-l)“ X (a)9 a (l+i) a (1 + t) r . 



\a— 0 

Now, we can observe that 

/ d—1 



l + q d (l + t) d j 

t 

\ r 

+ il + tY 



\a = 0 
oo / n 

=E(E 

n=0 \m— 0 



ch 



( r ) 



n! ) t n 



n -m.x,q ( n _ m)\ I n\ ' 



Thus, by (2.25) and (2.26), we get 



Ch n!x,q = E m! 



m = 0 



r \ / n 
ml \rn 



Ch. 



(r) 

n—m,x,Q' 



Therefore, by (2.27), we obtain the following theorem. 
Theorem 2.9. For n > 0, we have 



Ch nLq = E m! 



m—0 



r \ n 
ml \rn 



Ch, 



(r) 

n—m,x,q' 



In (2.25), by replacing t by e t — 1, we can get 



E^C, 



(r) (e* - 1 y 



/d - 1 



n— 0 



n! 



HE 



[ 2 ], 



(-l) a X (a) g a e at e rt 



^a=0 



1 + 



= V E (r) (r) 
/ ; m,x,q\ > 



m= 0 



ml 



and 



E< 



(r) (e‘ - l) r 



oo / m 



= E ( E<Uk-) 



n—0 



X,9 n l 



m—0 \n— 0 



m! 



attached to \ 



■ ■ ■ d/.i_ q (x r ) 



) (2.25) 



(2.26) 



(2.27) 



(2.28) 



(2.29) 
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Therefore, by (2.28) and (2.29), we obtain the following theorem. 
Theorem 2.10. For n > 0, we have 

(r) 



E m] x ,q{ r ) = Ch n,x,q S ^ m ’ n )- 



n — 0 



Now, we define the generalized q-Changhee polynomials of order r attached to x 
of the second kind as follows: 

Ch ( l,Ax)= [ •• 



IX Jx 



Thus, by (2.30), we get 

°° ( r ) +n 

Y,Ch n ^ q {x)~ 

71=0 



x{ x i) ■ • • x( x r)(-Xi x r + x) n dp_ q (x i) • • • dn_ q (x r ). 

(2.30) 



/•••/ x( x i)---x(xr)(l + t) n Xl ' Xr+x dp- q (x 1 )---dp- q (x r ) (2.31) 

Jx Jx 

' d_1 [ 2 ], 



HE 



Xa^0 1 + ^( 1 + i )' 

It is easy to show that 
(d - 1 

E 



'(-lyxiami + ty] (l + t) 



[2], 



x-\-r 



\a — 0 
oo / n 



TT ^ T? (-i)W(i + f)° a + t) x+r 



(2.32) 



= E E m! 



m \m 






t r 



71=0 \ 771 = 0 

Therefore, by (2.31) and (2.32), we obtain the following theorem. 
Theorem 2.11. For n > 0, we have 



c '‘il«w=E ">'(*) (l) Ch « 

771 = 0 \ / \ / 



By (2.30), we get 

- — " (t 1 ) 

Ch nL(x) 



= V(-l)%(n,0 / ••• / x(a:i)'-'X(^)(*H h x r - x) l dp,- q (xi) ■ ■ ■ dp- q (x r ) 

i=o Jx Jx 



lx JX 

= 53(-l)‘5 1 (n,0 E txJ-x)- 



1=0 



In (2.32), by replacing t by e* — 1, we can get 






r 



71=0 



n! 






- £ 

\a=0 
oo 

= X! E ™,X,q( X + r ) 



771=0 



t ri 



m\ 



(2.33) 
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Theorem 2.12. For n > 0, we have 

™ / X 

E m, X ,q( X + r ) = Ch n, X ,q( X )S 2 {m,n). 

n— 0 
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Y 



m—0 \n = 0 



= 5Z \ Y. C KxA x ) S ^ m ,n) 



Therefore, by (2.33) and (2.34), we obtain the following theorem. 
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An Investigation of the Certain Class of 
Multivalent Harmonic Mappings 

H. Esra Ozkan Ugar, Ya§ar Polatoglu and Mclikc Aydogan 
September 23, 2014 

The main purpose of the present paper is to investigate some properties of 
the certain class of sense-preserving p-valent harmonic mappings in the open 
unit disc D = {z £ C|p| < 1}. 

1 Introduction 

Let fl i be the family of functions <p(z) which are analytic in the open unit disc 
D, and satisfying the condition |<pp)| < 1 for all 2 £ D, and let P 2 be the family 
of functions (f>(z ) which are regular in D and satisfying the conditions </>( 0) = 0 
and \4>(z)\ < 1 for every Denote by V(p,n), p > 1, n > 1 the family of 

functions pp) = p+p±z+- ■ ■ which are regular in D and satisfying the condition 

Repp) > 0. Let sip) = z + d 2 z 2 H and S 2 p) = z + e 2 z 2 + • • • be analytic 

functions in D. If there exists </>p) £ fp such that 51 ( 2 ) = S 2 pp)) f° r every 

2 £ D, then we say that 51 ( 2 ) is subordinate to S 2 p) an d we write si -< S 2 - 
Specially, if S 2 p) is univalent in D, then si -< S 2 if and only if sgO) C S 2 (B), 
and si(0) = S2(0) implies Si(B r ) C s 2 (B r ), where D r = {z\\z\ < r, 0 < r < 1} 
(see [1], [4]). 

We denote by S(p, n) (p > 1 and n > 1, integers) the class of all regular and 
p-valent functions in D, having the series expansion of the form 

s(z) = zr+c np+1 z n r +1 +c np+2 z n r +2 +c np+3 z n r +3 + - ■ ■ + c np+m z^+ m + ■ ■ ■ (1) 

for all z £ D. It is clear that S(p, 1) D S(p, 2) D S(p, 3) D • • • S(p, m) D 
Let S*(p, n) (p > 1 and n > 1 integers) denote the class of functions of the form 
(1) which are regular in D and satisfying 

<2) 

2000 AMS Mathematics Subject Classification 30C45, 30C55. 

Keywords and phrases: p valent starlike function, distortion theorem, growth 
theorem 
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and 

[ Re ( z S ^ Z } ^ cW = 2pim (3) 

Jo V s(z) J 

for every z £ D. A member of S*(p, n) is called p- valent starlike function in the 
unit disc D. 

Finally, a planar harmonic mapping in the open unit disc D is a complex- 
valued harmonic function /, which maps D onto the some planar domain /(D). 
Since D is a simply connected domain, the mapping / has a canonical decompo- 
sition / = h + g, where h{z) and g(z) are analytic in D and have the following 
power series expansion 

h(z) = zP + a np+1 z np+1 + a np+2 z np+ 2 + • • • + a np+m z np+m + ■■■ 

and 

g(z) = b np z np + b np+1 z np+1 + b np+2 z np+ 2 + • • • + b np+m z np+m + ■■■ 

where |6 np | < 1, p > 1 and n > 1 integers, a np + m , b np + m € C and every 
z £ D. As usual, we call h{z) the analytic part and g(z) the co-analytic part 
of /, respectively, and let the class of such harmonic mappings is denoted by 
S'H(p,n). Lewy (see [2]) proved in 1936 that the harmonic mapping / is locally 
univalent in D if and only if its Jacobian Jf = \h'(z)\ 2 — \g\z)\ 2 is strictly 
positive in D. In view of this result, locally univalent harmonic mappings in the 
open unit disc are either sense-reversing if |g( / (^)| > \h' (z)\ or sense-preserving 
if \g'(z)\ < \h'(z)\ in D. Throughout this paper, we restrict ourselves to the 
study of sense-preserving harmonic mappings. We also note that an elegant and 
complete treatment theory of the harmonic mapping is given Duren’s monograph 
(see [2]). 

The main aim of this paper is to investigate the some properties of the 
following class 

S*H{p,n) = j/ = h + g € SH(p,ri)\w(z) = ^ y -<! b np | ^ , 

<j>(z) = z n ip(z), if>{z) e fix, h(z) e S*(p,n), z £ d| 
and for this aim we need the following lemma 

Lemma 1.1 {[3]) Letw(z) = a n z ra +a„+i 2 ra+1 -|-a I i + i 2 ra+2 -| (a n ^0, n > 1) 

be analytic in D. If the maximum value of |w(z)| on the circle \z\ = r < 1 is 
attained at z = Zo, then we have Zqw'(zq) = pw(zo) where p > n and every 
z € D. 



2 Main Results 



Lemma 2.1 If p(z) £ V(p,n) then 



p(z) =p 



l + z n ip{z) 

1 — z n ip(z ) ’ 



z £ D 



2 



( 4 ) 
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where ip( z ) G S~2i . 



Proof. Consider the function H(z) such that 

H(z) = zeB (5) 

P 

where p(z) G V{p,n). So, that H(z ) is regular and satisfies the conditions 
R eH(z) > 0 and H( 0) = 1 in D. Let tp(z) = (1 + H(z))/{ 1 — H(z)), then ip(z) 
is regular and \y>{z)\ < 1 in the unit disc D, and also ip(z) has n th order zero at 
the origin. Hence, (p(z) = z n if(z) where if(z) in for all z G D. Expressing 
H(z ) in terms of ip(z) we have 



Thus, 



or 



for all 2 G D. 



m * e 

1 - <p{z) 



H(z) = m = 

P 1 - <p{z) 



1 



x i>{z) 



p{z) = p 



1 — z n ip{z) 

1 + z n ip(z) 

1 — z n ip(z) 



( 6 ) 



Lemma 2.2 Let f = h + g be an element of S*'H(jp,n), then 



w(z) 



M 1 ~ r 2m ) (1 - \b np \ 2 )r m 
1 - \b np \ 2 r 2m 1 - \b np \ 2 r 2m ’ 



where m = np — p + 1 . 



( 7 ) 



Proof. Since / = h + g G S*hL{p,n ), then 



, , _ g'{z) _ (b np z p + b np+ iz np+1 + b np+2 z np+2 H )' 

h'(z) ~ ( zp + a np+l z n P + 1 + a np+ 2 z n P + 2 + ••■)' 

/. I (np+l)bn P +l ^.np+l-p , 

^np ‘ p ~ ' 

Y (np+l)q 11p+ i ^ np _^_i_ p _j_ _ _ _ 

so that w(0) = b np . On the other hand, because of the sense-preserving property 
we have that \w(z)\ < 1 for every zGi. Thus, the function defined by 



<, Kz ) 



w(z) — w(0) 

1 — w(0)w(z) ’ 



zgB 



satisfies the conditions of Schwarz Lemma (see [1]). Therefore, we have the 
following subordination relation 



w(z ) 



b np + <j>(z) 
1 + b np f)(z ) 



if and only if w(z) -< 



bnp + z m 
1 + KpZ m 



z G D. 



( 8 ) 
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It is easy to see that the linear transformation bn ffl- 

J l+b„ p z' 

circle with the center C(r) = ( ^ 

p(r) = , where cni =Re6„ p and «2 =Im& np , then we can write 



maps \z\ = r onto the 
and having the radius 



w(z) — 



M 1 - r 2m ) 



1 - | b n 



< 



(l-\b np \ 2 )r™ 
1 - \b np \' 2 r 2m 



for all \z\ = r < 1. As a simple consequence of Lemma 2.2, we give the following 
corollary. 

Corollary 2.3 If f = h(z) + g(z) G S*'H(p,ri), then 

< W *)|< ^ + rn 



1 - l^nplr" 



1 + \bnp\r n ' 



(1 - r n ){ 1 - \b np \) (! + r")(l - \b np \) 



1 + \b, 



< 1 — |iy(2:)| < 



np | 



1 + |h 



np | 



(1 - r n )(l + |&rap|) , , , , (1 + r n )( 1 + | 6 „p|) 



and 



1 - |&npk n 
(1 — |&np| 2 )(l — T 2 ") 



(1 + \b np \r n ) 2 



< 1 + |to(^) I < 



< 1 - \w{z)\ 2 < 



1 + I b np \r n 

(1 — |^wp| 2 )(l — r 2n ) 

(1 ~ \b np \r n ) 2 



for all \z\ = r < 1. 

Theorem 2.4 Let s(.z) 6 e an element of S*(p,n), then the inequalities 



(1 -p r n)2p/r 



< \s{z)\ < 



(1 _ r n\ 2 p/r 



and 



p T v *(1 — r n ) ^ , pr p 1 (l+r n ) 

(1 _|_ r ")( 2 p/n) + l — ^ _ r n')( 2 p/n)+l 



hold for every \z\ = r < 1. 



(9) 

( 10 ) 



Proof. Since / = h(z) + g{z) G S*H(p,n ) then we have z^y -< p \~t z z n for 



all 0 in D. Therefore, the inequality 
| z | = r < 1. Thus, we have 



. s'(z) p(l+r 2 



s(z) 1 — r 2 



<- 2 pr n 

— 1 — r 2 



holds for every 



or 



P(l~r n )^ y'(z) 
l+r n s( 2 r) 



< p{l + r n ) 
— 1 _ r n 



( 11 ) 



pjl-r 11 ) < Re ( z s '( z )\ < P(l + r?i ) 
1 _l_ r n — ^ 5 ( 2 :) y — 1 — r n 



( 12 ) 
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for all \z\ = r < 1. It is fact that 

s'W 



Re z 



s(z) 



= r g r !°g |s(^)| 



true for every \z\ = r < 1. Considering (12) and (13) together we obtain 

p(l — r n ) d p(l+r n ) 

< - 7 T log \s(z)\ < \z\=r< 1. 



r(l + r") 9?’ 



r(l — r n ) ’ 



(13) 



(14) 



Integrating (14), we get (9). On the other hand the inequality (11) can be 
written in the form 



rn n ] \s(z)\ < \a!(z)\ < P ^ +rn \ s{z)l N = r < 1. 
r(l + r n ) r(l — r n ) 

Using (9) in (15) we get (10). 

Theorem 2.5 Let f = h(z ) + g(z) be an element of S*'H(p,n), then 

9{z) _ l + (f{z) 
h(z) np l — (f{z) 

where \b np \ < 1, f>(z) = z n ip(z) and ip( z ) G fii for every z € D. 
Proof. Since / = h(z) + g{z) £ S*LL{p, n), we can write 

2 1 b n p | v 



(15) 



u>(D r ) = < z £ 



g\z) , 1 + r 2n 

h'(z) ” p l_ r 2 ra 



< 



1 — r 2 



z\ = r < 1 



(16) 



On the other hand, since h(z) is an element of S* (p, n), the value of h(z) / (zh'(z)) 
at a point z\ on the circle \z\ = r is 



h{zi) _ 1 1 - r n 
zih'(zi) pl+r n 

Now, we define the function 

g{z) = 1 + H z ) 
h{z ) 1 — <j)(z) ’ 



(17) 



(18) 



where <j>{z) = z n ij)(z), if(z) £ fli and z £ D, then <j>{z) analytic in D and 
^(0) = 0. We need to show that \<j){z)\ < 1 for all z £ D. Assume to the 
contrary, that there exists a z\ £ D such that |^(^i)| = 1. If we take the 
derivative of (18) and after simple calculations we get 



w(z) 



g'(z) _ , ( 1 + </>(z) 

h'(z) " P Vl ~Hz) 



2 z(f>'(z) h(z) \ 

(1 - (f(z )) 2 zh'(z) ) 



,z £ D. 



5 



484 



UCAR et al 480-486 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



Considering (12), (13), (15) and Lemma 1.1 together we obtain that 
’l + <j)(zi) 2 pcj)'(zi) 11 — r 



w(~l) = — r = K 



tu(D r ), \z\ = r. 



h'(zi) np Vl - ' (1 — </>(zi)) 2 pl + r s 

But this is a contradiction, therefore, \<j>(z)\ < 1 for all 2 G D. Thus, for a 
function / = h(z) + g(z) in S*TL(p,n ) we have 

g(z) 1 + <Kz) 

S5)-' , ”'w5y seD - 



Corollary 2.6 Let f = h(z) + g(z) be an element of S*H(p,n), then 
#n P |r p_1 (l -r”) 2 < < #„ p |r p_1 (l + r n ) 2 



and 



(1 +r n )^r +: 

\b np \r p (l — r n ) 
(1 +r n )^ +1 
for every \z\ = r < 1. 



(1 - r n )^ +2 



< \g(z)\ < KplrP{1 + rn) 

2ej-i - „x?s + i > 



(1 - r n ) 



(19) 

( 20 ) 



Proof.Using the definition of the class S*'H{p,n) and Theorem 2.5, we ob- 



tain 



and 



\bnp\0- -r n ) ... 



1 +r r 
\b np \(l-r n ) 



\h\z)\ < \g\z)\ < 



\b np \{l + r n ) , 



1 — r r 



\h{z)\ < \g(z)\ < 



I bnp | ( 1 + r n ) 



\h\z)\ 



\h(z)\ 



1 +r n 1 ^ ' ' 1 -r n 

for all z in D. If we use Theorem 2.4 in the last inequalities we obtain (19) and 

( 20 ). 



Corollary 2.7 If f = h(z) + g(z) € S*H(p,n), then 

p 2 r . 2 (p-l)( 1 _ r ")3( 1 + \b np \ 2 ) p 2 r 2 ( p_1 )(l + r”) 3 (l — \b np \ 2 ) 

< Jf < 



(1 — r") « i+ i( 1 — \b np \ r n ) 2 



\z\ = r < 1. 



(1 + r") " “ l_1 (1 + \b np \r n ) 2 yj. — i j yj. - \v n p\ 

This corollary is a simple consequence of Corollary 2.3, Theorem 2.4 and the 
following equalities 

J f = \h\z)\ 2 \g\z)\ 2 = \h’(z)\ 2 ( 1 - \w(z)\ 2 ),z G D. 



Corollary 2.8 Let f = h{z) + g(z) be an element of S*H(p,n), then 



P( 1 - \bn P \) J 



rP- 1 (l - r n ) 2 



(1 + r n ) n +1 (1 + |b np |r n ) 



dr < |/| 



< p( 1 + \b„ p \) J 



r p_1 (l + r n ) 2 



-dr 



(1 - r n ) n +1 (1 + \b np \r n ) 

This corollary is a simple consequence of Corollary 2.3, Theorem 2.4 and the 
following inequalities 

W {z)\(l - \w(z)\)\dz\ < \df \ < \ti(z)\(l + \w(z)\)\dz\, z G D. 
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Robust Stabilization Based on Periodic Observers for LDP Systems * 



Ling-Ling Lv f Lei Zhang * 



Abstract 

In this paper, the problem of robust stabilization based on observers for linear discrete-time periodic 
(LDP) systems is studied. It is proofed that principle of separating exists in this type of systems. Based on 
this, periodic controllers and periodic state observers can be builded independently. Utilizing parametric 
poles assignment algorithm and robust performance index, an algorithm of robust stabilization based 
on periodic observers is proposed. A numerical example is employed to verify the effectiveness of the 
presented approaches. 

Keywords:Robust stabilization; Periodic observers; Principle of separating; LDP systems. 



1 Introduction 

The analysis and control of linear discrete periodic (LDP) systems have long been interesting problems in 
the control fields, because LDP systems, such as cyclostationary process, and multirate digital control which 
occur in control systems, arise often in nature and in engineering ([1]). Thus, this type of systems have been 
widely researched (see [2]- [8] and references therein). The lifting technique and the cyclic technique are used 
to carry out such analysis studies, since they can preserve the system’s algebraic structure and norms. Based 
on their lifted LTI reformulation, structural properties such as observability, reachability, detectability, and 
stabilizability are analyzed [9]. 

Periodic linear systems have received renewed interested in recent years. For example, semi-global stabiliza- 
tion of discrete-time periodic systems subject to actuator saturation is investigated in [10] by solutions to a 
parametric periodic Lyapunov equation, stability and stabilization of discrete-time periodic linear systems 
with actuator saturation is studied in [11] via periodic invariant set, stabilization of continuous-time periodic 
linear systems is solved in [12] via a periodic Lyapunov equation based approach, and L 2 semi-global 
stabilization of continuous-time periodic linear systems with bounded controls is studied in [13], and stabi- 
lization of periodic systems with input and output delays is investigated in [14]. For more related recent 
work on the control of periodic systems, interested readers may refer to the references cited in [10, 11, 12] 
and [13]. 

In engineering, it is usually required to stabilize an unstable periodic motion or a critically stable periodic 
motion by using proper control. The stabilization problem has a fundamental importance in engineering, and 
hence the stabilization of periodic motions of dynamic systems has drawn much attention over the past years 
(see [1 1]- [15] and references therein). Observers can extract real-time information of a plant’s internal state 
from its input-output data. Therefore, Observer-based control has been widely investigated (e.g., [16]-[21]). 

In this paper, we investigate the problem of robust stabilization for uncertain LDP systems. On the problem 
of observer based control without robustness considerations, a trivial result has been present at [22] . Accord- 
ing to the principle of separating, the problem of stabilization based on observer is converted into problems 
of stabilizing an argumented system and designing a periodic observer respectively. By adopting parametric 
poles assignment approach combined with a sensitivity index, robust stabilization problem is solved. Two 
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U1204605, 11226239, 61402149), Excellent- Young-Backbone Teacher Project in high school of Henan Province (No. 2013GGJS- 
087), Scientific Research Key Project Fund of the Education Department of Henan Province(NO. 12B120007). 

Tlnstitute of electric power, North China University of Water Resources and Electric Power, Zhengzhou 450045, P. R. China. 

^Institute of Data and Knowledge Engineering, Henan University, Kaifeng, 475001, P. R. China. Email: 
zhanglei@henu.edu.cn. Corresponding author. 
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detailed algorithms are presented and an example is utilized to illustrate the design procedures proposed in 
this paper. 

Notation 1 The superscripts ”T” and ”-l” stand for matrix transposition and matrix inverse, respectively; 
R" denotes the n-dimensional Euclidean space; i,j represents the integer set {i,i + 1, . . . , j — 1 ,j}; For a 
square time-varying matrix A(t),t = 0, 1, • • • ,we denote $a(J, i) = A{j — 1 )A{j — 2) • • • A(i) for j > i and 
$A (M) = I> The notation || • ||p is Frobenius norm. 



2 Preliminaries 



Consider LDP systems with the following state space representation 

j x(t + l)=A(t)xft)+B{t)u{t) m 

\ y(t) = C(t)x{t) [L) 

where t € Z, the set of integers, x(t) G R n , u(t) G R r and yft) G R m are respectively the state vector, the 
input vector and the output vector, Aft), B(t), C(t ) are matrices of compatible dimensions satisfying 



Aft + T) = Aft), Bft + T) = B(t), Cft + T) = C(t). 

In case that the state of system (1) can be measured, by periodic feedback control law 

u(t) = K(t)x(t) + vft), K(t + T) = Kft), K(t) G R rxra (2) 

where vft) is the reference input, we can obtain the following combined system with period T 

f x(t + 1) = (Aft) + B(t)Kft))x(t) + B(t)v(t) , . 

I y(t) = c(t)xft) [6) 



When there exists some restrictions in practice, the state of system (1) can not be gotten by hardware, but 
the input uft) and the output yft) can be measured. In this case, we need build another periodic system 
giving an asymptotic estimation of system states. The system with the following form can be adopted: 

J xft + 1) = A(t)x(t) +B(t)u(t) + L(t)(C(t)x - y(t)) , , 

\ x(0) =x 0 

where x G R” and Lft) G R raxm , t G Z are real matrices of period T. 

Utilizing observer (4), we can build a periodic control law based on the observed states as 

uft) = Kft)x(t) + vft) (5) 

such that the combined system meets some control aims, e.g., stability. 

Similar to its LTI counterpart, for LDP systems, we present a simple existence condition of observers and 
omit its proof. 



Proposition 1 There exist matrices Lft), t G 0,T— 1 such that system (4) becomes a full order state 
observer of system (1) if and only if periodic matrix pairs {Aft), Cft)) are detectable. In this case, we only 
need to choose Lft), t G 0,T — 1 such that matrix 

$A+LC (r, 0) = (A(T - 1) + LfT - 1 )C{T - 1 ))(A(T - 2) + L{T - 2 )C(T - 2)) • • • (A(0) + I(0)C(0)) 
is stable. 



Plugging (5) into (4) gives 

f xft + 1) = {Aft) + L{t)C(t))x(t) - L{t)y(t) + B{t)u(t) 
X uft) = K(t)x(t) + vft) 
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Integrating control law (6) into system (1), we can get 



x(t + 1) 




A(t) 


B{t)K(t) 


x(t) 


1 


' B{t) ' 


x(t + 1) 




. -mew 


F(t) + B(t)K(t) 


. . 


1 





v(t) 



y{t) = [ C(t) o 



x{t) 

x(t) 



( 7 ) 



where F(t) = A(t) + L{t)C{t). 

With the preparation, the stabilization problem of system (1) based on observers can be formed as the 
following: 



Problem 1 Given a completely observable and reachable LDP system (1), find matrices L{t) £ H nxm ,t £ 
0,T — 1 and K(t ) £ R rxra ,t £ 0, T — 1, such that the augmented system (7) is stable. 



Because of the inaccuracy of modelling and the influence of their internal perturbation and external distur- 
bance from environment, unavoidably, system model has uncertainties, leading to the necessity of the study 
of robustness for LDP systems. Robust stabilization of system (1) based on observers can be formed as 
follows: 



Problem 2 Given a completely observable and reachable LDP system (1), find matrices L{t) £ R" xm ,f £ 
0,T — 1 and K[t) £ R rxn ,f £ 0,T— 1, such that the augmented system (7) is stable and as insensitive as 
possible to small changes of system data. 



3 Main result 



Consider the following LDP system 



( x(t + 1) = A(t)x(t) + B(t)u(t) 
l V(t) = C(t)x(t) 

where the system data possess the same dimensions with that of system (1). 

Lemma 1 Given two LDP systems (1) and (8). If there exists a nonsingular matrix P satisfying 

A(t) = PA(t)p-\ B(t) = PB(t), C(t ) = C(t)P~ l , 
then the lifted systems of this two systems are equivalent. 

Proof. Lifting system (1) gives the following LTI system 

J x L (t+ 1) = A L x L (t) +B h u h {t) 

\ y L {t) = C L x L (t) 

where 

A h = A(T - 1 )A(T - 2) • • • A(0) 

B h = [ A{T-l)A{T-2)---A(l)B(0) ••• A(T-l)B(T-2) B(T - 1) ] 



C(0) 

C(1)Y1(0) 



C(T-l)A(T-2)---A(0) 



( 8 ) 



(9) 



(10) 
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Lifting system (8) gives the following LTI system 

f x h (t+l) = A h x L (t) + B h u h (t) 

{ y L (t) = C L x L (t) 

where 

i L = A(T - 1 )A(T - 2) • • • 1(0), 

P L = [ i(T-l)A(T-2)---i(l)£(0) ■■■ A(T-l)B{T-2) B T - 1], 

<7(0) 

C(1)A(0) 

C(T - 1)A{T - 2) • • • 1(0) 

According to (9), we get 

i L = A(T - 1 )A{T - 2) • • • i(0) 

= PA(T - 1 )P~ 1 PA(T - 2)P _1 • • • PA(0)P _1 
= PA l P" 1 , 

B l = [ A(T- l)i(T-2)---i(l)J3(0) ••• 

A(T - 1 )B(T - 2) B(T - 1) ] 

= [ PA(T - 1 )A(T - 2) • • • A(1)P(0) • • • 

PA(T - 1)B(T - 2) PB(T - 1) ] 

= PP L , 

C{ 0) 

CiA{ 0) 

C(T - l)i(T - 2) • • • 1(0) 

C(0)P" 1 
C , iA(0)P“ 1 

C(T - 1)A(T - 2) • • • A(0)P _1 

= C' P l . 

Thus, we can see the lifted systems (10) and (11) are algebraically equivalent, which means the equivalence 
between system (1) and system (8). ■ 

By virtue of this conclusion, we can form the following Theorem. 

Theorem 1 Consider systems (3) and (7). The eigenvalue set of system (7) are composed by sets ct($a+bk(? 1 i 0)) 
and ct($f(T, 0)) corresponding to systems (3) and (4), respectively. 

Proof. Let 



It is easily computed that 
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Therefore, 



' A(t) + B(t)K(t) B{t)K(t) 

0 F(t) 

Bit) ' 

0 J ’ 

[ C(t) 0 ] p- 1 = [ C(t ) 0 ] . 

By lemma 1, system (7) and the following system have equivalent lifted systems 
/[ A(t) + B(t)K(t) B(t)K(t) 

U 0 F (t) 

Thus, all the eigenvalues of the two lifted systems are the same. Since eigenvalues of LDP systems are defined 
to be eigenvalues of their lifted system, the proof is completed. ■ 

We call the above result as principle of separating for LDP systems. It is shown that the introduction of 
full order state observers has no influence on the stability of the close-loop system by state feedback law (2). 
At the same time, the introduction of state feedback has no influence on the designed observers. By this 
theorem, when discussing the problem of stabilizing LDP systems based on observers, periodic control laws 
and periodic observers can be designed independently. The work remaining is to find matrices K (t) and L{t) 
such that matrix $a+bk(T, 0) and matrix 0) are stable respectively. Here, we adopt poles assignment 

approach. 

Let A L and B L denote the lifted system matrices corresponding to periodic matrix pair (A(-), C(-)), A LT and 
C LT denote the lifted system matrices corresponding to periodic matrix pair (A T (-), C ,T (-)), and matrices 
F and G are real matrices possessing the desired pole set of matrices $a+bk(T 1 , 0) and matrix $f(T 1 , 0) 
respectively. Introducing the following polynomial matrix factorizations: 

(zl — A l )~ 1 B 1j = N(z)D~ 1 (z) (13) 

(. zl - A lt )- 1 C lt = H(z)L~ 1 (z) (14) 

where N(z) £ K nxTr , D(z) £ I : l TrxTr are right coprime matrix polynomials in z, and H(z) £ R" xTm , 
L(z) £ S. TmxTm are the same. If we denote 

D(z) — [dij{z)] TrxTr , N(z) = [»lj ji z )] n xTr 

H(z) = [hij(z)] TmxTm ,L(z) = [hj{z)\ nxTm 
and a = maxjai, 0 ^ 2 } > /? = max {/3i , /3 2 } > where 




P 



A(t) B{t)K{t) 

- L(t)C(t ) F(t) + B(t)K(t ) 



P~ 



P 



' B(t) ' 




B(t ) 





u\ = max |deg(rfjj(z))| 

i,j£l,Tr 

«2 = _max {deg(riij(z))} 

i£l,n,j=l,Tr 



Pi = max jdeg(/i,;,(^))| 
i,j£l,Tm 

@2= inax {deg(Zjj(^))} 

i£l,n,j=l,Tm 



then N(z) and D(z) can be rewritten as 



N(z) = i Niz\Ni £ C nxTr 

i = 0 

D(z) = E D i z i , Di £ C TrxTr 

i = 0 



( 15 ) 



5 
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H(z) and L(z) can be rewritten as 



H{z) = £ Hiz\Hi G C 
*= 0 



nxTm 



L(z) = Y,Uz\UeC 
2—0 



TmxTm 



Denote 



and 



y K (Zi) - 7V oZl + JViZrF + • • • + 

Wk (Zi) = + DiZiF + • • • + D a Z x F° 

V L (Z 2 ) = H 0 Z 2 + H^G + • • • + H e Z 2 G 8 
W l (Z 2 ) = L 0 Z + L&G + • • • + LpZ&P 



Z,=iZ, 



det ( N,Z A F l j ^0 



^ 2 — 0 
' P 



det E h,z 2 g 1 ± 0 



^ 2—0 



where Z\ and Z 2 are arbitrary parameter matrices with compatible dimension. 
Let 



X (Z x ) = W K (Zi) F* 1 (ZJ 4 [ X 0 T X} 



y t 

A t _i 



Y (Z 2 ) = Wl (Z 2 ) E7 1 (Z 2 ) 4 [ F 0 T • • • F 2 T_ 1 ; r 



(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 



where Z\ G ^ and Z 2 £ Z 2 . 

According to theorem 1 in this paper and the theorem 1 of literature [23] , we have the following conclusion. 



Theorem 2 For given LDP system (1) and stable real constant matrices F, G with compatible dimensions 
and the desired poles, if Vk {Z i) and Wk (Z\) are given by (17), Vl (Z 2 ) and Wl (Z 2 ) are given by (18), X±, 
s £ 0,T-1 and Yi, i G 0,T— 1 are given by (21) and (22) respectively, then the whole set of solutions to 
Problem 1 can be given by (23) and (2)). 



X = 



f K{ 0 ) \ 

K( 1) 



V K(T- 1) j 



X(Z) 

K( 0 ) = 

I<(t) 



-W K (z 1 )V l f 1 (z 1 ),z 1 ez 1 

[*r] T , 

Xt+i U (A(j) + BWKU ))- 1 

3=0 



t € 1,T- 1 



C = 



( m \ 

L (1) 



V L(T- 1) J 



Y (Z) = W L (Z 2 ) Vj- 1 (Z 2 ) ,Z 2 eZ 2 

m = [ ei t , 



m 



Y t+1 n(A^j)+C^(j)L^(j)) 

3=0 




t G 1, T — 1 



(23) 



(24) 



Based upon theorem 2, an algorithm for solving problem 1 follows. 



Algorithm 1 (Stabilization of LDP systems) 

1. Select constant matrices F and G such that all of their poles lie in the unit circle. 

2. Solve the right coprime polynomial matrices N(z),D(z) satisfying factorization (13) and the right 
coprime polynomial matrices H(z),L(z) satisfying factorization (If). 

6 
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3. According to formulae (15), compute matrices Ni,Di,i £ 0, a; According to formulae (16), compute 
matrices Hi, L. t ,i £ 0, (3. 

4- Compute Vk (Z i) and Wk (fZ\) by formulae (17); Compute Vl ( Z 2 ) and Wl ( Z 2 ) by formulae (18). 

5. According to formulaes (21) and (23), compute periodic state feedback matrices K(t), t £ 0 , T — 1/ 
According to formulaes (22) and (24), compute periodic observer gains L(t), t £ 0 ,T — 1. 

Because of the arbitrariness of the choose of parameter matrices Z\ and Z 2 in the design process, the above 
parametric design algorithm can provide numerous solutions to problem 1. This makes multi-object design 
possible for LDP systems. Here, we only consider robustness. According to literature [23], the following 
robustness performance index can be adopted: 

T-l 

Ji(Zi) = k f (V k ) ^ || A(t) + B(t)K(t) l^- 1 , (25) 

t=0 

T-l 

mz 2 ) ± KF (v L ) ii Mt ) + , ( 26 ) 

t = o 

where k f (Vk) — || 1| F ||Vk|| f and k f (Vl) — || p ||Vl|| f are the Frobenius-norm conditional numbers 

of matrix Vk and matrix Vl respectively. Thus, we can summarize the robust stabilization algorithm based 
on observers as follows. 



Algorithm 2 (Robust stabilization algorithm of LDP systems) 



1. Select constant matrices F and G such that all of their poles lie in the unit circle. 

2. Solve the right coprime polynomial matrices N(z), D(z) satisfying factorization (13) and the right 
coprime polynomial matrices H(z),L(z) satisfying factorization (14)- 

3. According to formulae (15), compute matrices Ni,Di,i £ 0,a ; According to formulae (16), compute 
matrices Hi, Li, i £ 0, /3. 

4- Construct general expressions for matrices Vk and K(t), t £ 0, T — 1 according to formulaes (17), (21) 
and (23), construct general expressions for matrices Vl and L(t), t £ 0,T— 1 according to formulaes 
(18), (22) and ( 24 ). 



5. Solving optimization problems 



Minimize Ji (-Ei) 



and 



Minimize J 2 {Z 2 ) 

by using gradient based searching method. The optimal decision matrix is denoted by Z° pt and Z!) pt 
respectively. 



6. Compute matrices K opt (t),t £ 0,T— 1 according to (17), (21) and (23) by using optimal decision 
matrix Z° pt ; Compute matrices L opt (t),t £ 0 ,T— 1 according to (18), (22) and (24) by using optimal 
decision matrix Z% pt ■ 



4 Numerical example 



Consider LDP system (1) with parameters as follows: 



A(0) 

A(2) 

C(0) 

C( 2) 



—4.5 -1 
2.5 0.5 



A(l) = 



0 1 
1 2 



0 2 
1 1 



B(0) = B(l) = B(2) = 

2 1], C( 1) = [ -1 1 ] , 

0 1], 
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It is an oscillation system possessing performances of complete reachability and complete observability. In 
the following, we will design a robust stabilization law for this system. 

For convenience, we can choose matrices F and G as 



' -0.3 


0 


,G = 


' -0.5 


0 


0 


0.3 


0 


0.5 



According to algorithm 1, by randomly choosing parameter matrices Z\ and Z 2 , we obtain a group of 
solutions as follows: 



Arand (0) = [ 0.7900 0.3400 ] , 
AT rand (l) = [ 2.0000 2.2857 ] , 

K r and (2) = [ -0.6667 -1.2593 ] , 



Apand(O) 



Arand (1) 



Aland (2) 



1.6377 

-0.8841 J ’ 

0.3871 
-0.0645 J ’ 

-33.0000 ' 
-67.3333 



Applying algorithm 2 gives solutions to problem 2 with the following gains: 



Denote 



^iobu(O) = [ 1.0448 0.0428 ] , 
^iobu(l) = [ -0.6217 -1.3782 ] , 
AT r obu(2) = [ -0.6217 -1.6218 ] , 



Aiobu(h) 



Aiobu(l) 



2.0876 
-0.8805 J ’ 

-0.7062 ' 
-0.3082 ’ 



A r obu(2) 



-2.4536 

-1.3617 



Aland = (A r and(b); A rarl d ( 1) , A ran d(2)) 
Aland — (A r and (0) , A rand ( 1) , A ran d(2)) 
ATiobu = ( A ro bu (0) , A ro bu(l), AT ro bu(2)) 
Aiobu — (Aiobu(0), A ro bu(f)i A ro bu(2)) 



Choose the sine signal v(t) = 0.1 * sin(f + 7t/2) as reference input and xo = [ —1 1 ] T , = [ 0 0 ] T as 

the initial states of systems (1) and (4), respectively. We give the state histories of the system (1) in Figure. 
1. With (A'rand, Arand), Figure. 2 shows the state x(t ) of system (7). From this figure, we can see the good 
control effectiveness of Algorithm 1 when there is no uncertainty in system data. 

To verify the effectiveness of the robust controller, let the system matrices be perturbed as follows: 

A(t) i — I* A(f) + f E 0, 2 

B(t) i— ^ B(t) + pA t E 0, 2 
C (f) i — '7 C(t ) + /rA c t , t £ 0,2 
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Figure 1: State x(t) of the original system 




Figure 2: x(t) and x(t) with (AT ran d, L ran( j) when /i = 0 




steps 



Figure 3: x(t) with (A' ran( j, L ran( j) when fj, = 0.015 
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[i , i ■ ■ ■ ■ 

0 10 20 30 40 50 60 70 

steps 



Figure 4: x(t) and x{t) with (A' ro bu, Arobu) when p = 0.35 

where A at £ K 2x2 , A bt £ R 2xl , A ct £ R lx2 ,4 £ 0,2 are random perturbations normalized such that 
||A at || F = 1, || Ab t || F = 1, || A ci || F = 1,460,2 and p > 0 is a parameter controlling the level of perturbations. 
Let p = 0.015, we depict the response histories of x(t) and x(t) with gains (A' ranc j, L ra nd) i n figure. 3, 
where the solid line denotes x(t) and the dotted line denotes x(t). It is obvious that system (7) with gains 
(A' ra ndj Arand) is not stable even the perturbation level is reduced to p = 0.015. To measure robustness of the 
designed robust controller based on periodic observers, we continuously increase the perturbation controlling 
level until p = 0.35 and depict the results in figure. 4. From simulation results, we can see the designed 
robust controller has strong anti-interference ability. In addition, we notice that (A' ro bu, A ro b u ) has a very 
small norm compared with (AT ranc i, A r and)- This means that the robust controllers and observers can possess 
less energy consumption, since small gains lead to small control signals. 

From the simulation results, we can see the approaches proposed in this paper are very effective. 



5 Conclusion 



In this paper, the observer-based robust stabilization problem for LDP systems is considered. It is proofed 
that the principle of separating exists in this type of systems. Thus, periodic controllers and periodic 
observers can be designed separately. By using poles assignment technique, numerous periodic controllers 
and observers are obtained in the form of iteration and parametrization. Combined with our recent result 
about robustness, robust stabilization problem based on observers is solved. Two detailed algorithms are 
presented. The proposed approaches are checked by a numerical example and the simulation results are 
of great satisfaction. A possible future study is to combine the developed approach with the truncated 
predictor feedback [14, 24, 25] and constrained control theory [26, 27] to investigate the observer-based 
robust stabilization problem for LDP systems with time delays and input saturation. 
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Abstract. In this paper, we strengthen some of Leindler’s results from [L. Leindler. Em- 
bedding relations of Besov classes. Acta Sci. Math. (Szeged), 73(2007)133-149.] under GBV 
condition. First, we discuss embedding relations between two Besov classes. Next, we give an 
equivalent estimate for the k-order modulus of continuity of fix) in U norm under GBV condi- 
tion. Finally, we give the condition to ensure a function / 6 U have Fourier coefficients of GBV 
belongs to the Besov class. 

Keywords. GBV, Besov classes, embedding relations, Fourier coefficients. 
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1 Introduction 

Many classical results in Fourier analysis have been generalized by weakening the condi- 
tion imposed on the coefficients of trigonometric series from MS to RBVS, GBVS and, Finally, 
to MVBVS(see ll26l for more details). In llT5l . Feindler defined the class of sequences of rest 
bounded variation, in symbol: RBVS, and showed that it is not comparable to the classical quasi 
monotone sequences, in symbol: CQMS. In [[6]|, Fe and Zhou defined the class GBVS containing 
both RBVS and CQMS. In fTOll . Feindler introduced a new class of sequences, the class yRBVS. 

Definition 1.1. Let y := {y„} be a positive sequence. A null-sequence A:= \a n \{a n — > 0) of real 
number satisfying the inequalities 



with a positive constant K{ A) is said to be a sequence of y rest bounded variation, in symbol: 
Ae yRBVS. 

If y =A and a n > 0, then yRBVS = RBVS. It is easy to see that if Ae RBVS, then it is also 
almost monotone, in symbol: Ae AMS, that is for all n > m, we have 



In (H and QH, Feindler introduced the class of mean rest bounded variation sequences, where 
y is defined by a certain arithmetical mean of the coefficients, e.g., 



co 



(1.1) 




(Art,- := a, - a i+i ), n= 1,2, ••• 



i—n 



a n < K(A)a m . 




n 



2n-\ 
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It is easy to see that the class y* M R B VS includes the class RBVS, consequently the almost mono- 
tone and monotone sequences, too; but yMRBVS does not, in general. In lf2T| . B. Szal proved 
that RBVS # y*MRBVS. Namely, he showed that the sequence 



where p m - 2"' for m = 1, 2, 3 • ■ • , belongs to the class y*MRBVS but it does not belong to the 
class RBVS. In & B. Szal showed that yMRBVS c y*MRBVS and yMRBVS * y*MRBVS. 
Namely, he showed that the above sequence d n belongs to the class y*MRBVS but it does not 
belong to the class yMRBVS. In [|22|. B. Szal introduced the class of infinity mean rest bounded 

00 & 00 Cl • 

variation, briefly A e IMRBVS, if £ — c °° and y„ = X Moreover, he showed that yMRBVS 

^_| j—fi l 

* IMRBVS and y*MRBVS * IMRBVS. 

In [|6j], Le and Zhou first defined the class GBVS as follow: 

Definition 1.2. A positive sequence A := {a n }°f =l satisfying the inequalities 



with a positive constant K(A ) is said to be a sequence of group bounded variation, in symbol: 



Moreover, they proved that RBVS c GBVS. If Ae GBVS, then for all m < n < 2m, we have 
a„ < K(A)a m . Thus, GBVS also named general monotone sequences in lfT6l and 11241 ( in symbol: 
GMS). In 031, Leindler proved that MRBVS + GBVS. 

Many classical theorems were generalized under RBV condition or GBV condition in ||91, 
0, [HI, 0 and so on .The properties of the Besov classes have been studied by many authors 
(see If22l . IflUl . Ifl4fl . [1T81 . ffT9l f. Their major work studied three theorems in connection with 
Besov classes of functions / e Lf, under coefficient sequence satisfying restricted condition. 
In ll22l . |[23l . [ITOl . [fT4| . [fl8l and |19J studied them under IMRBV condition, y*MRBV condition, 
yMRBV condition, RBV condition, M condition, respectively. In view of the relation between 
GBVS and other RBVS, we make further efforts to generalize the three theorems under GBV. 

The rest of the paper is organized as follows. In Section 2 we give notions and notations used 
in the paper. In Section 3 we give our main results. In Section 4 we introduce some lemmas to 
prove our results. In Section 5 we prove the main results. 

2 Notions and notations 

Let L p . ,(1 < p <o o) be the space of all p-power integrable real functions of period In with 
the norms 



The best trigonometric approximation E n (f) p and the modulus of smoothness a> k (/; 5) p are 
defined as follows: 





i=n 



A e GBVS. 




E n (f) P = min(||/- T\\ p : T G T,3 , T„ = span {cos mx, sin mx : \m\ < n) 



5^0 



W. T. CHENG etal 499-513 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



and 

ojk (/; s) = sup ||a*/x*)|| 

|/i|«5 1 

A k h f(x) = A * -1 (A ,J(x)) A h f(x) = f{x + h) - fix), 

respectively. 

A function ait) is called cr-type if it is measurable on [0,1], integrable on [<5, 1] for every 
6 G (0, 1), and there exist positive constants C\ and C 2 such that 

(i) ait) > Ci for all t G [0,1], 

(ii) f Q S a(/)/ rr d/ < C 2 6 ,r a(/)dt for all 6 € (0, <5 0 ), where 0 < d 0 < \ is given. 

A positive function af) is said to satisfy the d-condition, A > 0, if there exists a positive 
constant C 3 such that 

£ ait)t x dt < C 3 S a f a(t)dt, for all 8 G (0, <5 0 ). 

We say that / G Bip, y, a) if 
« / € L[_ n nV 

(ii) 0 < y < 00 , 

(iii) ait) is cr-type, 

( iv ) fo 0J l (f'' dt < 

We use the notation L <£. R at inequalities if there exists a positive constant K such that 
L < KR; and if L <s; R and R <s; L hold simultaneously, then we shall write Lx R. 



3 Main results 



We formulate our results as follow: 

Theorem 3.1. If 1 < p < q < 00 , the function ait) satisfies A-condition with 

A = [ ) y, 0 < y < 00 , a* it) := af)^, 

\p <11 

A:= [a„}“ =| G GBVS, and f has the Fourier expansion 

OO 

(3.1) fix) ~ ^ a n cos 

n= 1 



nx , 



then the Besov classes Bip, y, a) and Bip, y, a*) coincide. Furthermore, for any 



, . cr cr cr t 

ki>—,k 2 > — ,k 3 > — , cr = cr - A, 
y y y 



we have 
(3.2) 



/' 



f 



aft)ojlif; t) q dt aCOeo^if; t) q dt « ait)oj[ff-, t) q dt. 



f 



Theorem 3.2. If f G L[_ nn y 1 < p < 00 , f has the Fourier expansion ( ]3.1 with A:= \a n ) g GBVS, 
then 



(3.3) 



SiA,p,k,n) «: to k \f\ - | <sc SiA,p,k,n), 

n K 
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where 



S(A,q,k,n ) : = 






n ~ I X a i i 



<1 :(k+l)q-2 



1/9 



+ X aji 

\i=n+l 



«;<?- 2 



1/9 



n k X + X a h 

i= 1 i=n+l 



if q = l, 

if 1 < q < OO, 
if q = oo. 



Theorem 3.3. If f e 1 < p < oo, f has the Fourier expansion p.l[ ) withA\ = {a n } e GBVS, 

a(t) = r ry_1 and k > r. Ify > 1, ffien / e 5(p, y, cl) if and only if 



a y n n ry+y p 1 < oo. 



(3.4) A := 

71=1 

//'() < y < 1, then a sufficient condition for f e B(p, y, a ) /.v 

oo 

(3.5) J 2 -.= Yj aVy - y ' P 
and a necessary condition is 

oo 

(3.6) /, := Yj 



< OO 



71=1 



afn ry+y p 1 < oo. 



71=1 



4 Auxiliary lemmas 



In order to verify our theorems we need several lemmas: most of them are the analogues of 
the lemmas used in the proofs of the theorems with monotone coefficients or other conditions. 

Lemma 4.1. ( 11731 . Corollary 1) If A n > 0 and a n > 0, then 



( n \P 



(4.1) 

(4.2) 



/ oo \P 



X a * ^p"Z A F< Z A ‘ 

n= 1 V k= 1 / n=l V k—n ) 

oo oo \p oo / n \P 

Y An Yj au -p p Y A " Pa > 1 



n = 1 



V k—n / 



n - 1 



VA:=1 / 



hold for any p > 1; while ifO < p < 1, then the inequality in < 14. 1 [ ) and ( |4. 2[ ) hold with opposite 
direction. 



Lemma 4.2. (0|, Theorem 19) If a n >0 and 0 < p\ < p 2 < oo, ffien 



(4.3) 




Vn=i y v«=i y 



Lemma 4.3. (Q, p. 293) Iff e L”^ = and a n > 0, 



oo 

f(x) = 'Y a n cos nx, x e \-n, n\, 

71=1 



then 

OO 

2 a* < 4E n (f) c . 

k=2n 
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Lemma 4.4. fi25ll If f e L\_ njT y 1 < p < 2, then 



io k \f\-\ <^n 

n K 



( n 






V ;= 1 



while if p > 2, then the reverse inequality holds. 

Lemma 4.5. ( [ITPTl . pp. 847 - 848) If f G L? ,, 1 < p < oo, 0 < y < oo, a is a cr-type function 



and k > -, then 

y 



where 



oo 

E[ff) p + E\(f) p + Yp(i)Elff) p ^ 

~T do 



a(t)(o y k (f; t) p dt. 



i=i 



pin) := I a{t)At, n > 1 and p( 0) = 1. 

J2-" 

Lemma 4.6. ( $23l , Lemma 6) If a is a cr-type function, then 
(4.4) p(n + 1) pin) 

hold for cdl n. 

Lemma 4.7. ( Il20l .Theorem 1) If f G 1 < p < oo, f has the Fourier expansion ( |3. 1 1 ), and 

P i := min{2,p}, P 2 : = max{2,p}, then 

S iA,P i,k,n) <£ a> k \f', <£ SiA,P 2 ,k,n). 

Lemma 4.8. HlTSTl . Theorem 1) If f e Bip, y, a), 1 < p < q < oo and a satisfies A-condition with 
A = (j ~ 7, then f G Biq, y, a*), where 

a* it) := a{t)t A , that is, Bip,y,a) c Biq,y,a*); 

furthermore, 



f afOojJJfi t) q dt « f ait)(o y k[ if-t) p dt 
Jo " Jo 



for any 



k\ > -, k 2 > — and cr* := cr + s, s > 0. 

y y \p q) 

Lemma 4.9. [|6j Let { a n } G GBVS, then for all n > 1, the following inequalities hold 



(4.5) 



Z \ ^ 

a *» « Zj 7- 

/= 1 i-n 



2 n 

a n + i « ^ 



Oi 

i 



(4.6) 

i=[n/2]+l 

Lemma 4.10. [[7]] 7/' 1 < p < oh< 7 / Tias f/ie Fourier expansion (|3 . 1 1) with { a n } G GBVS, then 

■p 



f 6 Lf_ if and only if 



(4.7) 

or, more precisely 

(4.8) 



Z 

72=1 



2 a£ < oo 



ii/ii; - 



72=1 
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Lemma 4.11. 0 Assume that f has the Fourier expansion (|3. 1 [) with {a n } £ GBVS. If 1 < p < oo 



and ( ]4.7| ) holds, then 
(4.9) 



/ oo 



E n (f)p « a n+ i(n + l) 1 p + ^ i 



; p ~ 2 a p 



\i=n + 1 / 



Lemma 4.12. (0, Theorem 5) If f £ L 1 ’ T/r| , 1 < p < oo, and f has the Fourier expansion ( |3. 1 [ ) 
with a n > 0, then for rj > - 






Lemma 4.13. Iff £ L:_ ,, 1 < p < oo, f has the Fourier expansion ( |3.1[ ) with {a n } £ GBVS , then 



K(f)r » 



i=2n 



Proof We want to apply Lemma 4.10 to the following function: 

2 n - 1 2/i- 1 



/o(.y) := f{x) - ^ a t cos ix + a 2n ^ cos ix. 



i= 1 /=1 

First, we show that the A 0 := {a°} of coefficients of / 0 belongs to GBVS, that is, that 

2 / 22-1 



(4.10) 



^ |Aa?| a° m ,m = 1,2,- •• . 



We consider three cases: 

(i) If m > 2/?, then a 0 = a,- for all i > m, we easily know 



2/22- 1 



2 / 22-1 



#/22 



^ |Aa?| = ^ |Aa,| <£ 

Z— /22 i—m 

(ii) If m < «, then a9 = a 2n for all 1 < / < 2///, we easily know 

2m- 1 

X M'l = 0 < a °nr 

i—m 

(iii) If 72 < m < In, then d. = a 2n for all m < i < 2n and cd = a k for all i > In, we easily know 

2m- 1 2/2-1 2m— 1 4/2-1 

^ |Ac 2°| = ^ |Ar2°| + ^ |A«9| < 0 + 'Yj l A ^l a 2n = a° m . 



2 = 2/2 



2 = 2/2 



That means A £ GBVS, we can apply Lemma 4.10 to / 0 , thus we obtain 



II/-S 2 „-i(/)II£ + < 



2 / 2-1 



2=1 



cos ix » ||/ollp » J] of* 



■P - 2 



i=2n 



504 



W. T. CHENG etal 499-513 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



Since 



2;i-l 

E 

1=1 



COS IX 



{ VT 

f.s 

<JM 



COS IX 



dx 



cos nx sin ^4 -jc 



sin 



dx 



n‘ 



I" dx + f — d x n p l , 

Jo Js 



by a theorem of M. Riesz ( IfTTTl . Theorem 3, p. 221), we obtain 

oo 

(4.11) £ a p i p ~ 2 « E p n _ff) p + a p 2n n p ~ l < E p (f) p + a p 2 n p -\ 



i=2n 



Applying Lemma 4.12 with q = 1 and (4.5 ), we obtain 



/ oo \P 



(4.12) 



4 ^ nP ~ ] 



E' 



^2 'n 
v i=i 7 



n 



p - 1 



/ oo 

Ef, 

V i-n ) 



« WV 



Lemma 4.14. If f £ L p ,, 1 < p < q < oo, and f has the Fourier expansion (|3.1[) with 



The inequalities ( |4. 1 1 [ ) and ( |4.12[ ) imply the assertion. 

■p 

J [-n,nY 

A := {a„}“ =1 e GBVS. If q < oo, then 

oo 

Si :=J]E- 2 E ( !(f) P «Et(f) q ; 



□ 



i=Sn 



while if q = oo, then 



16 n 

S 2 :=Y J i l P - 2 E i (f) p « E n (f) q . 



1=8/1 



Proof. By Lemma 4. 1 1 , we have 

oo oo 

s . « E + 1) ,(1 -' ) + E ‘''“ 2 E , '" 2 4 



/ oo \ 

-2 V 



i=8n 



/=8,i V/=i+l 7 



Using the inequalities of Lemma 4.1 and Lemma 4.13 , we obtain 



/ i+i 



i=Sn 



s . « E<i< i+ 1 ) ,_2 + E<' <i+ i),_2 * Hfr E 

r=8/2 i 

oo 

<Y j ay- 2 «E?ff) q . 



, 2-2 

Ip 



V /=] 7 



i=8n 



To estimate S 2 , we apply Lemma 4.11 again. Thus 



/ oo \ 

-2 



1 a i+ i(i + l) 1 p + J] 12 1 ^ a p l p 



i=8n 

- S 21 + S 22- 



V=i+1 7 
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First, we you 

OO OO 

*^21 ^ ^ ^ &i + 1 ^ ^ ^ E n (f^q 

i—2n i=2n 

and since A e GBVS, for all m < i < 2m, we have a t <$c a m , if l)n < i < 2 j+i n, 



w w w 

Z l A I \ 1 \ 1 a V \ 1 

|Afl/| 2^ a 2'n C /j _ ^ Zj 7 

v=2J- 1 n V v=[i/4] V + 



i=2Jn 



we obtain 



16/i 



/ OO 



\ 



v=7 



16 n 



\P\ 



«Z' H I >- 2 Z TTT 

i=8/z V l=i / i=8/i V l=i \v=[//4] / / 

16/2 OO OO \P\ P 16/2 OO OO 

fZ " 2 Z ttt «!>'' Z r2 Z 

i=8/i V l=i \v=[Z/4] / / i=8/i V l=i \v=[l/A 

OO 16/2 OO OO 16/2 OO 

C ^ fli J] ** _1 2 r 2 « 2 fl/ 2 Z 1 «; ^ a,-. 






6Z 



i=2n 7=8/2 



V l=i 7 



7=2/2 7=8/2 



7=2/2 



Collecting our estimates, by Lemma 4.3 we obtain that 5 2 c E n ( f ) iX , herewith the proof of 
lemma is complete. 



□ 



5 Proofs of the theorems 



5.1 Proof of Theorem 13.11 

By Lemma [4~8] the first inequality in ( ] 3 . 2 [ ) is proved, whence 
(5.1) B(p,y,a ) c B{q,y,a* ) 



also holds. To prove the second inequality of ( |3.2| ), we use Lemma |4~5j Assume / 6 B(q,y,a*), 
then 



OO ~1 

I q := El(f) q + E]{f) q + y^(n)ElXf) q « 



a*(t)ay k Jf; t) q dt < 00 , 



where > — and 



r*2 

t ] x{n ) := I a*(t)dt,n > 1 and //( 0) = 1. 

J2~" 

Since 1 < p < q, by Lemma [43] and Lemma |4~6j we have 

pin) « iu*(n)2 n(llp - l/ ^, p(4) « p(3) « p(2) « /i(l) « 1 and fi(n + 4) « pin). 



506 



W. T. CHENG etal 499-513 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



It is clear that 



I P : = El(f) q + E\{f) q + )E\ n {f) q 

n - 1 

4 co 

« El(f) q + E](f) q + YjH(n )E\ n (J) q + J]iu(n + 4 )E 7 n+4 (f), 

n— 1 

oo 

« El(f) q + E](f) q + Yj^EiJf), 



n= 1 



n - 1 



« El(f) q + E](f) q + £ M *(n) 2 n{Xlp - xl ^El + 4 {f\ 

n - 1 
oo 

« El(f) q + E](J) q + £ n*(n) (r^- l/ ^E 2 „Af) q y 

n= 1 

oo / 2 n+4 

« £ 0 y (/)„ + E\{f) q + ^(/i) J] j(i/p- | /<7)- 1 Ei(f) q 



72=1 



Hence, if q = oo, by Lemma 4.14 we obtain 



Ip « E%(f) q + £[(/), + YjE\n)El{f\ 



72=1 



and immediately I p <sc I q . If 1 < q < oo, then applying Holder’s inequality and Lemma 4.14 
have 



we 



£ 

i= 2 ' l+i 



;(l/p-l/ 9 )-l 



W) q = 


X i llp ~ 2 lq EXf) q i 


2 


=2" +3 




2 n+ 4 > 


< 


X i qlp ~ 2 E q (f) q 




4 = 2" +3 > 

7 2 rt+ 4 


<$c 


X i qlp ~ 2 E q (f) q 



1/9-1 

1/9 



< ^1 1/9 

1/9-A9/19- 1 ) 



z r-r 



Vi'=2" +3 



1/9 



V(= 2"+ 3 



From this and Lemma [43| we can obtain 



I p «E y 0 (f) q + E\{f) q + 



f 2«+4 



,7/9 



£ i qlp ~ 2 E q (f) q 



\i= 2"+ 3 



« £*(/)* + £[(/), + ]T/J.*(n)ElXf) q 



72=1 



then by Lemma |4.14[ I p <sc l q is visible. 
Finally, by Lemma |4~5j we obtain that 



/ 



a(t)(v 7 ki (f; t) p dt <sc I p <sc / 9 <sc a*(t)u/ k3 (f-, t) p dt < 00 



/ 



follows with £1 > -. 

r 

This proves the second inequality of ( |3.2[ ), consequently 
(5.2) £(<?, y, cr*) c 5 ( 72 , y, a). 

Thus, ( |5.1[ ) and ( ]5.2[ ) completes the proof of Theorem |3 . 1 1 with \a n \ e GBVS. 
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5.2 Proof of Theorem 13.21 



First, we prove S (A, p, k, n) a> k ( /; - ] . We separate two cases: 



(i) If 1 < p < 2, by Lemma 4.7 

(ii) If p > 2, then by Lemma T". 

( oo 



we easily know S (A, p, k, n) <sc a> k ( /; - ) holds. 



3 Jackson’s theorem and the properties of a > k .(/; 6) p , we obtain 



(5.3) 

where 



X 

\i=n + 1 



i Ip 



E n ,(f) P c w*|/; - 

77 



777, if 77 = 2/77, 

777, if 77 = 2777 - 1. 



By (4.6) and Lemma 4.13 we easily obtain 



a p i p ~ x « 



2(7-1) \P 

X ^1 i p ~ l « 



y=[(7-i)/2]+i 
2 7 



« X «■ X / 

7=[i/4]+l \7=[i/4]+l 



27 



27 

X 

J=[i/4]+l 
P-1 



fV ;p-l 



21 



7=[7/4]+l 



i p 1 <K I X ( 1 < X j l/P(l 



27 



)=[7/4]+l 



1 / 0 - 1 ) 



2 X a p X Jf M Eg /8] (/)p. 



7=[(/4]+l 



7=[i/4]+l 



Putting this into the following sum and applying Lemma 4.4 we find the following estimates: 



(5.4) 



1=1 



1 Ip 



n~ k X <^ +l)p ' 2 « n-* X ^(/V 



•Lp-l 



7=1 



1/P 



««-Mx^- , £f(AJ «** /; 



1=1 



i/p 



The inequalities (5.3 ) and (5.4) verify S (A,p, k, n) a> k /; - for 2 < p < 00 , thus it is proved 

\ n ) P 

for any 1 < p < 00 . 

Next, we prove that a> k if; - j S (A, p, k, n ) . We consider two cases: 



(i) If 2 < p < 00 , by Lemma 



4.7 



we easily know (o k \f;-\ S (A, p, k, n) holds. 



(ii) If 1 < p < 2, then we use Lemma |4.4| and Lemma |4~2[ thus an elementary calculation, we 
obtain that 
(5.5) 



1 



CO k [f;-\ « 77 MX^'^C/') 



7=1 



1/P 



« 77-* I X i kp ~'a p +] (i + l) p -' + x i kp ~' X /“V 



7=1 



7=1 7=7+1 



1/P 



« 77-Mx i (k+ 1 )p ~ 2 a p +1 + X X /“V + X i kp ~ x X /“V 



7=1 



7=1 7=1+1 



/=! y=/z+l 



i/p 



1 n n j w 

« n~ k X i (k+l)p ~ 2 a p + X j p ~ 2 a P j X i kp ~ X + (« + l) a+1)/, ~M+i + n kp X ./' 






7=1 



7=2 



1=1 



III 

« /T* X i (k+1)p ~ 2 a p + n kp X /“M 



7=1 



« 7?- fc X l' 



1=1 



;(fc+l)p-2 fl P 



1/P 



7=«+l 



1/P 



7=«+l 



1/P 



+ 1 X / Ml =S(A,p,k,n). 



7=«+l 
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This proves o k I /; - I «: S (A, p, k, n) for 1 < p < 2, and consequently for any 1 < p < oo. 



Herewith the proof of Theorem|3.2|is complete. 



5.3 Proof of Theorem 13.31 

By the following inequality 

J r»l °° / 1 

0 tTi \ n 

and Theorem |3.2j we can obtain 






(5.7) 



n= 1 
oo 

« X n' y ~ ] 

n=i 



.-k 



i= 1 



1/P 



c Z n 



(r-k)y - 1 



n = 1 



Z* -1 

i= 1 



(k+l)p-2 a P 



rip 



Zfk + i)p-2 a P\ + j 2 jP~ 2 a p 



,j=n + 1 
,'T-l 



J 



n= 1 



i/p\7 



+ Z « ry “' I Z 



/=«+! 



r/p 



Case (i): y > 1 

Sufficiency. We distinguish two cases listed under (A) and (B): 
Case (A): yip > 1, by Lemma |4~Tj we can obtain 



7 , (r-fr)y- 



(5.8) 



J « Z n y+y ~p ~' — ^(Zi 



72=1 



oo 



iT I V z '(r-*)r- 1 

; n 



rip 






72=1 



1=1 



rip 



«; Z « 



,~y + r-r/p-i a y ' 



72=1 



From the above estimate we get that J J\. under y/p > 1. 



Case (B): y/p < 1, by (J5T6]), we can yields that 
(5.9) 



oo / . 

«=0 ' 



then using again Theorem |3.2[ we obtain that 
(5.10) 



oo / 2 n Vy/P oo / c 

J « 2 2 w(r -^ 2 + 2 2 wry Z 

72=0 \I=1 / 72=0 y=2 n + l 



^- 2 af 



rip 



j 11 + 7i2- 



7n 



Applying Lemma |4~Tj Lemma [4~2| Lemma |4. 9 1 and Holder’s inequality, we can obtain that 
(5.11) 

oo / 2" \y/P oo / n 2 2+1 / 2/ \P\T/P 

_ ^ 2 n(r - k >r ^ i (k+X)p ~ 2 a p Z 2 n(r ~ k)y Z Z z^ +1)p_2 Z — 

«=o \/7i ‘ ' f 

OO / 72 / 2 7+ 

« Z 2 n{r ~ k)y Z 2^' ((i+1) P- 1) | Z 

»=o u=o \ f=[2i- 2 ]+i / ; 

„ 2 J+1 



f=[i/4]+l 



n=0 \;'=0 i=2' 

‘ kP \ ylP OO „ / 2A1 

« Z 2' 1(r ~ k)y Z 2 j(ik+l)y - ylp) \h Z flf 

n=0 ;'=() \ /=[2A2]+1 

27+ i ™ 



Z 2 n( ' r ~ k)y Z 2 7 ’ (( * +1)y_r ^ _1) Z a y Z 2 ; ' ( ^ +1)r_y ^ _1) Z a y Z 2 n( ' r ~ k)y 

n= 0 7=0 f=[2>-2]+l 7=0 7=[27- 2 ]+l «=7 

OO 2 J+1 OO 2 J+1 OO 

« Z V {ir+l)y - ylp - X) Z « y « Z Z t (r+1)r_r/p_I a y « Z n’ y+y - y/p - l al 



7=0 



7= [27-2] +1 



7=0 7= [27- 2 ] +1 



elob 



72=1 
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and 



J 12 = 2 2 nry I Z i p - 2 a-\ « Z 2 nry l Z i p ~ 2 a p i+x 



n = 0 \i=2 n +l 

OO / OO 2 7+1 



y/p 



(5.12) 



n=0 \j=n i=2J \f=[i/2]+l 

+1 \T 



n=0 \i=2" 

P\7/P 



y/p 



« z 2' ?ry ( Z Z i p_2 ( Z 7 ] I « z 2 " ry Z 2 ;P_1 1 Z 7 



n = 0 



V7=« 



2 j + l vP\T/P 



OO OO 



« Z 2 nry z 2- /T 

72=0 j—n 



-yip 



22+ 1 



r=[ 22 -i]+l 



z +) « Z 2 ;T-r/p ( z Z 2"' r 



7=0 



2 7+1 \ r 7 



r=[2.M]+l / ) 



/=[27-i]+l / n = 0 






OO . . 22 + ^ OO 

Z 2 j,y+r ~ ylp Z G « Z n ry+y ~ y/p ~ 1 ^ 7 



Cly, . 



7=0 



?=[27-!]+l n=l 



The inequalities ( |5.11[ ) and ( |5. 1 2| ) verify J J\ for y/p < 1 , and consequently we complete the 
proof of sufficiency under y > 1 . 

Necessity. Now, we prove that 7 » 7 l5 we start again with ( |5.9[ ) and use Theorem |3.2[ thus we 
get that 



(5.13) 



y/p oo 

7 » Z 2 n(r ~ k ' >y I Z i (k+l)p ~ 2 a p I + Z 2 '"+ 1 Z i p “V 



n = 0 

= 721 + Jl2 



/ 2 " 

z 

1=1 



V 



n=0 \r=2" + l 



y/p 



Similarly, we distinguish two cases listed under (C) and (D): 

Case (C): If y/p > 1, since Ae GBVS, we know that a„ < a m when m < n < 2m. From this 
the property, we can deduce that 

27+1 

z-' 



2 ^ 7 , » > : a. 



i=V+\ 



Combining Lemma [4~T| Lemma |4~2[ Lemma [479] and Holder’s inequality, we can obtain that 

OO / 2" \ y ! p OO ( n- 1 2 J+1 



7 2l » ^ 2 n(r ~ k)y 



(k+l)p-2 a P 



n = 0 



7 



z ^nir—fyy zz j(k+l)p-2 a P 



^>Yj 2 ' i{r ~ k)y Z J] 



n = 0 



V 2=1 

f n-l 2i +1 

r ,v 1 ~a 

( 7=0 (=[27~l ]+l 
n-l ( , 27+ 



/7=0 

\y/p 



\j = o (=27 



■Qc+\)p-2D 



OO 77-1 ^ 22+ 1 

-g> ^ 2 n< r- k l y ^ 27+ A+ l)p-l)_ ^ a l 



27+1 \r/p 

p 



7 



72=0 

\y/p 



(7=0 



i=[ 2 J_1 ]+l 7 



oo n-l .. 2 J+1 oo n-l - 2 J+1 

»^2" ( '-^^2^ +1)f -^ ) 57 Z < »Z 2 ^)r^2^i^ ) - J] 

n=0 7=0 ( (=[27-l]+l J n=0 j = 0 (=r27-'l 



7=0 

71-1 



^ ^ 2 7+1 

2 -/' # 

V (=[27-i]+i ; 



^ 2 n(r ~ k ' >y ^ 2 N k+l '> r - y l p ) a Y . » ^ 2 N k+l > r ~ y l p) a y . ^ 2 n{r ~ k)y » ^ 2^ ry+r ~ y ^ p ~ l) 2 ^a y 



27+1 



72=0 






2 j(ry 



7=0 



+r-y/p- 1) 



7=0 



n=7 



7=0 



27+1 



27+' 



Z a ’»Z Z i (ry+r ~ ylp ~ 1) a] » Z 0 «■ 



ry+y-ylp- l„y 

72* 



7=0 2=22 +1 



72=1 



Similarly, we can get that 
(5.14) 



J 22 » Z n’ y+y ~ y/p ~ 1 aj l . 

72=1 



From the above two estimates we get that 7 » ii under y/p > 1. 
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Case (D): If y/p < 1, using ( |5.6| ), Theorem |3.2| and Lemma |4~Tj we can obtain that 



J » X >1 ( ‘ 

22 = 1 



/ 22 ' 


(y/p oo 


/ OO \ 


x z a+1)p - 2 af 


+ X «' 7_l 




v=i ' ) 


' 22=1 


\7=«+i / 



y/p 



n= 1 



( 5 T5) » ^ I X i (r ~ k)y ~ l ] + X ( X i' 7-1 



yip 



n= 1 



i=l 



y/p 



» X n ry+y ~ ylp ~ x a y n = 7i. 

22=1 



The inequality ( |5.15[ ) verify J » for y/p < 1, and consequently we complete the proof of 
necessity under y > 1. 

Case (ii): 0 < y < 1, in this case, we easily know that y/p < 1. 

Necessity. Necessity can be proved by ( |5.15| ). 

Sufficiency. Applying ( |5.10[ ), Lemma |4~Tj Lemma [43] and Lemma [4~9| we can obtain that 



co / 2" yr/p 

/ « Yj 2 ' t(r ~ k)y Y i (k+v>p ~ 2 a p 



n = 0 



V (=1 

/ n 2 i+ 



( OO 



\y/p 



22=0 



« Y rir ~ k)y XX j(k+\)p-2 a P 



+ J] 2nrr Y iP ~ 2a i 

n= 0 V/=2"+l 

V lp CO ( CO ) r/P 

+ Zi 2 " ry YY iP ~ 2nP 



\j = 0 i=2i 
( n 2 J+I 



n = 0 



\7=w i=2J 



n = 0 



/ 2/ 



XX j(k+l)p-2 

\j = 0 i=2J 



X 



< 2 / 

7 



y/p 



( oo 2 J+1 



v/=[«/4]+i 7 

OO f n 2 2+1 2 2 J+2 \P^T/P 

«Y 2n(r ~ k)y YY ikp ~ 2 Z a/ 

1 7=0 i=2J \l=[2j~ 2 ]+l , 



( 2 i \P\ 



XX- 2 X 



Cll 

7 



n=0 



11=0 \j=n i=2i V=[i/4]+l 7 > 

co too 2 J+1 / 2^2 

+X 2 "" XX r2 X «' 

n= 0 V7=« <=2' V=[2Y-2]+l 7 



y/p 



co 2 n 2 2' +2 OO too 2 2 J+2 

X c "\ + X 2 "" X r 1 X 

< 7 — 0 \/=[27 2 ]+l / / ft— 0 V 7— ft \/=[2-/ 2 ]+l > 



22=0 



<$c x 2 n(r-k)y ^jtjey-y I p) 

7=0 



22=0 



( 2 j+1 \ r oo oo 2 2 j+2 C 

X a ‘ + X 2 "' r X 2 " jr " X 

,/=[21- 2 ]+l 7 «=0 j=n V/=[ 2 J- 2 ] + i , 

CO 22 2 7+2 oo OO 2 7+2 

<$c x 2 n(r-k)y ^Kty-ylp) z < + z 2 ftcy X 2 -*" x 

ft=0 7=0 Z=[27” 2 ]+l ft= 0 j=n /=[27 _2 ]+l 

oo 2 j+2 

oo oo 2 2+2 j 

«; X 2 My-y/p) X <x 2 n(r-k)y + 2~A/P X a 'X 2 nry 

7=0 Z=[2t -2 ]+l n=7 7=0 /=[ 2 A 2]+1 n=0 

co 2 J+2 oo 2" +2 

« ^ 2 j(ry ~ ylp) Y 7 « Z Z 7 7 “ r/w a: 

7=0 /=[2A 2 ]+1 

OO 

« J] /L y - y//, a/ « / 2 . 



H=0 ! = [2"- 2 ] + l 



H — 1 



This ends our proof of Theorem |3.3[ 
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Abstract 

In this paper, we discuss the existence of solutions for a new boundary value problem of non- 
linear q- fractional integral equations involving fractional orders 0</3<l,l<7<2 and nonlocal 
g-integral boundary conditions. Our results rely on classical tools of fixed point theory. We demon- 
strate the application of our work with the aid of an example. 

Key words and phrases: Sequential; fractional integro-differential equations; boundary conditions; 
existence; fixed point. 

MSC 2010. 34A08, 34B10, 34B15. 

1 Introduction 

Fractional calculus has developed into a useful mathematical tool for modelling of several real world 
phenomena occurring in applied and technical sciences ([l]-[3]). As a matter of fact, fractional-order 
models are replacing their integer-order counterparts due to the ability of fractional-order operators 
to describe the hereditary properties of processes and phenomena involved in the models under con- 
sideration. For examples and details, we refer to a series of papers [4]- [10] ) and the references cited 
therein. 

Motivated by the popularity of fractional differential equations, ^-difference equations of fractional- 
order are also attracting a considerable attention. Fractional ^-difference equations may be regarded as 
fractional analogue of g-difference equations. For earlier work on the topic, we refer to ( [11]- [12] ) , while 
some recent development of fractional g-difference equations, for instance, can be found in ([13]- [21]). 
The basic concepts of q- fractional calculus can be found in a recent text [22] . 

In this paper, we consider a nonlocal fractional g-difference integral boundary value problem of 
sequential orders given by 

° D q{ CD q + X)x{t) = pf(t,x(t)) + kl*-g(t,x(t)), 0 < t < 1, 0 < q < 1, (1) 

(ti — qs')^ oc — 

x(0) = alq~ 1 x(rj) = a — — x(s)d q s, 

Jo r 9 (a-l) 

x(l) = blq~ 1 x(a) = b [ ^ , qS ^ . x(s)d q s, a > 2, 0 < r ?, a < 1, 

Jo r 9 (a-l) 

D q x(l) = 0, 

where C D^ and c D 1 q denote the fractional g-derivative of the Caputo type, 0 < (3 < 1, 1 < 7 < 
2,/| 0 (.) = 7|(.) denotes Riemann-Liouville integral with 0 < £ < 1, /, g are given continuous functions, 
and A, p, k are real constants. 
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The paper is organized as follows. Section 2 contains some necessary background material on the 
topic, while the main results are presented in Section 3. We make use of Banach’s contraction principle, 
Krasnoselskii’s fixed point theorem and Leray-Schauder nonlinear alternative to establish the existence 
results for the problem at hand. Although these tools are standard, yet their exposition in the framework 
of the present problem is new. 



2 Preliminaries on fractional ^-calculus 

This section is devoted to the notations of and basic concepts of g-fractional calculus [23]- [24]. 

A g-real number for a real parameter q £ R + \ {1}, denoted by [u] q , is defined by 

1 - n u 

Mg = 1 _ , U £ R. 

The g-analogue of the Pochhammer symbol (g-shifted factorial) is defined as 

k - 1 



(u;q ) o = 1, ( u;q) k = J|(l -uq l ), k G NU{oo}. 



i = o 



The g-analogue of the exponent ( u — v) k is 



fc-i 



(u — v)^ = 1, (u — v)^ = — vq J ), k £ N, u,v £ R. 

i= o 



The g-gamma function T g (u) is defined as 



r g(M) = 



(1 — g)(“ -1 ) 



(1 - Q )“" 1 ’ 

where u £ R \ {0, —1, —2, . . .}. Observe that T 9 (u + 1) = [w] g T g (u). 

Definition 2.1 ([23]) Let f be a function defined on [0,1]. The fractional q-integral of the Riemann- 
Liouville type of order f3 > 0 is ( Iqf)(t ) = f(t) and 






^ qs ^ -f(s)d q s = ^(i - q) l3 '52q k ^J$ n f{tq k ), /3>o, te[o,i]. 



Tg(/3) 



k—0 



( q ; q)r 



Observe that (3 = 1 in the Definition 2.1 yields g-integral 



fit °o 

/ f{s)d q s = t(l - q)^q k f{tq k ). 
”'° k = 0 



For more details on g-integral and fractional g-integral, see Section 1.3 and Section 4.2 respectively in 

[ 22 ]. 

Remark 2.2 The q-fractional integration possesses the semigroup property (Proposition f.3 [22]): 

qi$m = i$-*f(ty, 7 ,/3gR + . 

Further, it has been shown in Lemma 6 of [24] that 

^M) (<7) = U<x<a,(3£R + ,a£ (-l,oo). 

q Tq(/3 + a + 1) 
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Before giving the definition of fractional g-derivative, we recall the concept of g-derivative. 

We know that the g-derivative of a function /(f) is defined as 

t ± 0, (£>,/)( 0) = lim (D q f){t). 

Furthermore, 

D° q f = f, D n q f = D q {D n q ~ x f\ n= 1,2,3,.... (3) 

Definition 2.3 ([22]) The Caputo fractional q-derivative of order (3 > 0 is defined by 

c D$m = iw-PDWm, 

where \(J\ is the smallest integer greater than or equal to ft. 

Next we recall some properties involving Riemann-Liouville g-fractional integral and Caputo frac- 
tional g-derivative (Theorem 5.2 [22]): 



rS c Nj(t) = f(t)~ Y. 



t k 



k —0 



r q(k + 1 ) 



(D k q f)(0+), Vf E (0, a], /3 > 0; 



( 4 ) 



c D%I$f(t) = f(t), V f € (0,a], /3 > 0. (5) 

In order to define the solution for the problem (l)-(2), we need the following lemma. 

Lemma 2.4 For a given h £ C([0, 1], R), the unique solution of the linear boundary value problem: 



+ A )x(t) = h(t), 0 < t < 1, 0 < q < 1, 

fV On — 

x(0) = al x(rj) = a —— — — x{s)d q s, 

Jo 



x{l) = bl q 1 x(a) = b 



r (u-gs) (Q - 2 ) 

'o r,(a-l) 

D q x{ 1) = 0 



x(s)d q s , a > 2, 0 < ? 7 ,cr < 1, 



is given by 



it) = 



r* (f-gu)^- 1 ) 
/o r <?(7) 



-\-ct,A(t') 
- bB(t ) 



+B(t) 
- C(t ) 



^ I q h(u ) — Ax(uZjd q ii 

r (v -qs) {a ~ 2) ( r (s-qu)^( T0u , ^ , Aj )j 

r,( tt -i) 1 / r,( 7 ) (W - 

f 1 ' 7 (ct — qsi a ~ 2 ^ ( [ 3 (s — gu)^ 7_1 ) 

o r,(a — 1) 



r,(7) 



f 1 (l-gu)^” 1 ) 

i r ?(7) 
rl (l-gu)( 7 - 2 ) 
j r 9 (7 - 1) 



^ I q h(u ) — Ax(u)^Jd q u 
(^I^h(u) — A x(u)^jd q ujd, 



where 



( 6 ) 



( 7 ) 



■ ^ I q h(u ) — Ax(u)^ (8) 



^0) = ^ (/i5[7-2]q-M6[7-l]q)^ 7 - (M 4 [7-2]q-M6[7]g)i 7 1 + (fM [7 - l]g ~ M5 Mg) * 7 2 , (9) 
B(t) = ^ ^M 2 [7 2] g /X 3 [7 l]q-)f 7 — (fil [7 2] q M 3 [7] <3) t 1 ^ 1 + (mi [7 — l]q — [7] <?) t (7 ^ 2 ' ) , ( 10 ) 
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C ( t ) = ^ (m3M5~M2M6 



)^ 7 - (m 3M4 - Mi Me)^ 7 1 + (m 2M4 - Ml Ms)i 7 2 





/a?/ 7+ “ 1) T q ('y + 


1)\ 




/a?/ 7+a 2) r,( 7 )\ 




Mi = 


V r g ( 7 + a) 


-J’ 


M2 = 


V r g (7 + a - 1) / 


5 




/a?/ 7+Q_3 ^r 9 (7 — 


11 ) 




6o .( 7 +a- 1 )r 9 (7 + 


1) 


M3 = 


V r 9 ( 7 + a- 2 ) 


)' 


M 4 = 


V r g (7 + a) 






6CT ( 7 +a-2)r 9 ( 7 ) 


- 1^ 




. 6o .( 7 +a-3)r 9 (7_ 


1) 


M 5 = 


V r ,(7 + a - 1 ) 


V’ 


M6 = 


V r ,(7 + a- 2 ) 





- 1 

A = (miM 5 - M2M4)[7 - 2] g + (m 3 M4 - MiMe)[7 - l]g + (M 2 M 6 - M3Ms)[7]g 7 ^ 0. 
Proof. Using (4), the solution x(f) of (6) can be written as 



:(t) = 



( t — qu )^ 7 ^ 



(^I^h(u) — Ax(u)^jd, 



D 



Jo r ?( 7 ) 

^-differentiating both sides of (12), we obtain 

(t - qu)^-V 






D q x (t) = 



'o r,( 7 -i) 



(lqh(u) — A x(u)^jdq 



r~i 47—1 

c 0 - [7 - l] 9 t 7_2 ci - [7 - 2] g t 7 ~ 3 c 2 , f E [0, 1]. 



r,(7 + i) 



Using the boundary conditions (7) in (12), we have 

1 / ffl^+ a - 1 )r g (7 +l) \ / aT?^+ a - 2 )r q (7) N . a7? (7+a-3)r g ( 7 -l) 

' r o (7 + a) / + V r 9 ( 7 + a - 1) z 1 + V T 9 (7 + a-2) 

(s — gu)+ _1 ) 



r,(7 + i) 



= a 



g(7 + a) 

rV (77 — 9 s)(“-+ 



C2 



r,(a-l) 



r,(7) 



■ M(w) — Ax(u)J dqvJj dqS, 



= b 



1 7 & a ( 7 +«- 1 )r 9 (7 + l) X / 6 q( 7 +«- 2 )r g ( 7 ) x 

r+l)\ r ? (7 + a) / ° \ r,(7 + a- l) / 

, 7 ^ (7 + a -3)r g (7-i) a. 

V r 9 (7 + a - 2) / 2 

(“’ " < r {s - (/*/>(«) - Az(»))<i,,„)<t, S 



' 0 r,(a-i) Wo r,(7) 

_ f 1 (1 ~ g ^) 7 " 1 
io r ?( 7 ) 



(lqh(u) — A x(u)^Jd q u, 



( 11 ) 



(12) 



(13) 



1 

r,(7 + i) 



\l\qC 0 + [7 - l]«Ci + [7 - 2 ],C 2 = 



+ (1 - qu^-V 

1 r,(7-i) 



(^ljjh(u) — Xx(uljd q u. 



Solving the above system of equations for cq,ci,c 2 , we get 



co = 



r g (7 + i) 

A 



(m5[7-2] 9 -M6[7- l]g)a 



f v (77 — qs) ( a + ( f s (s — gw) + ^ 



r,(a-l) 



r,(7) 



X — A X^)^ dqvJj dqS 

— (m 2 [7 2]qr - 713(7 - 1 ]q^b 

X (j qh(u) — A x(u)^jd q llJjdqS 



- r/AO- 2 ) 



(cr - gs) 



r,(a-l) 



(s — gw )^ 7 11 



517 



Bashir Ahmad et al 514-529 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



EXISTENCE AND UNIQUENESS RESULTS FOR A q-FRACTIONAL INTEGRAL BVP 



+ (^2 [7 — 2] g — £*3 [7 _ 1] 



1 (1 - qu)^~ 1 '> 



0 r ?(7) 

r 1 (1 - gw) (7 ~ 2) 

0 x qV 



(lqh(u) — Xx(u)jdq 



- (m 3M5 - M2Me) j ^ ( 7 g ■ K u ) - A x(u)jd q u 



Cl 



i 

X 



(77 — qs)( a 2 ) / f s (s — qu )( 7 ^ 



o r,(a-i) \J 0 r,(7) 



(m4 [7 - 2], - Me [ 7 ] 

x^I^h(u) — A x(u)^jd q vJjd q s 

( \ f a (a — qs)( a ~ 2 ^ ( f s (s — qu) ( ' 1 ~ 1 ' > 

x ^ Igh(u ) — A x(u)^jd q ujd q 



/o x gv 

7 s 



+ (mi[7 - 2], - M3 [7] 

-( 



1 (I-mw)^" 1 ) 



M3M4 - MiMe 



0 r g(7) 

1 (1 — qu)^~ 2 ^ 



(l q h(u) — A x(u)jd q 



r,(7-i) 



(^I^h{u) — A x(u)^jd q u 



C2 = 



A 



(77 — gs)^ a 2 ) / f 3 (s — qu)(' 1 $ 



o r,(a-i) vy 0 r,( 7 ) 



(mt[ 7 1]<? Ms [ 7 ] 

x(^I^h(u) — \x(u)^Jd q iijd q s 

( ^ [ a (a - qs)( a -y ( [ s (s - qu^-V 

-( W |7-1| ,-mb],yj a r,(a-D (/„ r,(7) 

x ^ Igh(u ) — A x{u)^d q u}jd q 



/o gl 

7S 



+ (mi[ 7 - !]g - M2 [7] 

-(m2M4 - MiM5 



1 (I-mw)^" 1 ) 



0 r g(7) 

1 (1 — qu)^~ 2 ^ 



(l q h(u) — Aa;(t()^e? g 



| 'l^h(u ) — A x(u)^jd q u 



lo r,( 7 -i) 

Substituting the values of cq,Ci and C2 in (12) yields the solution (8). This completes the proof. 



□ 



3 Main results 

Let C = C([0, 1], R) denote the Banach space of all continuous functions from [0, 1] into K endowed with 
the usual norm defined by ||x|| = sup{|a;(t)|, t G [0, 1]}. 



In the sequel, we need the following assumptions: 



(Ai) /, g : [0,1] xR -t 1 are continuous functions such that \f(t, x) — f(t,y)\ < Li|a: — y\ and 
i g(t,x) — g(t, y)\ < L 2 \x-y\, Vi G [0,1], L u L 2 > 0, x,y G K; 

(A 2 ) there exist 5\, 6 2 G C([0, 1],M + ) with |/(t, a;)| < c>i(i), \g(t, x)\ < S 2 (t), V(t, x) G [0, 1] x R, where 
su Pte[o,i] I <*»(*) I = ll^ill, i = M- 

For the sake of computational convenience, let us set the following notations: 



w 1 



(1 + fli) 

r 9 (/? + 7 + 1 ) 



1 

T q (0 + 7 + a) 



(|a|T4i77 (/3+7+Q - 1) + |6|Bia( /3+7+a " 1 )) 



C x 

r,(/? + 7)’ 



(14) 
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U>2 = 



(1 + B\) 



1 



r 9 (/? + £ + 7 + l) r g (/3 + £ + 7 + a) 

Ci 



^|a|Ai77 (/3+?+7+Q_1) + \b\B 1 a w+i+J+a ~ 1) ^j 



r g (/3 + C + 7) 

w 3 = 

O = L 



1 



(1 + fli) | 

r «(7+l) r 9 (7 + a) 

1 



Cl 



(m w 7+ “- 1} + w 



(15) 

(16) 



B 1 



Ci 



r 9 (/? + 7 + i) r 9 (/3 + 7) 

1 



+|fc|( 



r g (/J + £ + 7 + a) 
Si 



(\a\A 1 r) il3+i+ ' y+a - 1) + |6 |Skt (/ 3+4+7+q ^ 1) ^ 



(17) 



Ci 



+|A| 



r g (/3 + / + 7 + 1) r 9 (/? + ^ + 7) 

1 



|^ ir? (7+«-!) + |6| J B l0 -C+ Q - 1 ) ) + 



Si 



Cl 



Lr g ( 7 + a) v 1 — y r ,( 7 + i) r,( 7 )J’ 

where Ai = max te [ 0)1 ] |-4(t)|, Bi = max (e | 0il ] \B(t)\, C\ = max te[0)1 ] |C(t)|, L = max{L 1 ,L 2 } and 
A(t),B(t),C(t ) are respectively given by (9), (10) and ( 11 ). 



In view of Lemma 2.4, we define an operator iF : C — > C as 

(u — qm )(^ -1 ) 



(^)W 

f f '(t-qu ) (j 1] ( ! ^ ^ 

= l r,( 7 ) ,W„ ryffl 

r (w-gm)^ M \ 

+/c / ^ ^ ^ g{m,x{m))a q m — \x[u) \a q u 



1 0 r g (/3 + £) 



(77 — qs)( a 2 ) / f 3 (s—qu)( 7 ^ 



+aA(t) L V 'r,(oli) iy„ V rlh) ("X r,OT Am liC (m))«i,m 



(u — qm)(P U 



+fc 



{u — qm)^ + ^ 1) 



0 r ? (/3 + £) 

-Mw 



g(m, x(m))d q m — Xx(u)^j cl q u^j d q s 

1 (u — qm )(l^ 1 ) 



+fc 



. r,(a-l) 

(u — qm)(P +£ ’ V 



r,(7) 



r,(/J) 



/(m, x(m))d q m 



(18) 



g{m., x(m))d q m — Acc(u)^ d g itj d 9 s 

■(* 



/o r 9 (/? + £) 

y 1 (1 — qu)C _1 ) / r u ( u — q 17 i)(0- 1 ) 

+ B (t ) / TT771 (F / TTTi51 /(to, x(m))d q m 



+k 



Jo r «( 7 ) _ v/ 0 r,(/j) 

(“ “ 9m)(/?+? 1 - 5 (TO,,s(?n))d g TO - Acc(w))d g u 



/o r g (/? + £) 

f 1 (! - qu) h ~ 2) ( r (u- qm ) (/3_1) 

“ C(,) /„ r ,(7 - 1 ) W„ r,rn 

[ u (u - qm)^ +£ - ^ . \ 

+k J r + ^ 5( m > x(m))d q m - Xx{u) J d q u. 

Observe that problem (l)-(2) has solutions only if the operator equation x = Tx has fixed points. 



Our first existence result is based on Krasnoselskii’s fixed point theorem. 



Lemma 3.1 (Krasnoselskii) [25]. Let Y be a closed, convex, bounded and nonempty subset of a Banach 
space X. Let Qi,Q 2 be the operators such that (a) QiX + Q 2 y £ Y whenever x,y £ Y ; (b) Q± is compact 
and continuous and (c) Q 2 is a contraction mapping. Then there exists z £Y such that z = Q\z + Q 2 z. 
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Theorem 3.2 Let /, g : [0, 1] x R. — > R. be continuous functions satisfying the assumption (Ai) — (A 2 ). 
Furthermore Lt < 1, where Ll is given by (17) Then the problem (l)-(2) has at least one solution on 
[ 0 , 1 ]- 

Proof. Let us fix 

MINki + \k\\\s 2 \\uj2 

^ - 1 — |A|w 3 

where u>i, u> 2 , w 3 are respectively given by (14), (15), (16), and consider B e = {x € C : ||a:|| < e}. We 
define operators S± and S 2 on B e as 



(Six)(t) 

f* ( t - qu )^- 1} f f K (u- qm^-V 



f(m, x(m))d q m 



kj — r ^W+C) 9 (m,x(m))d q m- \x(u)jd q u, te[0, 1], 



(S 2 x)(t) 



- aA(t) r (v-vr-* ( r (s-yur-^ ( r (u-w 

- aA{t) J 0 T q (a-l) U r,( 7 ) \ P ] 0 Y q 

, f u (u - <jm) (/3_K_1) , . .. , \ 

+ k , , g(m, x(m))d q m — \x(u) I d q u I d q s 

Jo 9 VP ' S j ' ' 



(a ~ 2) ( [ s (s- gw)' 7 - 1 ’ ( f u {u- qm)W-V tl , „ J 

— n ( / LwTa [P Twm /(m, x(m))d q m 



- 6B(t) 



r (o-qsY a ~ 2 
0 Tg) 0 ” 1 ) 



(c-2) /-s 



(« - gw) 



( 7 - 1 ) / /•“ 



(u — qm)(P ^ 



f(m, x(m))d q m 



, f u (u — qm)^ +i ^ , . .. , \ 

+ k J r ^ + ^ g(m,x(m))d q m — \x(u)jd q ujd q s 

r (1 - g«) (7_i v r (u-qmfe-v f , , 

+ r,M ( p / 0 r, W 

, [ u (u-qm)W +i - 1) , , ,, J . , , \ , 

+ k J r + ^ g{m,x(m))d q m- \x{u)jd q u 

™ f 1 (l-qu)^-V( riu-qmfP-V,, 

- c{t) l r ,(7 - 1) (»x — — . '(■»(«* 

+ kf | , g{m,x{m))dqm- Xx{u)}d q u, t € [0, 1]. 



For x, y £ B e , we find that 

||Si£ + S 2 j/|| < |p|||5i||wi + |fc|p 2 ||a;2 + | A | £c^ 3 < £• 

Thus, Si a: + S 2 p € B e . Continuity of / and g imply that the operator Si is continuous. Also, Si is uniformly 
bounded on B e as 

II c r || < IPPill , MM , |A|e 

" " - r q (/3 + 7+1) L q (P + e + 7 + 1) r,(7 + 1) • 

Now we prove the compactness of the operator Si. In view of (Ai), we define 

sup \f(t,x)\ =/, sup \g(t,x)\=g. 

(t,i)6|0,l]xB, (t,x)G[0,l] X B e 

Consequently we have 



|(Sia;)(t 2 ) - (Sia:)(fi)|| 



+ \ k \g J o ^ pJ (/3 + g) d q m + \\\e d q u 
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+ 



f ‘ 2 (t2-qu)^ r 7 f u (u-qm)W-V 

k r„( 7 ) l m J 0 v q {(3) y 0 r 9 (/3 + o 



d q m + \k\g [ u J 3 ™) d 9 m + |A|e| d q u, 



which is independent of x and tends to zero as — > t\. Thus, <Si is relatively compact on B e . Hence, by the 

Arzela-Ascoli Theorem, Si is compact on B E . Now, we shall show that £2 is a contraction. 

From (Ai) and for x,y € B e , we have 



HS2X-S22/H 

< sup (|a||A(f)| 



rv iv - qs) (a ~ 2) ( r (s- gu) (7 - 1} /. . f u (u - qm)V 3 - 1) 



te[o,i] ( Jo r 9 (a- 1 ) \J 0 r,( 7 ) 

x \f(m, x(m)) - f(m,y(m))\d q m 



r,08) 



+\ k \ ^ 1 g(m,x(m)) - g(m,y(m))\d q m + \\\\x(u) - y(u)f) d q u) d q s 

0 a-qs) (a - 2) f f a {s-qu)^- 1) / r(u-?m) (M) 



+l*l|S(i)| , r , n V / Fit 

Jo r 9 (a — 1) vy 0 r,(7) 

x |/(m, x(m)) - f(m,y(m))\d q m 



r,(/J) 



r u qtyi ) I I 

+|fc| / , TT ff(m,x(m)) -g(m,3/(m)) d 9 m + |A||*(ti) - j/(u)| )d 9 u)d 9 s 



+|B(*)I 



0 r 9 (/3 + c) 

1 (1 - 



r,(7) 



( u — qm 1 - ) 

f^jS) 



f{m,x{m)) - f(m,y(m)) \d q m 



f u (u — c/?7i)^~^ i I \ 

+|fe| J ' r + ^ |g(m, x(m)) — g(m, j/(m))|d 9 m + |A||*(m) — 2/(w)|JdqM 

+|C(i)l^ t) (j p l/ ^ Tq 7 /j) |/(m,x(m)) - /(m,y(m))|d,m 

+|fe| J ^ T q "p + ^ |g(m, x(m)) — g(m, y(m))\d q m + |A||a:(«) — y(u)\jd q u 

-.a{ MM(t)i r ( r~(»-V' (/ (i "r^ ‘V '/ ( “T^r ‘J -hW -»("■) I ^ 

+|fe| ^ L2^x(m) - y(m)\d q m+\\\\x{u) - y(u)\^jd q ujd q s 

+ mm f ^^l Ll \x(rn) - y(m)\d q m 



Jo r,(a-l) 



r,(7) 



r,(/J) 



+|fe| ^ r Q "p + ^ ^^(m) - y(m)|d 9 m+ |A||x(w) - j/(m)|) d q ujd q s 

+imi L (1 ~r!(7) 7 ~ ( N / ( %7/T 

+|fe| [ ^ , tt L 2 U(m) - 2/(m)|dqm+ |A|| x(m) - y(u)|')dqM 



+jC(t) 



0 rq(/3 + o 

rl (1 — qu)U~ 2 ’> 



1 0 r,(7-i) 



(it — qm )0 T 



L\ x(m) — y(m) d q m 
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+|fc| 



< 

+|fc| 

+ 



f u (u-qm) < ' f3+ Z- 1) 
'o L q (P + 0 

1 



' bl( 



Lq(/3 + 7 + a ) 

1 

rq(/3 + £ + 7 + a) 
B 1 



L 2 \x{m) — y(m)\d q m + |A||#(u) — y(u)\J d q u 
(\a\A lV < - f>+ ' 1+a - 1) + |fo| J Bicr (/3+ ' Y+ “- 1 ^ + 






+ 



Ci 



r 9 (/3 + 7 + 1) r 9 (/3 + 7 ) 



(\a\A lV ( ~ l3+(+ ^ +0 ‘- 1) + |fe|B 1 cr (/3+5+7+Q - 1) ) 
Ci 



r,(/? + e + 7+i) r,(/? + e + 7 ) 



+ |A| ' 



r 9 (7 + a) 



(|a|^i? 7 (7+ ^- 1) + |6|Bicr (7+a - 1) ) 



+ 



B i 



r,(7 + i) 



+ 



Ci 

r,(7) 



where we have used (17). Since 0 < 1 by our assumption, therefore S 2 is a contraction. Thus all the assumptions 
of Lemma 3.1 are satisfied. So, by the conclusion of Lemma 3.1, the problem (1) — (2) has at least one solution 
on [0, 1]. □ 



In the next result, we make use of Leray-Schauder Alternative. 



Lemma 3.3 (Nonlinear alternative for single valued maps)[26]. Let E be a Banach space, C a closed, convex 
subset of E, W an open subset of C and 0 € W. Suppose that T : W — > C is a continuous, compact (that is, 
T{W ) is a relatively compact subset ofC) map. Then either 

(i) T has a fixed point in W, or 

(ii) there is a x £ dW (the boundary of W in C) and r £ (0, 1) with x = tJ-(x). 



Theorem 3.4 Let f, g : [0, 1] x R — > R be continuous functions and the following assumptions hold: 

(A 3 ) there exist functions <j>i,<j >2 £ C([0,1],R + ), and nondecreasing functions : R + — ► R + such that 

\f(t,x)\ < 0i(t)Ti(|M|), \g(t,x)\ < ^ 2 (t)’I' 2 (||x||), V(t,*) £ [0,1] x R. 

(Af) There exists a constant H > 0 such that 



|p|||fr ||tti(ff)o,i + 1 k\ M 2 1 | (H)cv2 

1-|A|ws 



where |A| < — . 

I I u 3 

Then the boundary value problem (1) — (2) has at least one solution on [0, 1], 



Proof. Consider the operator T : C — > C defined by (18). The proof consists of several steps. 

(■ i ) T is continuous. 

It is easy to show that T is continuous. 

(it) T maps bounded sets into bounded sets in C([0, 1] x R). 

For a positive number r, let By = {x £ C : ||x|| < r} be a bounded set in C([0, 1] x R) and x £ By . Then, 
we have 



ll(^)ll 



< sup 

te[o,i] I Jo 



* (t-gu) (7 -!) 



r,(7) 



(u — qm)(@ 1 - ) 

rW 



| f(m, x(m))\d q m 



+ 



l fc l ^ r g ^ + ^ \g(m,x{m))\d q m + |A||x(u)| ^d q u 

{V - qs) (a ~ 2) ( f s {s-qu)^~ 1) / f u (u - (?m) (/3_1) 



+ \a\\A(t)\ 



r,(a-i) yj 0 r,( 7 ) 



r M 



| f(m, x(m))\d q m 
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+ 
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+ 



+ 



+ 



+ 



< 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



< 



+ 
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\k\ J ^ \g(m,x{m))\d q m + \X\\x(u)\^d q ujd q s 

i li i d / -A r W-qs)^( [ S {s-qu)^(, , [ U {u-qm 

\ b \\B(t)\ / „ , 7^ / 77-7-7 (\p\ / 7 T 7777 \f(m,x(m))\d q m 



1*1 



/ o r,(a-i) \J o r,(7) y Jo r,(/3) 

r (u - qm)^ +i - 1) , 

'o r 9 (/3 + o 



-\g(m,x(m))\d q m + |A||x(u)| ^d q ii^d q s 



m)l L (1 w ~ ( |pl i 



1*1 



f u ( u-qm )0+(Ut) 
/o r 9 (/3 + o 



|g(m, x(m))|d 9 m + |A||x(w)|JdgM 



ic«)i /‘ (m r ( “~rir~ 11 UK »(■"))!«,"» 



i*i 



Jo r,( 7 -i) V-'io r,(/3) 

r (u - qm^P+t-V, 

L r 9 (/? + c) 



-jg , (m,x(m))|d 9 m + |A||a:(it)|jd 9 w 



sup < , r ( “77>: , ~% .(m)» 1 (i»ii)^.u, 

*6[o,i] I Jo r ?(7) v Jo r?(/j) 



1*1 



f u (u - (?m) (/3+ «- 1) 

'o r 9 (/3 + o 



(/>2(m)^2(||a;||)rf 9 m + |A||x(ii)| ^jd q 



wwoi r-YABAf /'MJIfipi 

Jo 



1*1 



/o r,(a-i) VJ 0 r,(7) V 7o r,(/3) 

(w — 



|6||B(*)I / 

Jo 

u (« - <?m) (/3+ «- 1) 



(/> 2 (m)^ , 2 (||a;||)rf 9 m + |A||x(w)| ^d q ujd q s 

(m — qm)^- 1 ' 1 



o r 9 (/3 + o 

(a-qs) (a ~ 2) ( f s (s - qu^-V 



r,(a-i) W 0 r,(7) v j 0 r,(/3) 



0i(m)®i(||a:||)d 9 TO 





r 9 (/3 + C) 


r 




Jo 


r,(7) 


1 (« 






r 9 (/3 + C) 


r 


(1 - qu)^~ 2) 


Jo 


r,(7-i) 


* (« 





(/>2(m)^ , 2(||a;||)rf 9 m + |A||x(w)| 
(u — qm )0~J) 



1*1 

Jo 

1*1 f 

Jo 

\C(t)\ 

|fe| / r 9 (/3 + o 

Mlltfi||*i(NI) sup | £ (t ~ r ^7) 7 M X) ^l^ 



r (/3) 

(/>2(m)^ , 2(||a;||)rf 9 m + |A||x(w)| )d 9 w 

(\p\ j o ^ r ? (/j) (t>i(m)'S/ i(\\x\\)d q m 

(/>2(m)^ , 2(||x||)d 9 m + |A||x(m)| )d q u 



t€[0,l] l Jo 



r m 



|a||A(J)| 
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+ |&||B(t)| 



r (a - qs) (a ~ 2) r r (s- qu)^- 1] ( f u (u- qm) (l3 - 1) 

Jo r,(a-i) [J 0 r,( 7 ) 



r Q 3 ) d i m ) d 9 u \ dqS 



(t - qu) (l ~ 2) r f u (u- qm)^-^ 



+ m)l J 0 V r g (V-i) iJo ^ r q 'm dam]doU 



{ t-qu ) (7 1} f f u (u-qm^+S 1] 1 1 

r,(7) [Jo r 9 (/3 + o d<?m|d9U 



+ |fc|||02|!^2(||x||) SUp 

tS[0,l] [ JO 

ii . , , n (T) - qs) ( “- 2) r r {s - qu)^- l) ( [ u (u - qm^t-V J 

+ MW‘)l/ o r,(a-i) [/ 0 r,( 7 ) U r,(^ + o d ° m)cU|doS 

+ | 6 |iB (t )i r ( r r )( r } r r ^r^r* **™*. 



r,(a-i) LJo r,( 7 ) 



o r,(/j + o 



, , , f 1 (1 - g«) (7_1) r [ u (u - gm) ( - /3+5_1 - ) 

+ |-B(t)| / ^ , , I / ^ , J . ^ d a m|d„M 



r,( 7 ) 



o r g (/3 + o 



+ 10(1,1 1 r,h-i) [/„ —I w^r d - m]d ° a 



+ |A|||a:|| sup 

ti 

+ |&||B(*)| 



(t — qu)*' 1 1) 



(r? - gs) ( “ _2) r M (s - gw) (7_1) 



r / x d g M+|aP(t)|/ v ' p'7\ d a -u|d 0 s 

te[o,i] Jo r qh) J o r «(«-l) L i o r <j(7) 



f a (a - gs) (a ~ 2) r U (a - gup" 1 ) 

0 r,(a-l) [Jo r g (7) 



d g w|dgS + |-B(t)| (1 d q u 



+ ]C{t)l L ( r,(T-i) d?u 

< bllPIbMMP + Ifclll^ll^dNIDwa + |A|||x||cu 3 . 



(in) T maps bounded sets into equicontinuous sets of C([0, 1] x8). 

Let t\,to £ [0, 1] with ti < to and x £ B r , where Br is a bounded set of C([0, 1],R). Then, we obtain 



< 



||(^)(t2)-(^)(t 1 )|| 

P 1 (to - git) (7_1) - (ti - gu)^- 1 ) r f u (u - qm ) (/3 " 1) 

o r,( 7 ) [ ]p] Jo r q (p) 



(j>i(m)'S> i(r)d q m 



<t>i(m)'5>i(r)d q m 



+ I&I rpj + g) <fio(rn)'I’ 2 (r)d q m + |A|r| d q u 

i r t2 (to-gu)^- 1 ^ r 

J tl r„(7) [ m J o r q ( 0 ) 

+ \ k \ [ ^ i 4 > 2 (m)^o(r)d q m+\\\r\d q u 



|A| 



Jo r,(/3 + o 

I Mb [7 — 2], - Me[7- 1]«||*2 - *1 1 + | M4 [-y - 2], - /x 6 [7 ~ 1]«| |*2 _1 - 
(m — qm p -1 ) 



r, 09 ) 



0 r,(a-i) VJ 0 r,(7) 

0i(m)^i(r)d g m 



+ |fc|^ (j> 2 (m) i I>o(r)d q m + |A|r )d q u)d q s 
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J&L 

|A| 



M2 [7- 2], - M3 [7- 1]«| |*2 - *i | + | Mi [7 “ 2 k ~ M3 [7 - 1]?||*2 1 - *i 

(a - qs) (a - 2) / r (s - qm) ( ' 1 '- 1) 



+ | Mi [7 — 1]? -M2[7]«||*2 2 ~ti 2 

(u — qm)^~ 1 ' > 



+ 1*1 



r, 09 ) 

(u — qm)^ + ^~ 1 ' 1 



o r 8(«-!) 
<j>i(m)^i(r)d q m 

<j> 2 (m)'!> 2 (r)d q m + \X\r^d q ujd q s 



r,( 7 ) 



+ 



i 

|A| 



o r g (/3 + c) 

M2 [7- 2 U - M3 [ 7 - !]«| 1*2 - tj\ + I Ml [7 — 2] g - Ms[7 - 1]«| |* 2 _ 1 - 1 

(u — qm )0~ 1 ) 



+ I M 1 [7 1 ] <J M 2 [ 7 ] « I 1^2 2 -ti 2| 



[ 1 (l-gu) (7 - 1} 

/ 0 r,( 7 ) 



r,(/?) 



x 0i(m)^ , i(r)d g m + |fc| 



f u ( u - 

'0 r q (/? + o 



fc{m)'S!2{r)d q m + |A||*(u)| 



+ 



1 

W\ 

f 

Jo 



M 3M5 M2M6 ^2 ^1 T M3M4 MlM6 ^2 ^1 T M2 Ml M 1 M'5 ^2 ^1 



(1 -g«) (7 - 2) 
r,(7-i) 



(w — qmY 13 ^ 

r^9) 






+ |fe| / ^ , 4>2(m)'f>2(r)d q m + |A|r )d g w. 



Jo r g (/3 + c) 

Obviously the right hand side of the above inequality tends to zero independently of * E Br as t q — t\ — > 0. 
As JF satisfies the above assumptions, therefore it follows by the Arzela-Ascoli theorem that T : C — > C is 
completely continuous. 

(in) Let r be a solution and a; = tYF* for r E (0, 1). Then, for t £ [0, 1], and using the computations in proving 
that T is bounded, we have 



l*WI = k(.F*)(f)| < 

which implies that 

llxll < 



’lll^ldkllVl + |fe|||02||^2(||x||)W2 + | A 1 1 1 £C 1 1 02 3 , 
IPlIl^ll^dkllVr + |fc|M* 2 (M)w2 



1 — |A|w 3 

In view of (A4), there exists H such that ||*|| A H. Let us set 

W = {* £ C : ||*|| < H}. 

Note that the operator T : W — > C([0, 1],R) is continuous and completely continuous. From the choice 
of W, there is no * £ dW such that * = tT(x) for some r £ (0, 1). Consequently, by the nonlinear 
alternative of Leray-Schauder type (Lemma 3.3), we deduce that T has a fixed point x £ W which is a 
solution of the problem (1) — (2). This completes the proof. □ 

The third existence result is based on Banach’s contraction principle (Banach fixed point theorem). 



Theorem 3.5 Suppose that the assumption (Ai) holds and that 

fi = (LQ 1 + |A|w 3) <1, fii = |p|wi + |fc|w2, 



(19) 



where uq, 012 , 023 are respectively given by (14), (15), (16), and L = max{Li, 1/2}- Then the problem (l)-(2) 
has a unique solution on [0, 1], 
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Proof. Let us define M = max{Mi, M 2 }, where Mi, M 2 are finite numbers given by sup t€ [ 0 ji \f(t, 
0)1 = Mi, sup t6[0i -q | g(t, 0)1 = M 2 . Seiecting e > , we show that TB E C B e , where B e = {x £ C : ||a;|| < e} 

For x £ J 3 e , we have 



< 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



< 



+ 



+ 



+ 



+ 



+ 



+ 



ll(^)ll 



sup 

te[ 0,1] I Jo 



* ( t - qu)^- 1) 

r,( 7 ) 



(it — qm )0 1 i 



| f(m, x(m))\d q m 



\k\ 



( u — <;m)^ +£ ^ 



|aP(f)| 

1*1 



r m 

\g(m,x(m))\d q m + |A||a;(«)|^d 9 u 

(u — q , m) ( ' /3 ~ 1 ' 



0 r ,(/3 + e) 

n iv - qs) (a ~ 2) ( r (s- qM) (7_1) 



'0 



r,(a-i) yj 0 r,( 7 ) 

7 j)(/3+5- 

«(0 + o" 



r ,(/3) 



|/(m, a;(m))|d 9 m 



|6||B(*)I 
1*1 



r g (g + £) lfl("i,a:(m))Km+ |A||x(u)|)d 9 u)d 9 s 

(w — gm )0~ 1 ) 



(a-qs) {a - 2) ( f s (s-qu)^~ 1) 

r,(7) 



o r 9 (a 1) 
(u — gm) ,,5+ ^ 1) 



0 



1*1 [ 

Jo 

|C(t)| 



0 L q (p + Q 
rl (1 -qu) ( ' t - 1) 



Lq((3) 

\g(m,x(m))\d q m + |A||x(m)| )d q u]d q s 
(■ u — qm ) (,3 ~ 1) 



| f(m, x(m))\d q m 



r,(7) 

, m )(/3+5 

-<W+0 



Lq{P) 



\f(m,x(m))\d q m 



(tt TMd + Z) \9{m,x(m))\d q m+\X\\x(u)\^d q u 

(■ u — qm )^- 1 ' 1 



U (1 - qu)^~ 2) 

d r,( 7 -i) 



r M 



| /(m, *(m))|d 9 m 



1*1^ (tt r g (/3 + ^) ls( m > a: M)K r, ' l + l^ll*(«)l)d«Wj 

^ iu) A„i f ( u 9 in) ^|/(m, x(m)) — /(m, 0 )| + \f(m, 0 )\^jd q m 



sup 

te[ 0,1] I ^0 



r,( 7 ) 



1 * 1 ^ ^ i\9ijn,x{m)) - g(m, 0 )\ + \g(m, 0 )f)d q m + |A||a:(u)|)d g ii 



|o||A(t)| 



(n - 9 s ) 



(a-2) /-s 



(s — qu)^ 



r,(a-i) r,( 7 ) 



(u rj(/j) — " f( m ’ °)l 



|/(m, 0 )|)d,m + \k\ J r^d + g) (l 9(™,x(m)) - g(m, 0 )| + |fl(m, 0 )|)d g m 

|A||®(w)|Jd g uJ d q s 

(u-g S ) C -V rts-qu^^ ri-ZJ^( |/(ra , x(m)) _ /(mi 0)1 



|6||B(*)I 



r,(a-l) 



r,(7) 



l/( m , 0 )|)d 9 m + |fc| 



r (■ u - gm)( /3+€ ’" 1 ) 

'0 r,(/? + o 



(|p(m,a;(m)) - g(m, 0 )| + |g(m, 0 )|)d 9 
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+ 



< 



+ 



+ 



d q uj d, q S 



B{t) | 

k\ r 

Jo 
C(t) | 

r 

k\ 



f 1 




Jo 


r,(7) 


"(« 


- qm)W+t-B 




r,(/3 + 0 


r 


(1 — qu)^~ 2) 


Jo 


r,(7-i) 


“(77 


— qm)^ + ^~ 1 ' > 



( u — qm) 1 ' 13 11 

WW) 



(l f{m,x(m)) - f(m, 0)| + |/(m,0)|)d. 



o r,(/? + o 



(l g{m,x{m)) - g(m, 0) + \g(m, 0)Q d q m + |A||x(w)| 



(|/(m,x(m)) -/(m,0)| + \f(m,0)\jd q 



(l g(m,x(m)) - g(m, 0)| + \g(m, 0)|) d q m + |A||x(7t)|)d<,it 



p|(Lie + Mi) sup 

te[o,i] I Jo 



I r ( t-gu )^- 1} r r 

\J o r,( 7 ) W 0 



r,(/3) d?m| 



«P(0l 
5(01 f 

Jo 

m i r 



(77 - gs) ( “- 2) r r (s - / /•“(«- 



'0 r,(a-l) 



r r (« - gu)"- 1 ’ / [ 
W 0 r,( 7 ) Wo 



r,(/3) 



(a - gs) ( “ _2) r r (s - / f u {u - qm)^-^ 

r,(a-i) Wo r,(7) Wo r,(/?) 



-d q m\d q u \d q s 



r,(7) 



r,G?) 



(1-qm)^- 1 ) [ J u ( 7 i-qm) ( - l3 - 1) 

U 



d q rnj d q u 



(t-qu)^ \ [ u (n-qmr- 3) 

r,(7-i) Wo r g (/3) d9m W« 



fc|(Z/2£ + AO) sup 

te[o,i] I Vo 



«P(0l 
6||5(0I 
5(01 / 

Jo 

C(t) | [ 



(t — qu)^ 1 11 r (« - gm)^ +? ^ 1 

r,(7) Wo r,(/3 + o 

(77 - gs) (a - 2) r f a (« - g«) (7_1) f ( u - qm)W + t- l '> 

Jo r,(/? + o d * m 



/o r,(a-l) 



r,(7) 



JrfgM ( 



'Win 

* (t - g«) (7_2) r f u (w - gm) (/3+ * _1 > 



r,(7-i) L Jo rj /3 + 0 d,m|d,u 



A|e sup 

te[o,i] I Vo 



4 (t-qu)^~ 1) , , ,, f’ 1 

d q u + \a\\A(t)\ 1 



b\\m\ 



r,(7) 

(a-gs) ( “- 2) r / s (s - 



C(0l 



f o r,(a-i) 

L r,d-D ,i '" 



[/’ 



r,(7) 



0 T q (a 1) 

d 9 ul d 9 s + |B(0l 



L ^o J-gw) 



o r,(7) d?w 



< (Le + M)f2 1 + |A|eu73 < e. 

This shows that TB e c B e . Now, for x, 7/ £ C, we obtain 

IW-^ 7/11 



< sup 

te[o,i] I Jo 



(t — qu)^ 1 

fiW 



(u — qm )(& 

f^) 



|/(m, x(m)) - f(m,y(m))\d q m 



+ \k\ 



(u — qm)(P + t ^ 

r,(/3 + C) 



\g(m, x{m)) - g{m, y{m))\d q m + |A||x(m) - y(u)\Jd q u 
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+ M|>l(t)| 



r 71 (r? - qs) (a ~ 2) ( f s (s- qu) i ' 1 ~ 1) 



(u — qm 1 - ) 



/ o r,(a-i) \J 0 r,(7) o r,(/j) 

f u (u - gm) (/3+?_1) \ \ 

+ \k\ J r + |g(m, x(m)) — g(m, y{m))\d q m + |A||*(m) — y(u)\Jd q ujd q s 

(a - qs) (a - 2) ( f s {s-qu)^- 1) (, , f (u - 



|/(m, x(m)) - f(m,y(m))\d q m 



+ MB(t)\ 



’o L q (a — 1) 



r,(7) 



r,(/J) 



|/(m,a;(m)) - f(m,y(m))\d q m 



r u ( u — qm) (/3+?_1) 

+ \k\ „ |g(m, x(m)) — g(m, y(m))\d q m + |A||a:(it) — y(u)\ )d q u)d q s 



+ \m\ 



o r 9 (/3 + £) 
1 (1 — qu 



( u — qm )(& 1 ' ) . 



/ o r,(7) y^J 0 r 9 (/3) 



+ 



+ \c(t)\ 



f u (u - gm) (/3+?_1) 
o r 9 (/3 + c) 

1 (1 - 



|/(m, x(m)) - f(m, y{m))\d q m 

I g(m, x(m)) - g(m, y(m))\d q m + |A||a;(it) - y(u)\)d q u 
( u — qm )^- 1 ' 1 . 



I o r,( 7 -i) 



r M 



-\f(m,x{m)) - f(m,y(m))\d q m 



+ W J ^ \g(m,x(m))-g(m,y(m))\d q m + \\\\x{u)-y{u)f)d q u 

< U\\x-y\\, 

which shows that T is a contraction as 0 < 1 by the given assumption. Therefore, it follows by Banach’s 
contraction principle that the problem (l)-( 2 ) has a unique solution. □ 

Example. Consider a boundary value problem of integro-differential equations of fractional order given by 

f °D 1 q /2 ( c D 1 q /2 + \)x(t) = \f{t,x(t)) + | I q /2 g(t,x(t)), 0 < t < 1, 0 < q < 1, 

{ (20) 
[ x(0) = I q ~ x{ 1/3), *(1) = l/2/“ _ 1 x(2/3), D q x( 1) = 0, 

= (4 ^ sin f + + |a?Q , g(f,x) = § tan -1 * + t 3 . Clearly 

\f(t,x) - f(t,y)\ < ^\x-y\, \g(t,x) - g{t,y)\ < ^\x - y\. 

With (3 = £ == 1/2 , 7 = 3/2, A = 1/5, p = 1/6, k = 1/9, g = 1/2, Li = 1/8, L 2 = 1/2, we find that 

Cl = L{\p\un + \k\L 02 ) + |A|w 3 ~ 0.49725 < 1 . 

Clearly L = max{Li,Z, 2 } = 1/2. Thus all the assumptions of Theorem 3.5 are satisfied. Hence, by the conclu- 
sion of Theorem 3.5, the problem (20) has a unique solution. 
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Abstract. In application, one often expands the functions f on [0, 1] 2 into Fourier sine series and uses 
few Fourier sine coefficients to reconstruct /. In this paper, we give a decomposition formula of Fourier sine 
coefficients. Based on it, we discuss hyperbolic cross approximations of Fourier sine series and Fourier sine 
expansion with simple polynomial factors. In the end of this paper, we consider the three-dimensional case. 



1. Introduction 

In application, one often expands the functions / on [0, l] 2 into Fourier sine series and uses few Fourier sine 
coefficients to reconstruct /. But the precise representation of Fourier sine coefficients does not available. In 
Section 2, we will give the following decomposition of Fourier sine coefficients. 

Suppose that f is a bivariate function with d ^ 2 g y2 (%, y) € C([0,1] 2 ). For its Fourier sine coefficients, we 
have 

C ni,»2(/) 



= 4 / [0>1]2 f(x,y)sm(nn 1 x) sm(irn 2 y) dxdy 

= TT 2 n 1 n 2 ( '^ n i . rt 2 — mn( Cn i (3 1 ) — 7 1) c n 2 (ife)) — { c n 2 ( 53 ) + 7 1) 1+ c n 2 (<?4)) + Tr 2 n 1 n 2 ° n l,n 2 7)) i 

where 

j n i,„2 = /( o, o) + (-ir +i /(i, o) + (-ir +i /(o, i) + (~i) ni+n2 f(i, i) 



is an algebraic sum of values of / at vertexes of the square [0, l] d and 



9i(t) = 

93(t ) = |^(0, t), 



g2(t) = y^(t, 1 ), 

S4(t)= §(!,*) 



are the second-order derivatives of / on boundary of [0, l] 2 and 



c n (gi) = 2 / gi(t) sin(7rnt) dt 



“This research is supported by National Key Science Programs No.2013CB956604 and No.2010CB950504; Beijing Higher Educa- 
tion Young Elite Teacher Project, and Scientific Research Foundation for the Returned Overseas Chinese Scholars, State Education 
Ministry. 
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Q 4 £ 

is Fourier sine coefficients of univariate functions gi, and h = q x 2 q v 2 and 

c„i tn2 (h) = 4 / h(x,y) sm(Trnix)sm(irri 2 y) dxdy 

J [o, 1] 2 

is the Fourier sine coefficient of bivariate function h(x,y). 

It is well known that in order to reconstruct f by using fewer Fourier sine coefficients, we should replace full 
grid approximation by sparse grid approximation [1,3,4]. In Section 3, based on this decomposition, we prove 
that for the hyperbolic cross truncations 

x ’ y) = X] c ni,n 2 (f) sin(7mia;) sin(7rn 2 y) 

1 < n. i ,n 2 <N-l 
l<nin2<AT— 1 

of Fourier sine series of /, the approximation errors satisfy 

II f-s^(f) HI 

= Mf 2 ( 0, 0) + / 2 ( o, 1) + n i, 0) + / 2 ( 1, 1))^ + o (i) . 

Since the number of coefficients in sffl (/) is N c ~ TV log iV. When we use the hyperbolic cross truncations to 
reconstruct /, we need fewer Fourier sine coefficients than that by partial sums of Fourier sine series. 

To obtain these results, we need to use a decomposition of bivariate functions in [8]. 

Suppose that / is a second-order continuously differentiable on [0, l] 2 , denote by / G IF^ 2 ’ 2 ^([0, l] 2 ). Let 

P(x, y) = /( 0, 0)(1 - a:)(l - y) + /( 0, 1)(1 - x)y + /( 1, 0)a;(l - y) + /(l, l)xy (1.1) 

which is a bivariate polynomial determined by the values of / at vertexes of [0, l] 2 , and let 

Q(x,y) = /i(0,y)(l -x) + fi(l, y)x + fi(x,0)(l - y) + fi(x,l)y (A = / - P). (1-2) 

The bivariate function Q(x , y) is a sum of products of separated variable types. Denote the residual 

R = f-P-Q. (1.3) 



It is easy to check that 



So it follows that 



R(x,y) = 0 ((x,y) G <9([0,1] 2 )), 

Lflx.i,) = - !£<*.!)»■ 



i?(x,0) = R(x, 1) = 0 (0 < x < 1), 

R(0,y) = R(l,y) = 0 (0 < y < 1), 



d 2 R 
dx 2 



(*)!) 



dx 2 



(a;,0) 



= 0 , 



(1.4) 
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and we have a decomposition formula: 

f{x, y ) = P{x, y ) + Q( x, y) + R(x, y), 



(1.5) 



where P, Q, and R are stated in (1.1)-(1.3). 

In Section 4, by using the decomposition (1.5), we expand / into Fourier sine series with simple polynomial 
factors whose hyperbolic cross truncation can reconstruct / by using fewest Fourier sine coefficients. In order 
to extend the above results to stochastic processes in Section 5, we need some concepts in Calculus of stochastic 
processes [2,7]. 

If {£„}i° is a sequence of stochastic variables and £ is a stochastic variable, if the expectation 

E [\in - Cl 2 ] -► 0 (n — > oo), 

we say £ is the limit of the sequence {£ ra }i°- Based on this concept, one defines concepts of continuity, derivatives, 
and integrals. If /( t) is a stochastic variable for each t € [0, l] d , we say /( t) is a stochastic process on [0, l] d . If 
/( t) is a stochastic process on [0, l] d and E J, Q 1 , d / 2 (t) clt < oo, then / can be expanded a Fourier siue series: 

m = E c -(/) ( II sin(7 vriktk) ^ , 



V k = l 



where the coefficients: 



i(/) = 2 d [ f{ti,...,t d ) ( TT sin(7m fc t fe ) ) dfi---df d . 

J m d Vfe=i / 



For convenience, the notation / G 0,1] d ) means 1+ , 2 + ' d , d / € C([0,l] d ), and the notation 

a ni ,...,n d = o(l) means that a„ 1 ,..., nd — » 0 as n 2 + • • • + » oo. 

At the end of this paper (i.e. Section 6), we consider the three-dimensional case. 

2. Fourier sine coefficient decomposition 

From this decomposition formula (1.5), it follows that the Fourier siue coefficients of / satisfy 

c ni,ri2 (/) = 2 (p) + Cm ,ri2 (Q) + Cni 2 (P). 

Suppose that / € IF^ 2 ’ 2 ^([0, l] 2 ). Then 

(i) 

4 

( -ni,ri2(P) — o • A l - 

7T z ni?l2 



where 



(ii) 



where 



= /(0,0) + (_1)»1+V(1,0) + (-ir+7(0,i) + (-1)" 1+ "V(1,1)- 



( 2 . 1 ) 



4 r 4 r 

Cni,n 2 (Q) = / Fi(y) sin(7rn 2 j/) dy -f / P 2 (a:) sin(7rnia;) dx, 

7rni Jo tt«2 Jo 

Ei(y) = /i(0, i/) + /i(l, y)( — 1)" 1+1 ) 
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% /i = / ~ P, we have 
Since = 0, we have 



Let 



Then 



From this, we deduce that 



Fi{x) = fi(x, 0) + fi(x, 1)(— 1)" 2+1 . 



^i(0) = T\(l) = F 2 (0) = F 2 { 1) = 0. 



™ = 0(o, y ) + 0(i,i/)(-ir +1 , 



Pi(*) = ^M), 
P3(t) = |^(°, *), 






F{'(y) = g 3 (y) + (-ir +1 g,(y ), 
^'(z) = 0i(z) + (-l) n2+1 y 2 (x). 



2 fo F i (2/) shimmy) dy = F['(y ) shammy) dy 

_ c„ 1 (g3) + (-l)’ 11+1 e„ 1 (g 4 ) 

(7mi) 2 ’ 

2 Jq F 2 (x) sin(7rn 2 a;) da; = - ( ^ 2)2 JqF^(x) sin(7rn 2 x)da; 

_ c rl2 (gi) + (-l)" 2 + 1 c„ 2 (g 2 ) 



where c n {gi) = 2 gi{x) sin(7rna:) dx, and so 

Cni,ra 2 ( < 3) = — 7r 3 nin 2 ( “ 



(7rn2) 2 



(g3) + (~l) 7tl+ c ni (p 4 ) , c 712 (gi)+(-l)^ 2+ c^ 2 (g 2 ) 



(hi) 



= -J— (o ( — ) + o ( — )) . 

nin 2 \ \ n i/ \ n 2 / / 

T c n 1 ,n 2 (-R) = / f R{x,y) sin(7rnia;) sin(7m 2 y) dxdy. 
4 Jo To 



4 
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Since R £ W^ 2 ' ,2 \[0,1] 2 ), using integration by parts, it follows by (1.4) that 

l 

J R(x, y) sin(7mix) dx 



_ _ R(x,y) 





7rni v 


1 


( i 


7rni 


l 7rni 




1 

1 r 



l i 

i r dR i 



'f 1 cos(imix) + J- / (x, y) cos(Tmix) dx 

0 o 



I 1 i_ r d 2 R / 

lo 7rni J dx 2 ' 
0 



So 



By (1.4), we get 



From this, we get 



1 1 

~7 c n 1 ,n 2 \R) — r \ 

4 (™l) JO 



J V) sin(nn 2 y) dy = - ^^ 2 J g ^ 2 g y2 (x,y) sin(nn 2 y) dy. 



2 , sin(7rnicc) (f ^3(x,y) sm(nn 2 y)dy ) dx. 



'o 



<9x 2 



1 f 1 



c ni ,n 2 (-R) = :yi^r fg fg g ^2 (x, y) sin(TTOix) sm(nn 2 y) dxdy 



C"n ^ , n-2 ( 



dx 2 dy 2 ' ^ 

- 0 



\ n I n 2 ) 



(2.3) 



Summarizing up all results, we get the following theorem. 

Theorem 2.1. Let / £ Wd 2,2 )([0, l] 2 ). Then its Fourier sine coefficients have the decomposition formula: 



Cn i ,n 2 (/) 

_ 4 f j _ c„ 1 (gi) + (-l) n2 + 1 e„ 1 (g 2 ) _ c„ 2 (g 3 ) + (-l) rl i + 1 (34) , c "i ."2 ( 9 So y 2 ) 

Tv 2 n\n2 l n i? n 2 7rm 7rri2 ' 7r 2 nin2 

where J ni ,„ 2 is stated in (2.1) and (i = 1,2, 3, 4) are stated in (2.2), and 

c n (gi ) = 2 f g-i(t) sin(7r nt) d t, n eZ + (i = 1, 2, 3,4). 

Jo 

By the Riemann-Lebesgue lemma [5], 



(2.4) 



c ni,ri2 (/) — 



7r z ni?r 2 



J-m ,n 2 O ( 



(2.5) 



5 
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In detail, we have the following asymptotic formulas: 

C 2m,2n 2 (/) = ^ (f(0, 0) - /(0, 1) - /(!, 0) + /(l, 1) + o (^) + o (^)) , 

C2ni + l,2n 2 + l(f) = n 2 „ in2 (/( 0) + /(O’ 1) + /(!’ 0) + /(l) 1) + 0 + 0 (^)) > 

C2n 1 + l,2n 2 (f) = (f(0, 0) - /( 0, 1) + /( 1, 0) - /(l, 1) + 0 ( J-) + 0 (^)) , 

C 2 n 1 ,2n 2 +l(f) = k 2 n ini (/(°’°) + /(O’ 1 ) “ /(!> °) “ /(M) + ° (^) +° (r^)) ' 
Consider the sum of their squares: 



C 2ni+J,2n 2 +j(/) ~ ^ 4n 2„2 f/ 2 (0, 0) + / 2 (0, 1) + / 2 (1, 0) + / 2 (1, 1) + O 



i,j = 0 



7 r*ntn 



1"'2 



ni 



This implies that the equality: 






holds if and only if 



( 2 . 6 ) 



( 2 . 7 ) 



/(0,0) = /(0,l) = /(l,0) = /(l,l) = 0. 

This is equivalent to that the equality: 

Cni>n2(/) = °(n0 + °(^) 

holds if and only if ( 2 . 7 ) holds. However, similar to an argument of ( 2 . 3 ), we can derive that c ni , n2 = o ^yyyy) 
if and only if f(x, y) = 0 ((a;, y) G <9([0, l] 2 )). 

If / G HE! 1 ’ 2 ) ([0, l] 2 ), / € W^ 2,1 )([0, l] 2 ), and / € IF^’^QO, l] 2 ), then we have the corresponding results. 
Theorem 2.2. Let / € W^ 1 ’ 1 2 )([0, l] 2 ). Then Fourier sine coefficients of / satisfy asymptotic formulas: 

(i) c nun2 (f) = ( J ni ,n 2 + 0 (f 7) + °(^) ) ’ where Zl = Z2 = 2 ! 

(ii) c nun2 (f) = „ 2 * in2 { J ni ,n 2 +Vi + V 2 ), where h = l 2 = 1; 

(iii) c ni>n2 (f) = y^yyyy ( J ni ,n 2 +Vi +°(^))’ where ll = l 2 = 2 ; 

(iv) C ni ,n 2 if) = ysyyyy (j ni ,n 2 + 0 (iff) +%), where h = l 2 = 1. 

Here J ni ,n 2 is stated in (2.1) and rji — > 0 as n, — > 00 . 

3. Approximation of hyperbolic cross truncations 

Suppose that / G W^ 2 ’ 2 i([0, l] 2 ). We expand it into a Fourier sine series: 



f{x,y) = ^ c n 1 ,n 2 (/) sin(7rnia:) sin(7r?i 2 7/) (L 2 ). 
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Consider its hyperbolic cross truncations: 



x,y) = 22 c m,n 2 (/) sm(Trn 1 x)sm(Trn 2 y). 

1 < n i ,n 2 <N-l 

l<niri2<A^— 1 



Then 



N— 1 OO 



OO OO 



f(x, y) — x, y) = 22 E + 22 E c m,n 2 (f) sm(Trn 1 x)sm(TTn 2 y). 



,ni= 1 n r JV-i l | x m=JV n 2 - 1, 



By the Parseval identity, 



N 



OO OO 



By (2.5), 



So 



and 



*\\f-s$\f) \\i= 22 E KunM 2 + 22 E ic„ 1 ,n 2 (/)i 2 = 4 1) +4 2) . 

m=l n2= rjv:l ni=N n 2 = 1 









rC 1 ) — 16 

i AT “ tt 4 L zE 



AT 



n?n~ 

ni=1 „ 2 =f^l+i 



(3.1) 



N 



N 



>(i) E E 

Hl = 1 n 2 4^i+ll 



>(i) E E 

" 1=1 441+1 



1 

n?n2 



(3.2) 



By (3.1), we get 



where 



16 



N—l oo 

E E 

ni=1 n 2 = f44l+l 



4 ||/-^(/) \\l=K N + o[ — ) , 






N—l oo j2 



it* nirio 

'' (i=1 n 2 = £ 1 2 



A direct computation shows that 

HSE - 

? E E nini (Eni,2n 2 A 4m — l,2n 2 A 4m,2n 2 — 1 A 4m — l,2n 2 — 1 ) “b O (]v) 

1 r .. 1 12 



(3.3) 



ni=l 



Mi V V _1 4-0(2-) 

-7T 4 Z_^ n-f n~ ^ \ AT / 1 

m=i „ w 1 1 2 
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where M = / 2 ( 0, 0) + / 2 ( 0, 1) + / 2 ( 1, 0) + / 2 ( 1, 1). Notice that 



E . 

«2=[£ r 



d£ 



2 2 
n{n$ 



I _N_ t 2 

4 n i 



O 



N 2 



Then 






16M 

Tr 4 N 



r y„ •? } 

vV i _/l\ 16M log N _/l\ 

S n t +0 (N) = ^h + 0 (N) 

711 = 1 v N ' 



From this and (3.1)-(3.3), it follows that 



/-4E/) HS-£^ + o 



The number of Fourier sine coefficients in the Nth hyperbolic cross truncation S^\f) is 



r N n 

/ — dt + 0(N) = N\ogN + 0(N). 

J i t 



JV-l 



IV- 1 r 



^=E E 1=E 

711=1 712 = 1 



71 1 = 1 



N — 1 

Til 



Then (3.4) can be written into 






(3.4) 



Theorem 3.1. Let / € W^ ll,l2 \[0, l] 2 ). Then the hyperbolic cross truncations of Fourier sine series of / 
satisfy the asymptotic formulas: 

(i) || f - S$\f) |||= + O (i) (h = h = 2); 

(ii) || / - S$\f) || 2 = o (^) (h = h or h = 2, l 2 = 1 or h = 1, Z 2 = 2, 



V“/ II J ^ JM ) 112 71-4 TV ' y N J v 1 z 1 

where the constant M = / 2 ( 0,0) + / 2 (0, 1) + / 2 (1,0) + / 2 (1, 1). 



4. Fourier sine expansion with polynomial factors 

Suppose that / € VF^ 2 ’ 2 ^([0, l] 2 ). Then, by decomposition formula: 

f(x,y) = P(x,y) + /i(0,y)(l -x) + /i(l, y)x + /i(x, 0)(1 - y) + /i(x, l)y + R(x,y), 



denote 

«i(y) = /i(0,y), a 2 (y) = /i(l,y), 

«3(x) = /i(x,0), a 4 (x) = /i(x, 1), 

then Oj(0) = aj(l) = 0 and cc* € W([0, 1]) (i = 1,2, 3, 4). 

Expanding each on into a univariate Fourier sine series and i?(x, y) into a bivariate Fourier sine series, we 
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get a Fourier sine expansion of / with polynomial factors: 
f(x, y) = P(x, y) 



+ (1 ~ x ) Y c m (a i) sin(7rmy) + x Y c m(a 2 ) sin(7rmy) 



+ (1 ~ y) Y c m(a 3 ) sin(7rma;) + yY c m (a 4 ) sin(7rma;) 



where 



Y c «i ,n 2 (R) sin(7TOia;) sin(7 m 2 y ) , 

n\ ,7i2 — l 



Cm(<Ti) = 2 J 0 ai(t) sin(7rmt) df 

fo sin(7rmt) df 



( 7rm ) 2 JO 

— firm) 2 c m( a i ) (* = 1, 2, 3, 4), 



c rn ,n2 (-^) 



a ) 2 

c f a 4 / 1 

'7r4 T} 2„ 1 2 



By the definition of /i, we have a"(f) = /i"(t) (i = 1,2, 3, 4), where 

M*) = /(M), h 2 (t) = 

^(t) = f(t,0), h 4 (t) = f(t, 1). 

Consider the hyperbolic cross truncations of the series (4.1): 

S ( N\x,y) = P(x, y) 

N— 1 iV-1 

+ (l-z) Y c n( a i) sin(nmy) + x Y c n (a 2 ) sm^my) 



N-l N—l 

(1 - y) Y Cn(a 3 ) sm(TTmx) + y Y Cn(« 4 ) sin(7rma;) 



X) c nun2 (R) sin(7rnia;) sin(7rn 2 y). 

l<ni ,n 2 <N - 1 
l<nin2< AT— 1 

By using Parseval identity, it follows from (4.1) and (4.3) that 

II 111=0(1) I E E M«*)| 2 + |E E + E E | \ c m,nAR)f 



OO OO 



i— 1 m—N 



ni = 1 n2 Tjvj m=N n 2 =l i 



Finally, by the estimates (4.2) and (2.3), we get 



111=0 
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The number of Fourier sine coefficients in the series (4.3) satisfies N c ~ NlogN. Therefore, 



II f-sP(f) ||l=o 



/ log 4 N c \ 

V )■ 



Theorem 4.1. Let f £ W^ ll,l2 \[ 0, l] 2 ) (Zi = 1 or 2, I 2 = lor 2). Then the hyperbolic cross truncations of 
the series (4.1) satisfy 

II f-sP(f) 



5. Uncertainty analysis 

Suppose that / is a stochastic process and / G 1T^ 2,2 ^([0, l] 2 ). Then the coefficient decomposition formula 
still holds: 



1 ,n 2 (/) 



= i j _ 

7r 2 ni no tJn i > n 2 



2 / Cr,! ( 

7r 3 nin2 l 



(g3) + (~l) T11+ c ni (g 4 ) c n2 (g i) + (-l) 712+ c n2 (g 2 ) 



(5.1) 



where the error ?' ni ,n 2 is equal to 



c ni,n 2 {dx 2 dy 2 ) 



d 4 f 



■( x , y) sin(7mix) sin(7rn2y) dxdy. 



niM2 7 r A n\n\ 7r 4 n 2 «l J[o,i] 2 dx 2 dy 2 ' 

Consider the expectation of r nij „ 2 . The expectation and integral can be exchanged, so 






n 4 nln% 7 [oa] 2 



E 



d 4 f 

dx 2 dy- 



(x,y) 



sin(7mix) sin(7rn2y) dxdy. 



The expectation and limit can be exchanged, so it follows from qJ>q 2 € C([0, l] 2 ) that E 
By the Riemann-Lebesgue lemma, 



a 4 / 



dx 2 dy 2 



-E'[ r ni,n 2 ] — 

Consider the variance of r n . By (5.2), we have 

„2 



>.{E 



d 4 f 



dx 2 dy 2 



) 



7r 4 n 2 n| 



2 2 
n{n z 2 



(5.2) 

(5.3) 
GC([0,1] 2 ). 

(5.4) 



= n*hfn 4 /[ 0,1] 4 dx 2 dy 2 ( x ’ v) 0i 2 L 2 ^ L s ) sin(7r»ia:) sin(7rn2y) sin(7rni<) sin(7rn 2 s) cLcdydids. 

From this and (5.4), 

E[rl un2 ] 

= ^8»4„4 / [0 1]4 (x, y) gf 2 / g2 (t, s)] sin(7rmx) sin(7rnit) sin(7TO 2 x) sin(7rn 2 s) dxdydtds ^ 



( E [ AL 2 («■«)]) 



a ! ,^2 , Tt 1 , Tt 2 V"l9a a 8y: 

7r 8 n^n2 



(«>l) ‘ 
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By (5.3), 

(E[r n i,r!. 2 ]) 2 

= „ 8 nj n 4 / [0;1 ]4 E g ® 2Q y 2 {x, y) E gf 2 / s2 (t, s) shi^ma;) sin(7rn 2 j/) sin(7rmi) sin(7rn 2 s) dxdydtds. 
Notice that 

Var(r nii „ 2 ) = E[r ni>n2 ] — (E\r n i ,« 2 ] ) > 

Cov 



/ a 4 / 


a 4 / \ 


— V, 


- gif gif - 


— E 


' 5 4 / ■ 


E 


\ a 4 / i 


\dx 2 dy 2 ’ 


dt, 2 ds 2 J 




dx 2 dy 2 dt 2 ds 2 


dx 2 dy 2 


dt 2 ds 2 



Then, by (5.4) and (5.5), the variance of r n : 

Var (r ni ,n 2 ) 

= ^.s» 4„4 / Cov ( df / (x,y), s)) sm(nn!x) sm(nn 2 y) sm(nnxt) sm(mi 2 s) dxdydtds 



[ 0 , 1] 4 



_ c "l,"2."l."2(C0V( ax S 2 s / !< 2, a ®2g s2 )) ( j 



( n i n 2 ) 



Similarly, for i = 1, 2, 3, as n,: — > oo, we have 

E [c ni (gi)\ = c ni {E[gi\) = o(l); 

E[c 2 n .{gi)\ = c nitni (E\g i (x)gi(y)]) = o(l); 

Var (c ni (gi)) = c nuni (Cov(gi(x ), gi{y))) = o(l). 

By (5.1), we get 



E[c ni ,nM = 



Tr 2 niri2 



E[J n 



For convenience, denote 



2 ( c n2 {gi) + (-l) n2+1 (52) , c ni (g 3 ) + (~ 1)" 1+1 (5 4 ) 



' ni , n 2 q 

7T*7li7i2 



Abii , n 2 — 9 Jn \, n 2 - 

7T^m?l2 



ni 



n 2 



So Cn 1 ,n 2 (f') — T ,n 2 S - ^’ ni , n 2 5 and so 

^[ c ni,n 2 (/)l = -®[Mn!,n 2 ] + ^ni,u 2 i 

where 



A, 



ni,n2 
2 



= J + ^'[ r n 1 , n 2 ] + 2i^ ni , n — 2 ^ ni , n2 ] -|- 2^[/^ ni?n2 r ni?n2 ] + 2£?[r ni>n2 r ni>n2 ] 

= ^( 0 (^) +0 fe))- 



11 



540 



Zhihua Zhang 530-547 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



Therefore, 

Denote 

M = E[f( 0, 0)] + E[f 2 { 0, 1)] + E[f{ 1, 0)] + E\f 2 ( 1, 1)]. 
Similar to the argument from (3.1) to (3.4), we can deduce from (5.6) that 



E 






AM log N /1\ 



Theorem 5.1. Let / be a stochastic process and / G W^ 2 ’ 2 )([0, l] 2 ). Then 
(i) Fourier sine coefficients of / satisfy 



c 



ni,ri2 



(/) 



(5.6) 



= 1 / 

7r 2 niri2 n i> n 2 



2 / Cn 2 (gi) + (-l)" 2 + 1 C„ 2 ( g2 ) 

7r 3 nin2 l Tii 



c ni (g.b+(-i)" 1+1 (g4) 

n 2 



where 



£[r 



{ E l 



d i f ■ 

dx 2 dy 2 ■ 



7 r 4 n 2 n 2 



Var(r 



,) = 



,ri2,Tii ,ri2 



Cov 



/ a 4 / a 4 / 

ld:r 2 c)i / 2 ’ dt 2 ds 2 



« 4 4 



( o4 r o4 r \ o4 f 

d ° 2 Q y2 , q° 2 q s 2 ) ) is the four- variate Fourier sine coefficient of the covariance of d ° 2 g y 2 
and gf 2 / a2 at n = (m, n 2 , ni, n 2 ). 

(ii) the hyperbolic cross truncations of Fourier sine series of / satisfy 



E 



||1 



AM log N 1\ 



where M = E[f 2 ( 0, 0)] + E[f 2 ( 0, 1)] + £[/ 2 (l,0)] + £[/ 2 (l, 1)]. 



6. The three-dimensional case 

For a three-dimensional function / on [0, l] 3 , we can decompose / as follows: 



where 



fix, y, z) = P{ x, y, z) + Q(x, y, z) + R{ x, y, z) + T{x, y, z), 

P(x,y,z) = / (0, 0, 0)(1 — x){A — j/)(l — z) + / (0, 1, 0)(1 — x)y{A — z) 
+ /( 0, 1, 1)(1 - x)yz + /( 0, 0, 1)(1 - a;)(l - y)z 

+ /(l, 0, 0)x(l - y)(l - z) + /(l, 1, 0)au/(l - 2 ) 

+ /(l; 1) + /(l) 0, l)x(l — y)z 



( 6 . 1 ) 



( 6 . 2 ) 
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is a three-variate polynomial; 

Q(x,y,z) = fi(x, 0, 0)(1 — y){\ — z) + fi(x, 0, 1)(1 — y)z 
+ fi{x,l,0)y(l - z) + f 1 (x,l,l)yz 
+ /i(l, 2/, 0)(1 - a;)(l -z) + fi(0,y, 1)(1 - x)z 



(6.3) 

+ h0-,y,0)x(l - z) + f x {\,y,\)xz 
+ /i(0, 0, z)( 1 -x)(l-y) + /i(0, 1, z)( 1 - x)y 
+ /i(l) 0, z)x(l — y) + /(l, 1, z)xy (, fi = f - P ) 

is a sum of products of separated variable types, where one factor is the restriction of /i is each edge, the other 
factor is a bivariate polynomial; 

R(x,y,z) = f 2 (x,y,0)(l- z)+ f 2 (x,0,z)(l-y) 

+ f2(0,y,z)(l-x)+f 2 (x,y,l)z (6.4) 

+ f 2 (x, 1, z)y + / 2 (1, y, z)x (f 2 = f - P - Q) 

is a sum of products of separated variable types, where one factor is the restriction of f 2 , the other factor is a 
univariate polynomial and 



T(x, y, z) = f(x, y, z) - P(x, y, z) - Q(x, y, z) - R(x, y, z). 

It is easy to check the following proposition. 

Proposition 6.1. fi(x, y,z ) =0 for each vertex of [0, l] 3 and f 2 (x, y, z) = 0 for each edge of [0, l] 3 , and 
T(x, y, z) = 0 for each face of [0, l] 3 . 

Consider the Fourier sine coefficients c„ lira2j „ 3 (/). From the decomposition formula, it follows that 

c m,ri2,n3 (/) = c ni,n2,n3 (P) + c ni,n2,n3 (Q) + c ni,n2,n 3 (R) + c ni,ri2,n3 (T). 

Since the Fourier sine coefficients: 

c ni ,n 2 ,n 3 (f) = 8 / f(x,y, z) sin(7rnia;) sin(nn 2 y) sin(7r n 3 z) dx&y&z, 
i|0,ll 3 



we obtain that 

(i) 

where 



/ p\ _ 8c/ ni?n2?n3 

c ni,ri2,n3 \* ) — q i 

7T' 5 nin2'ns 

Un i,„2,n 3 = /(0,0,0) + (— 1)" 2+1 /(0, 1,0) + (— 1)” 2+ " 3 /(0, 1, 1) 

+ ( — l) n3 + 1 /(0, 0, 1) + (-l)^ + 1 /(l, 0, 0) + (_l)ni+n a /(l, i, o) 

+ (-l)' 1 i+«2+»3+i/(l, 1, 1) + (-l)"i+« 3 /(l, 0, 1); 



(6.5) 
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(ii) 



where 



(hi) 



where 



(iv) 



V r 



( 1 ) 



/ > — v\ ' n\ ,n 2 ,n 3 Vn 1 ,n 2 ,n 3 r n 1 ,n 2 ,n — 3 

Cni ,n 2 ,n 3 vhzj 7 2 4 2 4 + , 

7r 4 ?rfn2ri3 Tr^nin^ns 7r 4 ni?i.2n| 



(2) 






(3) 



K 



(i) 



( 2 ) 



K 



y( 3 ) 

y ni, 712,113 



Cn 1 (0(-,o,o)) + (-r+ 1 c ni (00,0,1) 

(-i) ra2+1 Cni (0(-,i,o)) + (-i)" 2+n3 c ni (00,1,1) 

Cn 2 (0(0, •, 0)) + (-l)” 3+1 Cjl2 (0(0, •, 1)) 

(-1)^ +1 C „ 2 (0(1, -,0)) + (— l) ni+ ” 3 c„ 2 (0(1, -,1) 
Cn 3 ( 0 ( 0 , 0 , •)) + (- l ) n2 + 1 C n3 ( 0 ( 0 , 1, •)) 

(-1)^ + 1 C „3 (0(1, 0, •)) + (~l) ni+n2 c n3 (0(1, 1, •)) ; 



M ^ M K * J M 

/ p\ _ lvl n i,n2,n3 iW ni,n 2 ,n3 -i^ni,n 2 ,n3 

c ni,n 2 ,n 3 V-ttJ c o 2 ■ R 2 2 ■ R 2 2 ’ 

7r°nf7i2n3 7r°nfn2n3 ir^nin^n^ 



r( 2) 



r (3) 



/VfC 1 ) . 

lvl n i,n 2 ,n3 ^ 



1,na (a® 2 i 2 ^' ,o 0 + ( 1)n,+lc 



0 s 4 / 



\dx 2 dy : 



0,-,i) , 



M 



( 2 ) 



rn.n2.n-3 Cni ’ n3 ^ 2 ^ 2 ^’”’ Vy’f L V -r»i >" 3 ^ dxW ' 

( a 4 / 



( 



0,°, •)) +( (a^j^O’ 1 ’-)) > 



M < 3 ) = c ( d4f 

lu ni,n 2 ,n 3 n2 ' n3 \dy 2 dz 2 



(0, ’, *)^ + ( l)" 1 + lc n 2 ,n 3 (yQ y 2Q z 2 (1> ’> ‘)^ ! 



C ni ,n 2 ,n 3 (T) — 



' ns \dy 2 dz 2 ' 

( d 6 f \ 

H , n 2 , n 3 ydx 2 dy 2 z 2 J 



TT 6 n\n 2 n\ 



From this and Proposition 6.1, we get the following theorem. 

Theorem 6.2. Suppose that / € IT (2 ’ 2 ’ 2) ([0, l] 3 ), i.e., dx2 d ^ y l dz 2 (x, y, z) € C^O,!] 3 ). Then 



^ni ,n 2 ,n 3 (/) ^ ( Hn1.n2.n3 

7r 3 nin 2 ?i3 \ V n i 



Ol — ] +o[ — ) + o( — 
n 2 J \n 3 



where H„ ljn2>n3 is stated in (6.5). 

Let Hi = 2 pi + qi (i = 1, 2, 3). Then 

C 2 pi+ 9 i, 2 p 2 + 92 , 2 p 3 +g 3 (/) = Jr 3 p 1 p 2 p 3 (^ 2 Pi+Qi , 2 P 2 +q 2 , 2 p 3 +q 3 + 0 + ° ° 

where H„ ljn2>n 3 is stated in (6.5). It is clear from (6.5) that H 2 Pl + gi) 2 p 2 +g 2 , 2 p 3 +g 3 = H qi ,q 2 , q3 ■ So 

1 



C 2pi +q t ,2p 2 +92 ,2p 3 +g 3 (/) = 



kMpIpI 1 CW,S 



i \ /i\ ( i 

o | — +0 — + o — 

vPl/ \P2j \P3 
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and 



E] c 2p 1 +q 1 ,2p2+q2,2p 3 +q 3 {f) _2 T) 2„2„2 ( E] ,92 ,<23 0 \ n ) 0 ( „ 

(«x,®,93)e{0,i}3 * V(*i.®.®0e{0,i}3 VPl/ VP2 



By (6.5), 



f/ 0 



'91,92,93 = / (0, 0, 0) + (— 1) 92+1 /(0, 1, 0) + (— 1) 92+93 /(0, 1, 1) 

+ (-l)®+i/(0, 0, 1) + (-1 )«+ 1 /(l, 0, 0) + (-l)9i+®/(l, 1, 0) 

+ (-l)9i+92+93+l/( 1) 1, 1) + (-1)91+93 /(1 ) 0, 1). 

A direct computation shows that 

E ^93,92,93 = 8(/ 2 ( 0 , 0 , 0) + / 2 (0,l,0) + / 2 (0,l,l) + / 2 (0,0,l) 

(9l.92,93)6{0,l} 3 



P3 



+ / 2 ( 1 , 0 , 0 ) + / 2 ( 1 , 1 , 0 ) + / 2 ( 1 , 1 , 1 ) + / 2 ( 1 , 0 , 1 )) 

= 8 E / 2 ( A). 

Ae{0,l} 3 



Therefore, 



C 2pi +gi ,2p 2 +92 ,2p 3 +g 3 (/) = 6 2 2 2 

(9i,92,93)£{0,l}3 v Ae{0il}3 



E 



E / 2 w 



1 \ / 1 \ (i 

0| — +0 — +0 — 

kP 1/ \P2/ \P3 



From this, we deduce the following proposition. 

Proposition 6.3. Let / £ VF^ 2,2,2 -* ([0, l] 3 ). Then its Fourier sine coefficients 

Cni,n 2 ,n 3 (f) = O ( ) [o ( — ) + O ( — ) + O ( — 

\nin 2 n 3 y \ \ n i/ \ n 2 ) V n 3 

if and only if /(A) = 0 for all A € {0, l} 3 . 

Suppose that f £ W^ 2,2,2 \[0, l] 3 ). Then the hyperbolic cross truncation of its Fourier sine series: 

S { N\f;x,y,z ) 

= E c ni ,n 2 ,n 3 (f) sm(Trn 1 x)sm(TTn 2 y)sm(Trn 3 z) 

l<n 1 ,n 2 ,n 3 <N-l 
l<nin2H3<iV— 1 



E E C 2 p 1+ q u 2 p 2 +q 2 , 2 p 3 +q 3 {f) sin 7r(2pi + q x )x sin 7r(2p 2 + < 72 ) 1 / sin7r(2p 3 + q 3 )z. 

iSPl.ra.PS^^'^] (91.92, 93)e{0,l} 3 

l<pip 2 P3<[ :? ^ B l1 ] 
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By the Parseval identity and (6.3), it follows that 

8 II /-«£>(/) \\l 



( \ 

oo 

E - E E 

Pi,P2,P 3 =l i<pi,p 2 ,p3<[A=S.1 («i,92, 9 3 )6{0,1} 3 
V l<PlP 2 P 3 <[-^r i ]/ 



'2pi +gi ,2p 2 +92 ,2p 3 +q 3 



(/) 



( 

OO 

E - E -A 

pfpfi 

Pi,P2,P3=i i<p 1 ,p 2 ,p 3S r%i] 

V l<PlP2P3<[^ li ] 



E / 2 (A) + o(l) 

Ae{o,i}3 



rAT-11 I N 

. 4 P 1 J 



= ^ E E E 



Pl=l P2=l 



P 3 [ 2p!p 2 



JV_1 Vag{o,i } 3 



E / 2 (A) + o(i) 



Notice that 



E 



P1P2P3 



P 3 = 



8P1P2 J 



and 



- yr + O (ws) ~ V + 0 (nO 



PIP2 

r n_] 

[ 4 P1 J OO 

E E 

P2 — 1 „ r w 



P1P2P3 



P 3 = 



8piP2 J 



L 4 Pi J / \ JY_ J / 

= V § L n ( -J— ] = - 8 - f* p dt , r) ( _j_ 

2-2 P1P2IY ^ l A^pi y PilV J 1 f ^ l Npi 

P2=l 



Since 



3 ^ r (logJV-logp 1 ) + o( 1 ^ r ) . 



and 



L ^ J 1 

V — =log7V + 0(l) 
, Pi 

Pl=l 



E 

pi=i 



log Pi 
Pi 



^ dt + 0(1) = ^ f 2 dlog 2 < + 0(1) = ^ log 2 TV + 0(1), 
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we have 




pi=i 



L jpiJ 

E 

P2 = l 



E 



L 8 P1P2 J 



pIpIpI 



8 log N 
N 




P i = l 



Pi 



_ 8 _ 

N 




P i=l 



log pi i n ( ]ogN_\ 
Pi { N ) 



_ 8 log 2 N 4 log 2 JV , ^ ( log n\ 4 log 2 N , n ( log IV \ 

— N N + U [ N J N ^ U \ N J ' 

Finally, we have 

ll/-4 ft) (/)lli=4 f E / 2 (A)| ^^(1 + 0(1)) (JV — 00). 

\ Ae{o,i } 3 / 

For stochastic processes, we have the corresponding result. 

Theorem 6.4. Suppose that / is a stochastic process and / G W/( 2,2,2 )([0, l] 3 )- Then 



E 



f~S$\f) 



Ae{o,i} 3 



log 2 N 
N 



(1 + o(l)) (N — > oo). 



For a three-variate function / on [0, l] 3 , in its decomposition formula (6.1)-(6.4), we expand univariate func- 
tions fi(x, 0, 0), ..., /i(l, y, 1), bivariate functions y, 0), ..., / 2 (lc, y, 1), and three-variate function T(x,y,z) 
into Fourier sine series, we get the Fourier sine series with polynomial factors. We again define the corresponding 
hyperbolic cross truncations as follows: 



( S N ) f)( x ’ 2/> z ) = p ( x 1 Vi z ) + Qn(x, y , z) + R n (x, y, z) + T N (x, y, z), 



( 6 . 6 ) 



where P(x,y,z) is stated in (6.2), Q^(x,y, z) is obtained by replacing eight univariate functions by their Nth 
partial sums in (6.3), Rn{x, y, z) is obtained by replacing four bivariate functions by their Nth hyperbolic cross 
truncations in (6.4), and is the TVtli hyperbolic cross truncation of T(x,y,z). 

Theorem 6.5. Let / G W^ 2,2,2 >([ 0, l] 3 ). Then hyperbolic cross truncations of the Fourier sine series of f 
with polynomial factors satisfy 

II \\ 2 =o(^pj, 

where S^\f) is defined in (6.6). 

The number of Fourier sine coefficients in S$\f) satisfy N c ~ iVlog 2 N. From this and (6.7), we have 

II II 2 =o(^^4E). 



Therefore, we can use fewest Fourier sine coefficients to reconstruct /. For stochastic processes, the correspond- 
ing result is 



E 



r q{h) 

J 



(/) 



= o 



log 8 N c 

N? 
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Abstract. In this paper, mathematical programs with nonlinear complementarity constraints ( MPCC 
) are investigated and a new relaxed method is proposed. Firstly, based on Mangasarian complementarity 
function, MPCC is relaxed. The relaxed problem is a parametrized nonlinear programming. Secondly, it is 
proved that the sequence of stationary points of the relaxed problems converges to M-stationary point of 
MPCC under some mild assumptions; further, it is shown that the stationary point is strong for MPCC if 
some additional conditions are satisfied. Thirdly, we analyze the existence of the Lagrange multipliers for 
the relaxed problem. We show that Guignard constraint qualification holds for the relaxed problem under 
MPCC-linear independence constraint qualifications, and then obtain the existence theorem of the Lagrange 
multipliers. 

Key words. Nonlinear complementarity constraints; Mathematical programs; Relaxed method; Con- 
straint qualifications; Stationary points; Global convergence 

AMS subject classification 90C, 49M. 



1. Introduction 



In this paper, we consider the following MPCC : 



min 

s.t. 



/(*) 

9i(z) < 0, i <E I = {1,- • • ,m}, 
hi(z) = 0, i € I e = {1, • • • ,m e }, 
Gi(z)> 0, * € I c = {1, • • • ,m c }, 
Hi{z) >0, ie I c , 

Gi(z)Hi(z ) <0, ie I c , 



( 1 . 1 ) 
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where /, gi, hi, Gi, Hi : M n — > M are all continuously differentiable. The MPCC (1.1) has many 
applications in game theory, traffic transportation, engineering design and so on. The interested 
reader is referred to the monograph [1] for more details. 

As we know, the MPCC (1.1) is a highly difficult nonlinear program since the standard Mangasarian- 
Fromovitz constraint qualification (MFCQ) is violated at any feasible point ( see [2]). This implies 
that the well-developed approaches for the standard nonlinear programs typically have severe dif- 
ficulties if they are directly used to solve the MPCC (1.1). So MPCC-tailed algorithms have to be 
studied. 

During last decade, several kinds of efficient methods for the MPCC (1.1) have been developed, 
such as relaxation ( or regularization ) ([4-8]), smoothing ([1, 9-17]), interior point method ([1, 18- 
20]) and penalization ([21]). In this paper, our focus is on relaxation method. The basic idea of 
the relaxation method is to relax the complicated complementarity constraints 



Gi(z) > 0 , Hi(z) > 0 , Gi(z)Hi(z) < 0 , i £ I c 



in a suitable way. The interested reader is referred to the recent review paper on relaxation method 
[5] for more knowledge. 

Kadrani et al. proposed a relaxation scheme in [8] as follows: 



min f(z) 

s.t. gi{z) <0, i £ I, 
hi(z ) = 0 , i £ I e , 

Gi{z) > -t, i £ I c , 

Hi(z) > —t, i £ I c , 

{Gi(z) - t) (Hi(z) - t) < 0 , i £ I c , 



where t is a nonnegative parameter. It is shown that any accumulation point of the stationary 
point sequence of (1.2) converges to an M-stationary point of MPCC (1.1) when t — > 0 under 
the MPCC-linear independence constraint qualification (MPCC-LICQ) condition and some mild 
conditions. They also showed that existence of KKT multipliers for the relaxed problem (1.2) under 
the MPCC-LICQ assumption. Figure 1, however, shows that there exist two disadvantages: (1) 
the feasible region of the relaxed problem (1.2) is almost disconnected. Therefore, one has to meet 
severe difficulties when solving (1.2) by means of a standard NLP algorithm; (2) the feasible region 
of the MPCC (1.1) is not included in that of the relaxed problem (1.2), regardless of the choice of 
t > 0. 

In order to overcome the above drawbacks, Kanzow et al. recently proposed a new relaxation 
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Figure 1: Geometric interpretation of relaxation in [8] 



scheme in [5] as follows: 

min f(z ) 

s.t. gi(z ) <0, i € /, 
hi(z) = 0 , is I e , 

Gi{z) > -t, ie I c , 

Hi(z) > -t, ie I c , 

z;t ) = e I c ) < 0 , 

where t > 0 is a parameter, ^>i(z;t) = <p(Gi(z ) — t,Hi(z ) — t), the complementarity function 
tp : M 2 — > M is defined by 

xy, x + y> 0, 

~\{x 2 + y 2 ), x + y< 0. 



ip(x,y) = 



The geometric interpretation of the relaxation scheme (1.3) is given in Figure 2. It is shown 
that any accumulation point of the stationary point sequence of (1.3) converges to an M-stationary 
point of MPCC (1.1) when t — > 0 under much weaker MPCC-constant positive linear dependence 
( MPCC-CPLD ) condition and some mild conditions. And they also showed the existence of the 
Lagrange multipliers for the relaxed problem (1.3) under the MPCC-LICQ assumption. 

It is worth noting that the feasible region of the original problem (1.1) is part of the boundary 
of that of the relaxed problem (1.3). Consequently, some additional stricter conditions is required 
for the search directions when solving the relaxed problem (1.3) by a standard NLP algorithm. 

In this paper, motivated from the ideas in [5, 8] and based on the Mangasarian complementarity 
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function ([25]) defined by 

4>(cl, b) = p(a ) + p(b) - p(\a - b\) 

with p : M — > K being given by 



p{ T ) 



t 2 , if T > 0 

— r 2 , if T < 0, 



we propose a new relaxation scheme: 

min f(z ) 

s.t. gi(z) <0, i € I, 

hi(z ) = 0, i e I e , 

Gi(z ) > -t, / c , 

Hi{z) >-t, i € I c , 
$i(z\t) < 0, i e 7 CJ 



where t is a nonnegative parameter and 



d >i(z; t ) = <j)(Gi(z ) - t, ^( 2 ) - t). 



(1.4) 



(1.5) 



(1.6) 



The geometric interpretation of the relaxation scheme (1.5) is given in Figure 3. 

We show that any accumulation point of the stationary point sequence of (1.5) converges to an 
M-stationary point of MPCC (1.1) when t — > 0 under much weaker MPCC-CPLD condition and 
some mild conditions, and converges to a strongly stationary point of MPCC (1.1) under additional 
conditions. We also show that the standard Guignard constraint qualification (GCQ) holds at every 



4 



551 



Jianling Li et al 548-565 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 




Figure 3: Geometric interpretation of the proposed relaxation scheme 

feasible point of the relaxed problem (1.5) and the existence of Lagrange multipliers of the relaxed 
problem (1.5) is verified under some mild conditions. 

The rest of the paper is organized as follows. Some definitions of different stationary points and 
constraint qualifications and preliminary results about MPCC are restated in Section 2. Section 3 
contains the analysis and proof of the convergent results. The existence of Lagrange multipliers for 
the relaxed problem is analyzed and verified in Section 4 and some concluding remarks are given 
in the final section. 

2. Preliminaries 

As we know, except for Guignard CQ, all standard constraint qualifications are far too restrictive 
for MPCCs ([22]). Some MPCC-tailed CQs are introduced in the past. Furthermore, due to the 
fact that most standard CQs are likely to be violated at a local minimum of an MPCC, the KKT 
conditions can not be considered as the optimality conditions. Hence, several weaker stationarity 
notions have been proposed. For convenience and completeness, in this section we briefly restate 
some concepts and results about the MPCC (1.1) which are needed in the sequel analysis. The 
reader is also referred to [5, 22-24], 

Let S be the feasible set of the MPCC (1.1). For any z* E S, define different index sets for the 
MPCC (1.1) as follows: 



h+{z*) = {iel c I Gi(z*) = 0, H 7 (z*) > 0}, 

Ioo(z*) = {» e Ic I Gi(z*) = 0, Hi(z*) = 0}, ( 2 . 1 ) 

1+ o(z*) = {iel c \ Gi(z*) > 0, H t (z*) = 0}. 

Definition 2.1 l 5, 23 1 Let z* be a feasible point of the MPCC (1.1). Then z* is said to be 
(1) weakly stationary for the MPCC (1.1), if there exist multipliers (a*, /3*, 7 *, 6*) E x M me x 
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M mc X M mc such that 

V/CO + E a?V«fc(z*) + E - E 7*VG^*) - E S*VH t (z*) = 0, 

«e/ iei e iei c iei c ( 2 . 2 ) 

a* > 0, a* gi {z*) = 0 (* G 7), 7 * = 0 (* € I+o(z*)), 6* = 0 (* € / 0 + («*)); 

(2) C-stationarity, if it is weakly stationarity and 7 *6* >0, V i G 7oo(z*); 

(3) M-stationary, if it is weakly stationarity and 7 * > 0, <5* > 0 or 7 * S* = 0, V i G /oo(^*); 

(4) strongly stationary, if it is weakly stationarity and 7 *, 4* > 0. V * E Iqo(z*). 

Obviously, we know that strong stationarity implies M-stationarity, M-stationarity implies C- 
stationarity and C-stationarity implies weak stationarity. Moreover, it is shown in [22] that strong 
stationarity is equivalent to the standard KKT conditions of an MPCC. However, a counterexample 
given in [23] indicates that strong stationarity may not hold at a global minimum, even for very 
simple MPCCs. 

Definition 2.2 l 5, 23 1 Let z* be a feasible point of the MPCC (1.1). Then 

( 1 ) MPCC-LICQ is said to hold at 2 * if the gradients 

{V gi (z*) | i € I g (z*)j U (Vhi(z*) jielejU { VGi(z *) | i G Ioo(z*) U I 0+ (z*)} 
U{V77j(2*) | i € Iqo(z*) U 7+o(2*)} 

are linearly independent. 

(2) MPCC-CPLD is said to hold at z* if, for any subsets I\ C I g (z*), I 2 Q 7 e , h Q Ioo(z*) U 
Io + (z*), I a C Ioa(z*) U 7 + 0 ( 2 *) such that the gradients 

{V 9i {z*) | i G h} U {{V/^ 2 *) | i G h} U {VGi( 2 *) | i G 7 3 } U {V77i(2*) | * G 7 4 }} 

are positive-linearly dependent, there exists a neighborhood N(z*) of 2 * such that the gradients 

{S7gi(z) | i G 7i} U {Vh,(2) | i G 7 2 } U {VGi(z) | i G 7 3 } U {VHi(z) \ i G 7 4 } 

are linearly dependent for all 2 G N(z*). 

It follows from [24] that MPCC-LICQ implies MPCC-CPLD. 

3. Convergence results 

In this section, we analyze the convergence behavior of the relaxed problem (1.5) as t — > 0. For 
convenience, denote by R-MPCc(t ) (1.5) the relaxed problem (1.5), and define the following index 
sets for R,MPCc(t ) (1.5): 

I g (z) = {i G 7 | gi(z) = 0}, 7 G (2;i) = {i G 7 C | Gi(z) = -t}, 

Ih(z; t) = {i G 7 C | 17,; ( 2 ) = —7}, I<s>(z\t) = {i G 7 C | $ 1 ( 2 ; t) = 0}, 

4> + (z;i) = {* G U(z-,t) | Gj( 2 ) —7 = 0, 77,; ( 2 ) — 7 > 0}, 

7+°(2; t) = {i G 7$(2; t) | Gi(2) —7 = 0, 77,(2) — 7 = 0}, 

7$° ( 2 ; t) ={iG 7$ ( 2 ; t) | Gi ( 2 ) — 7 > 0, 77,:(2) — 7 = 0}, 
supp(c) = {i | c, / 0, i = l,...,i.c= (cj) G M z }. 
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Obviously, we have I^ + (z]t)r\I^ 0 (z]t)r\I^°(z]t) = 0, /£ + 0; t) U l£°(z; t) U l£°(z; t) = I$(z;t). 
By elementary computation and analysis, we can obtain the important properties of the com- 
plementarity function cj) given in (1.4), which play a key role in the subsequently analysis. 



Lemma 3.1 1 25 1 (1) cj)(a, 6) = 0 if and only if a > 0, b > 0, ab = 0. 
(2) (j) is continuously differentiable, and its gradient is 



V0(a, b) = < 



(3) The following inequality holds: 

4>(a,b) | 



—4a + 2b 
—46 + 2 a 
—4a + 26 
2a 
26 

—46 + 2a 
26 \ 

2a J ’ 



if a < 0 and 6 < 0, 
if a < 0 and 6 > 0, 
if a > 0 and 6 < 0, 
if a > 0 and 6 > 0. 



>0, if a > 0 and 6 > 0, 
<0, if a < 0 or 6 < 0. 



(3.1) 



According to the definition (1.6) of 4>j, one obtains the expressions of <3 ?i(^;t) and the gradient 
of 4>j(z;i), respectively : 



$i(z] t) = 4>{Gi(z) - t, Hi(z) - t) 

( -2 (Gi(z) - t) 2 - 2 [Hi{z) - t) 2 + 2 (Gi(z) - 
= I -2 (Gi(z) - t) 2 + 2 (Gi(z) - t)(Hi(z) - i), 

| -2(H i (z)-t) 2 + 2(G i (z)-t)(H i (z)-t), 

[ 2 (Gi(z)-t)(Hi(z) -t), 



t)(Hi(z) — t), Gi(z) — t < 0 and Hi(z) — t < 0, 

Gi{z) — t < 0 and H^z) — t > 0, 

Gi(z) — t > 0 and Hi(z) — t < 0, 

Gi(z) — t > 0 and Hi(z) — t > 0, 



V4>i(z;t) 

{ {2H l {z) - 4 Gi{z) + 2 t)VGi(z) + (2 G l {z) - 4ffi(«) + 2 t)\7H z (z), 
(2 Hi{z) - 4 Gi(z) + 2 t)VGi(z) + 2 (G t (z) - ^VH^z), 

2{Hi(z) - t)VGi(z) + (2Gi(2r) - 4H i {z) + 2t)VH i (z), 

2{Hi{z) - t)VGi{z ) + 2 (Gi(z) - t)VHi{z), 



Gi{z) — t < 0 and Hi(z ) 
Gi(z) — t < 0 and Hj( 2 ) 
Gi(z) — t > 0 and H^z) 
Gi(z) — t > 0 and Hj(z) 



t < 0, 
t > 0, 
t < 0, 
t > 0, 
(3.3) 



where the parameter t > 0. 

Let 5(t) be the feasible set of R,MPCc(t ) (1.5). Then the following result is true. 



Lemma 3.2 (1) 5(0) = 5; (2) 5(ti) C Sfo), 0 < t\ < t 2 \ (3) 5 = f) S(t). 

t> o 

Next, we establish the convergence theorem of the proposed relaxation method. 
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Theorem 3.1 Suppose that {t k } ], 0, (z k , ct k , j3 k , , 5 k , v k ) is a KKT pair of RMPCc(t k ) (1-5) for 

all k, z* is an accumulation point of the sequence {z fc }, and MPCC-CPLD holds at z*. Then the 
following statements hold: 

(1) z* is M-stationary for the MPCC (1.1); 

(2) If {z k } additionally satisfies I$ + (z k ]t k ) = I^°(z k ]t k ) = 0, then z* is strongly stationary for 
the MPCC (1.1). 



Proof. (1) Note that z k — > z*, t k — > 0 and the continuity of gi , hi , Gi, Hi, we obtain that 2 * is 
feasible for MPCC (1.1) and the following inclusion relations are true: 

I g (z k ) C I g (z*), 

I G (z k - t k ) U If(z k - t k ) U I°+(z k -,t k ) C Iqo(z*) U I 0 +{z*), 

I H (z k ; t k ) U If{z k -tk) U It\z k -t k ) C Ioo(z*) U /+ 0 (z*). 

Since (z k , a k , (3 k , , 5 k , u k ) is a KKT pair of RMPCc{t k ) (1-5), we have 



(3.4) 



0 = Vf(z k ) + £ a k V 9i (z k ) + £ /3 k Vhi(z k ) - £ ^VGi(z k ) - £ 



i£l 

+ £ v k V$i(z k -t k ), 

i&Ic 



idle 



i&Ic 



ieic 



(3.5) 



a. 



k >0, ie I g (z k ), 



7* 



% 



> 0, i <E I G (z k ]t k ), 
= 0, i £ I G (z k -,t k ); 

> o, i e i$(z k -,t k ), 
= 0, i u(z k ;t k ). 



= 0, I g (z k ); 

> 0 , ieI H (z k -tk ), 

= 0 , i<£ I H (z k -tk ); 

From (3.3), one has 

' 2 (Hi{z k ) - t k )VGi(z k ), i G Il + {z k -t k ), 
2 {Gi{z k ) - t k )VHi{z k ), i € 4 V; t fc ), 

k 0 , i€ ll°(z k -tk)- 

Define v G,k = [yf' k ,i G I c ) and zz^ ,fe = (vf’ k ,i G / c ) with 



(3.6) 



V^(z fc ;f fc ) = 



G,k 

V; = 



H,k 

ZA = 



2 u k {Hi{z k )-t k ), iiiel°+(z k -t k ), 

0, otherwise; 

Note that I$(z k ‘,tk) = I^ + (z k ',t k ) U I$°(z k -,tk) U l£°(z k -,t k ), (3.5) can be rewritten as follows: 



2i^(G i (* fc )-**), if iG/+V;i fc ), 
0, otherwise. 



0 = V/(z fe ) + £ a k Vgi{z k ) + £ $Vhi(z k ) - £ j k VGi(z k ) - £ S k VHi(z k ) 

i£l i£lc i£l c 

+ £ vf’ k VGi(z k ) + £ is*’ k VHi(z k ). 
iEl c i£lc 



(3.7) 



Note that the multipliers and df’ k are nonnegative, too, according to [4, Lemma A.l], we 
suppose, without loss of generality, the gradients corresponding to nonzero multipliers, that is, 

{V gi{z k ) | i G supp(a k )} U {\7hi(z k ) \ i G snpp(/3 fc )} U {VGi(,z fc ) | i G supp{p/ k ) U siipp(z/ G,fe )} 
U{V-ffj(£ fc ) | i G supp(5 k ) U supp(v H,k )}, 

(3.8) 



555 



Jianling Li et al 548-565 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



are linearly independent. 

In what follows, we show that the sequence {(a k , (3 k , 7 fc , 8 k , i/ G,k , u H,k )} is bounded. Suppose, 
by contradiction, that the conclusion is not true. Then there is a vector (a, (3, 7, d, v G , v H ) and a 
subset K C {1,2,...} such that 



(a k ,p k ^ k ,8 k ,v G ’ k ,v H ’ k ) K 



(a, ± 0. 



||(a fc , /3 fc , 7 fc , 5 k , u G > k , u H ’ k )\\ 

Dividing by || (a k , f5 k , j k , 5 k , u G,k , v H,k )\\ in (3.7) and passing to the limit, we obtain 



0 = £ atVgiiz*) + E PiVhi(z*) - E liVGi(z*) - E <Wtf*(z*) 

i£l i£le i£.Ic i£lc 

+ E v?VGi(z*) + E vfVHiiz*), 

iEl c idle 

which implies the gradients 

{' Vgi(z *) | i £ supp{a)} U {V/i;(z*) \ i £ supp(/3)} U (VGj(z*) \ i £ supp( 7) U supp(u G )} 

U {VHi(z*) | i £ supp(5 ) U supp{ v H )} 

are positive-linearly dependent. 

Since MPCC-CPLD holds at z*, there exists a neighourbood U(z*) of z* such that V z £ U(z*), 
the gradients 

{V g%(z) | i £ supp(a)} U {Vhi(z) \ i £ supp(j3)} U {' VGi(z ) | i £ supp( 7) U supp{v G )} 

U {V Hi(z) | i £ supp{5) U supp(v H )} 

are linearly dependent. This contradicts the linear independence in (3.8) since supp(a, j3 , 7, <5, u G , u H ) C 
supp(a k ,f3 k , r Y k ,8 k ,i' G ’ k ,v H ’ k ) for k sufficiently large. Therefore, {(a k ,/3 k ,'y k ,8 k ,i' G ’ k ,i' H ’ k )} is 
bounded. 

We suppose, without loss of generality, that {(a k , (3 k , y fc , 5 k , v G ’ k , v H ’ k )} converges to («*,/?*, 7*, 6*, 
v G ’*,v H ’*). Since I G (z k ]t k ) nl^ + (z k ;t k ) = 0 , In{z k ;t k ) nl$°(z k ;tk) = 0 , we define 



* 

1 


if i £ supp( 7*), 
if i £ supp{y G ’*), 


and 5i = < 


f 

H,* 
~ U i , 


if i 6 supp(5*), 
if z 6 supp(v H ’*), 


(3.9) 


0, 


otherwise. 






otherwise. 





By passing to the limit in (3.7), we have 

0 = Vf(z*) + ]T a*v 9i (z*) + £ P!Vhi(z*) - G^z *) - £ IVH^z*), (3.10) 

idl idle idle idle 

where a* > 0, a*gi(z*) = 0, i £ I. And it follows for k sufficiently large that 

supp(a*) C I g (z k ) C I g (z*), 

suppiq) = supp{ 7 *) U supp{v G ’*) C I G (z k ; t k ) U I^~(z k \ t k ) C I 00 (z*) U io+(z*), (3.11) 

supp{8) = supp(8*) U supp(v H ’*) C I H (z k -,t k ) U l£°(z k ;t k ) C / 00 (z*) U i+o(z*). 
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From (3.11), one has 7* = 0, i E I + o(z*); Si = 0, i E Io+(z*), together with (3.10), we can 
conclude that z* is weakly stationary for MPCC (1.1). 

In what follows, we prove z* is M-stationary, i.e. , either 7^ > 0, Si > 0 or 7 {Si = 0, for all 
i E I 00 (z*). Suppose, by contradiction, that there is an i E Iqo(z*) with 7* < 0 and S t 7^ 0 (the 
case 7i / 0 and Si < 0 can be proven in a similar way ). According to (3.9) and (3.11), one has i E 
supp(v G) *) C ll + (z k ]t k ) for k sufficiently large. Note that I$ + (z fc ; tfc)n(I#(z fc ; ifc)U/^°(z fc ; t k )) = 0 , 
it follows from (3.9) that Si = 0, which yields a contradiction. Hence, z* is an M-stationary point. 

(2) In order to show 2* is a strongly stationary point of the MPCC (1.1), based on the result 
(1), it is sufficient to show that 7 i >0, Vi E ioo(z*); Si > 0, Vi E Ioo(z*). 

By (3.11), the equality (3.10) can be rewirtten as 



0 = V/(z*) + E «iV^*)+E#V/h(z*)- E 7*VGi(z*)- E WHi(z*). ( 3.12) 

i£supp(a*) iel e i£supp( 7) iesupp(S ) 



In view of I^ + (z k ] t k ) = 0 , one gets from (3.9) 



H = 



7*, i e supp(pf * ) , 
0, else. 



(3.13) 



For V i E Joofc*), if i E supp{ 7*), then one obtains from (3.11) that 7 = 7* > 0; otherwise, 
7 = 7* = 0. This indicates 7* > 0 for all i E Iqq{z*). 

Similarly, one can show <5* > 0 for all i E Ioo(z*). 

Thus, z* is a strongly stationary point of the MPCC (1.1). □ 



4. Existence of multipliers 

In the convergent theorem, i.e., Theorem 3.1, we assume that there exists a KKT point for 
RMPCc(tk ) (1-5). Whether does a KKT point for R,MPCc{tk) (1-5) exist or not, or what con- 
ditions can ensure the existence of KKT point ? In order to answer these questions, we will further 
discuss the existence of Lagrange multipliers of RMPCc(t ) (1.5) in this section. 

Let z be feasible for RMPCcit) (1-5) and J be an arbitrary subset of /£°(z; t), define an auxiliary 
program ( AP(t , J) for short) as follows: 

min f(z) 

s.t. gi(z) <0, i E /, 
hi{z) = 0, i E J e , 

Gj(z) > ~t, Hi(z ) > -i, Gj(z) < t, i E J, 

Gj(z) > -t, Hi(z) > - t,Hi(z ) < t, i E J, 

G*(v) > -i, -#i(z) > -i, ^i(:zr; i) < 0 , I^(z]t ), 

where J means the complement of J in (z; t) . 

It is obvious that z is feasible for AP(t, J). Denote by S(t, J ) the feasible set of AP(t, J ) (4.1). 
It is not difficult to obtain the relation of feasible sets between AP(t , J ) (4.1) and Rmpcc{ t) (1.5). 
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Lemma 4.1 Let J be an arbitrary subset of I^°(z't) and t > 0. Then S(t, J ) C S(t). 

Lemma 4.2 For any t > 0 and any feasible point z of RMPecif) (1-5), the following equality 
holds true: 

Ts (t) (i)= U Taw®, 

where 7s{t) and 7s(t,J)(z) are the tangent cones of R.MPCc(t ) (1-5) and AP(t, J ) (4.1) at z, respec- 
tively. 

Proof. For any d G Ts(jt)(z), the definition of tangent cone tells us that there exists a sequence 
{z k } C S(t), z k — > z, and a sequence It/T {, 0 such that d = lim z ~ 2 ' . 

k — ^oo Tk 

Iii the following, we show that d G (J 7 Note that z k G S'(t), one has 

9i(z k ) <0, iel, hi(z k ) = 0, % G I e , 

Gi(« fc ) > -t, > -i, < 0, * G I c . 

Hence, one has t) < 0 for any i G I c - 

If i G /|, 0 (T;t), there are six cases for < 0 as follows: 

Gi(z k )-t< 0, FT;(z fc )-f <0; 

Gi(z k )-t< 0, Hi(z k )-t> 0; 

Gi(z k )-t >0, Hi(z k )-t <0; 

Gi(z k )-t>0, Hi(z k )-t = 0; 

Gi(**)-* = 0, = 0; 

-t = 0, Hi(z k )-t> 0. 

Thus, there exists an infinity subset K C {1,2,...} such that Gi(z k ) — t < 0, V k G K. Let 
J = {i G t) | Gi(z k ) — t < 0, V fc G IF}, J = /|, 0 (2:; i)\ J, then one gets {z fc } C 5(t, J). This 

implies d G U T S ( t ,j)(z)- Therefore, we have T S ( t )(z) Q U 7' S (t,j){z)- 

JClg°(z-,t) J Clg° (z;t) 

Conversely, for any d G (J 7's{t,j)(z)i there exists a subset J C such that d G 

7~s(t,j)(z)- Accordingly, there exists a sequence {z k } C S(i, J), — >• z and a sequence {r^} {, 0 

/c ' 

such that d = lim z ~ z . 

k— loo 

By Lemma 4.1, one has {z fc } C 5(f), so d G 7s(t)(^)- Thus one obtains 

U Ts^WQTsmW. 

Hence, the result is true. The proof is finished. □ 

For the sake of convenience, we now give a conclusion in [26], which is used in the proof of our 
Theorem 4.1. 
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Lemma 4.3 Suppose that C\, C 2 C R n are cones defined by 



Ci = {p G M n | xjp <0, i£/; yfp = 0, i G I e }, 

C 2 = {q G | q = ^ A jX; + ^ /x*?/*, A* > 0, V i G /}. 



ieT iG/e 



Then Ci = C 2 and C2 = C°, where and Cg are the polar cones of C\ and C 2 , respectively. 

The following theorem shows that standard Guignard CQ holds for Rupccit) (1.5) only under 
MPCC-LICQ assumption. 

Theorem 4.1 Let z* be feasible for MPCC (1.1) such that MPCC-LICQ holds at z* . Then there 
exists a t > 0 and a neighborhood U(z*) of z* such that standard GCQ holds for RMPCc{t ) (1.5) 
forVfe(0,t] and V z G U(z*) n S(t). 

Proof. Since MPCC-LICQ holds at z* , the gradients 



are linearly independent at z*. Since gi,hi, Gi and H t are continuously differentiable, the gradients 
(4.2) remain linearly independent in some neighborhood of z*. Hence, there exists at>0 and 
sufficiently small neighborhood U(z*) of z* such that for all t € (0, t] and all 2 G U(z*) n S(t), the 
gradients (4.2) are linearly independent at z, and the following inclusions hold from (3.4) 



For any t G (0,f] and z G U(z* ) n S(t) , we have z G S(t,J ) for any J C l£°(z;t), and the active 
gradients of AP(t,J ) (4.1) are 



U{VH t (I) | i G I H (z- 1 ) U J+°(z; t) U J}. 

Thus, the standard LICQ for AP(t, J ) (4.1) holds at 'z. Since LICQ implies ACQ, we have 



{S7gi(z) | i G I g (z*)} U (Vhj(z) | i G I e } U {VG,(z) | i G I 0 +(z*) U /oo^*)} 
U{VHi(z) |iG/+o(^)U/ 0 o(^)} 



(4.2) 





T S (t,J)(z) = £ S (t,J)(z), VJC/g°(?;t) 



which together with Lemma 4.1 yields 



T S (t)®= U r s(t,J)(A)= U ^(t,j)(2)- 



JQig°(z;t) 

From Theorem 3.1.9 in [26], we obtain 






T S ( t )(z)° = n ^s(t,j) (2)°- 



(4.4) 
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To prove that GCQ for Rmpcc{ t) (1.5) holds at z, we need to show that JZ s ^(z)° = Ts(t){z) c 
Note that Cs(t)(z)° Q 7s(t)(z)° since Ts(t) (z) C £ S / t \(z), we only prove the inclusion 

Ts W (S)° c£ 5{t) (i)°. 

The linearized tangent cone of AP(t, J) (4.1) at J is given by 

£s(t,J)(z) = {p G M n | Vgi(z) T p <0, ie I g (z), 

Vhi(z) T p = 0, i G I e , 

VGi(z) T p > 0, i G Ig(z] t), 

\7Hi(z) T p> 0, i G I H {z\t), 

VGi(Z) T p< 0 , ie4 + (z-t)UJ, 

VHi(z) T p< 0, ieI+°(z-t)UJ}, 

so it follows from Lemma 4.2 that 

C S (t,J)(z)° = \q£^ n \q= £ oaVgiiz) + £ AV/^i) - £ 7i VG,(5) 



i£lg(z) 



iei e 



*g/g(2 ;*) 



- £ ^Vfli(5)+ £ j/iVGi(i) 



i£l H (z;t) 



ie/£+ (z;t)uJ 



(4.5) 



+ £ (JjViLj(i), a, 7 , <5, z/, a > 0 } . 

iei+°(z-,t)uJ 

Now for q G Ts[t)(z)°-, one obtains from (4.4) that q G £s(t,J)(z)° for any 7 7g°(i ;t). So it 

follows from (4.5) that 



g= £ aiV^i(i) + £ AVA(2) - £ 7i VGi(S)- £ ^V^(i) 



ielgiz) 



iele 






ielH{z;t) 



+ £ J/iVGi(i)+ £ aiVHiiz), 

i&ll + (z;t)UJ i£l£°(z;t)UJ 



(4.6) 



where a*, 7i , <5*, a % > 0 . 

On the other hand, in view of J C 7™ (z; t) . we have from (4.4) that q G £ S ( t j)(i)°, thus it 
follows that 

q = Y, ^ V 9i( z) + YPiVhi(z)- E 7 iVGi( 2 )- E 

iGl g (z) i£l e i£lG(z-,t) i£l H (z-,t) 

+ Y ^Gi(z)+ Y ^VA'i(i), (4.7) 

ie4+(S r ;t)UJ ie/J°( 2 ;Z)UJ 

where a*, 7i , <£ Vi, a t > 0 . 

Note that the gradients 

(V^(i) I * G / fl (i)} U {Vh,( 5) I z G 7e} u {VGi(5) I * G I G (z ; t) U 7°+(J; i) U /£°(z; t)} 
U{\7Hi(z) | z G iff (J; t) U l£°(z-, t ) U /£°(z; f)} 
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are linearly independent, hence, the corresponding coefficients in (4.6) and (4.7) must be equal. In 
particular, we obtain 

Vi = 0, i £ J; <Tj = 0, i £ J. 

Further, we obtain 

q= E QiiV^(i) + E PiVhi(z) - E 7 iVGi(i)- E &vfli(2) 

i£lg{z) i£le ieI G (z;t) ieI H (z;t) . . 

+ E ^iVGi(i) + E <7iVfli(2). 1 j 

Note that the linearized cone of Rmpcc{1 ) (1-5) is given as follows: 

£s(t)(z) = {p £ M n | Vgi(z) T p < 0, i £ I g (z), 

\7hi(z) T p = 0, i £ 7 e , 

VGi(z) T p > 0, i £ lG(z]t), 

VHi{z) T p > 0, i £ I H {z] t ), 

V<Fj(z; f) T p < 0, i £ /ci> (7: f)} . 

In view of V4>j(z;f) = 0, i £ I^{z]t) and /<j>(z;t) = /^ + (z;t) U /£°(z;t) U /J°(2:;f), /$ + (z;i) n 
/£°(z; t) fl / ( j) 0 (z; t) = 0, the representation above can be rewritten as follows: 

£s(t)C?) = {p G M n | Vgi(z) T p <0, i<E I g (z), 

Vhi(T) T p = 0, i € I e , 

X7Gi(z) T p > 0, i £ Ic(z]t), 

\7Hi(z) T p > 0, i £ lH(z;t), 

VGi(z) T P <0 7 iel°+(z-t), 

VHi(z) T p< 0, i£/+ 0 O)}. 

By Lemma 4.3 and (4.8), one obtains q £ Tgo) (20°. The arbitrariness of q implies Ts(t){z)° Q 
C S {t)(z)°- The proof is finished. □ 



The following result shows that stronger CQ for R.MPCc(t ) (1-5) holds at all points where 
l£°(z; t) = 0 holds. 

Theorem 4.2 Let z* be feasible for the MPCC (1.1) such that MPCC-CPLD (MPCC-LICQ) 
holds at z*. Then there exists a t > 0 and a neighborhood U{z*) of z* such that the following 
statement holds for all t £ (0 ,£]: If z £ U(z*)nS(t) with I$°(z; t) = 0, then standard CPLD (LICQ) 
for R.MPCc(t ) (1.5) holds at z. 

Proof. We first prove the conclusion for MPCC-CPLD. Suppose, by contradiction, that there were 
a sequence {t k } {. 0 and z k —f z* with z k feasible for RMPCc(t k ) (1-5), and I^°(z k -,tk) = 0 for all 
k £ {1, 2, . . .} such that standard CPLD is not satisfied in z k for all A: £ {1,2,.. .}. Thus there 
exist index subsets 



I k c I g (z k ), I k C I e , I k C I G (z fc ;t fc ), I k c / H (^;ifc), I 5 C /° + (z*;i fc ), 4 £ 4 u (z*;f fc ) 



r+0/ 
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such that the gradients 

{{V9i(z) | i £ if} U {-VGi(z) | * € if} U {-VHi(z) \ i £ if} U {(#*(*) - t fc )VG}(z) | * € if} 
U{(GiW - t k )VHi(z) | i 6 if}} U {Vhi(z) | t € if} 

are positive-linear ly dependent at z k , but linearly independent at points arbitrary close to z k . 
Since I g (z k ), I e , I G (z k -,tk ), I# (z fc ; ifc), lff + (z k -,tk), I$°(z fc ;ifc) are all finite sets, without loss of 
generality, we may assume if = I* (i = 1,2,.. . 6 ). Note that I g (z k ) C I g (z*) for all A: sufficiently 
large, thus /i C I g (z*). Similarly, we obtain I 3 UI 5 C Ioo(z*)Ulo+( 2 *), I 4 U Ig C loo ( 2 *) U 1 + 0 ( 2 *)- 
Positive-linearly dependence at z k implies positive-linearly dependence of the gradients 

{\/ gi (z k ) | 1 £ I,}U {{Vhi(^) | z € I 2 } U {VGi(^) | i £ I 3 U I 5 } U {VfTi(^) | i £ I 4 U / 6 }} • 

(4.9) 

Because the standard CPLD is not satisfied, there exists a sequence {y fc } z* such that the 
gradients (4.9) are linearly independent at y k . If the gradients (4.9) were positive-linearly indepen- 
dent at z* , then from Theorem 2.2 in [27] we know that these gradients are also positive-linearly 
independent at any point close to z*. This is a contradiction. If the gradients (4.9) were positive- 
linearly dependent at z*, MPCC-CPLD would imply that they remain linearly dependent in some 
neighborhood of z* , which contradicts the statement the gradients (4.9) are linearly independent 
at y k . Hence, CPLD holds at z. 

Next we prove the conclusion for MPCC-LICQ. For all z £ U(z*)nS(t) and t £ (0 ,t) sufficiently 
small, we have the following relations: 

Ig(z) C I g (z*), 

I G (z-,t) \J Il°(z;t) U I*l + (z-,t) C /oo(^)U/ 0+ (^), 

Ih(z- t) U l£°(z; t ) U l£°(z; t ) C I 00 (z*) U 1 + 0 ( 2 *), (4.10) 

I G {z; t ) n (Jg°(z; t) U I$ + (z; t)) = 0, 

Ih{z\ t ) n (ll°(z- 1 ) U l£°(z; t)) = 0. 

In view of MPCC-LICQ assumption and (4.10), for any z £ U(z*), the gradients 

{V gi(z ) | i £ I g (z)} U {Vhi(z) \ i £ I e } U {VGj(z) | i £ I G (z; t) U I$ + (z; t)} 

U {VH^z) | i £ I H (z- 1) U I+°( Z ] *)} 

are linearly independent. 

The active gradients of Rmpcc{1 ) (1-5) at feasible point z £ U(z*) are 



Vgi(z), i £ I g (z), 

Vhi(z), i £ I e , 

VGi(z), i £ I G (z-t), 

VHi(z), i £ lH(z;t), 

Vet) ( 1 \ = / 2 {Hi(z)-t)VGi{z), *el£ + (z;t), 
* ’ [2 (Gi(z)-t)VHi{z), iel+°(z;t). 



(4.12) 
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From (4.11), we know that the following equality 

£ aiV 9 i {z) + £ PiVhi(z) - £ t iVGi(z)- £ S i VH i (z) + £ ^VSifot) 

i&Ig(z) i&Ie i£lG(z;t) i£l$(z-,t) 

= £ ai V gi (z) + £ hVhi{z) - £ 7 iVGi(z)- £ 

i&I g (z) i£l e i£lc(z;t) i£ln(z;t) 

+ £ I / j [2(ff i (2)-t)]VG i (z;i)+ £ i/i[2(Gi(*)-i)]ViZi(*;t) 

ie/g+(z;i) ie/+°( Z ;t) 

= 0 

(4.13) 

implies that 



OLi = 0, i € / s (.z); Pi = 0, i € / e ; 7i = 0) * £ -k? (*;*); h = 0, i € Iii(z',t); 

Vi[2(Hi(z) - t)] = 0, iell + (z-t)] Ui[2(Gi(z) - f)] = 0, i e i E /J°(z; £). 

Note that H.pz) — t > 0 for i € /^(z; t), so z/j = 0 for i € I^ + (z; t)- 
Similarly, we have 17 = 0 for z G /^(z; f). 

Summing up the above discussion, we can conclude that standard LICQ holds at z G U (z*)P\S(t) 
for R,MPCc(t ) (1.5). □ 

The following result shows that the existence of Lagrange multipliers in a local minimum of 
Rmpcc(P) (1-5) can be guaranteed, which is a direct consequence of Theorem 4.1. 

Theorem 4.3 Let z* be feasible for MPCC (1.1) such that MPCC-LICQ holds at z* . Then there 
is a t > 0 and a neighborhood U(z*) of z* such that for all t G (0, t] : If z € U(z*) is a local 
minimizer of feasible point for Rmpcc{P) (L5), then there exists Lagrange multipliers such that 2 
together with Lagrange multiplier vector w is a KKT point of R-m pccit) (1.5). 

5. Concluding remarks 

In this paper, based on Mangasarian complementarity function, a new relaxed method for math- 
ematical program with complementarity constraints is proposed. Under MPCC-CPLD, any limit 
point of a sequence of stationary points of a sequence of relaxed problems is M-stationary for 
MPCC (1.1), and it is strongly stationary under additional conditions which is easily to be checked. 
Moreover, we further analyze the existence of the Lagrange multipliers for relaxed problems. The 
existence of the Lagrange multipliers can be guaranteed under MPCC-LICQ. 
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Abstract: In this paper, we introduce the concept of cone 6-metric space over 
Banach algebra and obtain some fixed point theorems for generalized Lipschitz 
mappings in such settings without the assumption of normality. Moveover, we 
obtain some periodic properties of the fixed points. In addition, we give two 
examples to illustrate our assertions and show our results are never equivalent with 
the counterparts in 6-metric versions. 
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1 Introduction 

In 2007, Huang and Zhang [1] defined cone metric spaces with a different view in 
respect to previous works. They substituted a normed space instead of the real line, but 
went further, defining convergent and Cauchy sequences in terms of interior points of 
the underlying cone. Moreover, they obtained some fixed point theorems in cone metric 
spaces. Afterwards, some scholars focused on the investigation of fixed point theorems in 
such spaces. According to incomplete statistics, more than six hundred papers dealing with 
cone metric spaces have been published so far (see [9]). But now it is not popular since 
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some researchers constructed several mappings from cone metric spaces to metric spaces, 
and found some fixed point results in cone metric spaces could been directly obtained 
from the corresponding metric versions (see [3-10]). This makes it become meaningless to 
study fixed point theorems in cone metric spaces. However, the current situation changed, 
since, very recently, Liu and Xu [18] introduced cone metric space over Banach algebra and 
defined generalized Lipschitz mapping where the contractive coefficient is vector instead of 
usual real constant. They proved the existence of fixed points in such settings under the 
conditions that the underlying cones are normal cones. Furthermore, they gave an example 
to explain that the fixed point theorems in cone metric spaces over Banach algebras are 
not equivalent to those in metric spaces. Subsequently, Xu and Radenovic [20] omitted 
the normality of cones by using c-sequences. Starting with the similar approach of [18], 
several papers have appeared (see [20-25]). 

The main purpose of this article is to introduce a concept called cone 6-metric space 
over Banach algebra, which is a great improvement since it expands the concept of cone 
metric space over Banach algebra. We present some fixed point theorems in such frame- 
works without the assumption of normal cones. Moreover, we obtain the P properties of 
the mappings. Further, by two examples, we support our results and establish the non- 
equivalence of fixed point results between cone 6-metric spaces over Banach algebras and 
6-metric spaces. 

We need the following definitions and results, consistent with [18], in the sequel. 

Let A be a real Banach algebra, || • || be its norm and 9 be its zero element. A nonempty 
closed subset K of A is called a cone if K + K c K, K 2 = K n K C K, K D (—A') = {9} 
and XK C K for all A > 0. We denote intA' as the interior of K . If intA ^ 0, then 
A is said to be a solid cone. Define a partial ordering -< with respect to A by u -< v 
iff v — u £ A. Write u -< v iff v — u € AT and u ^ v. Define u <C v iff v — u G intAA 
The cone K is called normal if there is a real number M > 0 such that for all u, v G A, 
9 A u A v implies ||u|| < M||u||. The least positive number satisfying above is called the 
normal constant of K. 

In the sequel, unless otherwise specified, we always suppose that A is a real Banach 
algebra with a unit e, K is a solid cone in A, and A, -< and <C are partial orderings with 
respect to K. 

Definition 1.1 ([18]) Let X be a nonempty set and A be a Banach algebra. Suppose 
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that a mapping d : X x X — » A satisfies for all x,y, z G X, 

(cl) 0 X d(x, y ) and d(a;, y) = 9 iff x = y; 

(c2) d(z,y) = d(y,x); 

(c3) d(x, z ) ■< d(x, y) + d(y, z). 

Then d is called a cone metric on X, and (. X , d) is called a cone metric space over Banach 
algebra. 

Inspired by Definition 1.1 and [12, Definition 2.1], we introduce the notion of cone 
6-metric space over Banach algebra. 

Definition 1.2 Let X be a nonempty set, s > 1 be a constant and A be a Banach 
algebra. Suppose that a mapping d : X x X — > A satisfies for all x,y,z e X , 

(dl) 0 X d(x, y) and d(ai, y) = d iff a; = y; 

(d2) d(z,y) = d(y,x); 

(d3) d(x, z) -< s[d(x, y) + d(y, z)\. 

Then d is called a cone 6-metric on X , and (X, d) is called a cone 6-metric space over 
Banach algebra. 

Remark 1.3 A cone metric space over Banach algebra must be a cone 6-metric space 
over Banach algebra. Conversely, it is not true. As a result, the concept of cone 6-metric 
space over Banach algebra greatly generalizes the concept of cone metric space over Banach 
algebra. 

We shall give some examples in an attempt to illustrate that it is an interesting increase 
from cone 6-metric space over Banach algebra to cone metric space over Banach algebra, 
since there exist a lot of cone 6-metric spaces over Banach algebras which are not cone 
metric spaces over Banach algebras. 

Example 1.4 Let A = C'[(), 1] be the usual Banach space with the supremum norm. 
Define multiplication in the usual way: ( xy)(t ) = x(t)y(t). Then A is a Banach algebra 
with a unit 1. Put K — {x e A : x(t) > 0,t 6 [0,1]} and X = M. Define a mapping 
d : X x X — >■ A by d(x, y){t) — \x — y \ p e f for all i,yG X", where p > 1 is a constant. This 
makes (X, d) into a cone 6-metric space over Banach algebra with the coefficient s = 2 P ^ 1 , 
but it is not a cone metric space over Banach algebra. 
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Example 1.5 Let X = l p = {x = (. x n ) n >i : E \x n \ p < 00 } (0 < p < 1). Let d : XxX — > 

n= 1 

M+, 

d(x,y) = ( £ \xn-y n \ p ) P , 

' n=l / 

where x = (x n ) n >i, y = (y n )n> 1 G V- Then (X,d) is a 6-metric space (see [11]). Put 

OO 

A = l 1 = {a = (a n ) n > 1 : E |a n | < 00 } with convolution as multiplication: 

n=l 

(^n)n>l (^n)n>l ( &ibjj 

Then A is a Banach algebra with a unit e = (1, 0, 0, . . .). Let K = {a = (a n ) n >i G A : 
a n > 0, for all n > 1}, which is a normal cone in A. Defining a mapping d : X x X A 
by d(x,y ) = ( ^^ ) n >i, we conclude that (X, cl) is a cone 6-metric space over Banach alge- 
bra with the coefficient s = 2 p >1, but it is not a cone metric space over Banach algebra. 

Definition 1.6 Let (X,d) be a cone 6-metric space over Banach algebra A and {x n } a 
sequence in X. We say that 

(i) {x n } is a convergent sequence if, for every c G A with 0<c, there is an N such 
that d(x n , i)«c for all n > N. Ones write it by x n — » x (■ n — > oo); 

(ii) {x n } is a Cauchy sequence if, for every c G A with 0<c, there is an N such that 
d(x n , x m ) <C c for all n, m > X; 

(iii) (X, d) is a complete cone 6-metric space if every Cauchy sequence in X is conver- 
gent. 

Definition 1 . 7 ( [IT] ) Let K be a solid cone in a Banach space A. A sequence {u n } C K 
is said to be a c-sequence if for each c » 0 there exists a natural number N such that 
m„Cc for all n > N. 

Lemma 1.8 ([20]) Let K be a solid cone in a Banach algebra A, {u n } and {v n } be two 
c-sequences in K. If a,/3 € K are two arbitrarily given vectors, then {au n + /3v n } is a 
c-sequence. 

Proof It is evident that |;u n + v n } is a c-sequence (see [17]). We only show that {««,,} 
is a c-sequence. Indeed, without loss of generality, put 6 -< a. For any c> 0, there is a 
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5 > 0 such that 

U(c,5) = {u £ A: ||w — c|| < 5} C K. 

Set Co >> 6 and ||co|| < tA- . Notice that 

|| (c — ac 0 ) — c|| = ||ac 0 || < ||a||||c 0 || < 5 => c — ac 0 £ U(c,S ) C K, 

which implies that c — cmo G int K, i.e., cmo <C c. Since {u n } is a c-sequence, then there 

exists N such that u n <C cq for all n > N, thus au n <C c (n > N). 



Lemma 1.9( [19] ) Let A be a Banach algebra with a unit e, then the spectral radius p(u) 
of u G A holds 

p(u) = lim ||u n ||« =inf||w n ||". 

n— >oo 

oo 

Further, e — u is invertible and (e — u)~ l = J2u l provided that p(u) < 1. 

i=0 



Lemma 1 . 10( [19] ) Let A be a Banach algebra with a unit e and u, v £ A. If u commutes 
with v, then 

p(u + v) < p(u ) + p(v), p(uv ) < p(u)p(v). 



Lemma 1.11 ([20]) Let A be a Banach algebra with a unit e and let A; be a vector in A. 
If p{k) < 1, then 



P((e~k ) 



-P 



< 



1- p(k)' 

The following properties are often used (in particular when dealing with cone 6-metric 
spaces over Banach algebras in which the cones need not be normal) (see [2], [20]). 

(pi) If 6 ■< u c for each c G int A", then u = 6. 

(p2) If u A v and v w, then u <C w. 

(p3) If u G K and p(u) < 1, then ||u n || — > 0 (n — > oo). 

(p4) If u A ku, where u,k e K and p(k) < 1, then u = 6. 

(p5) If c G int AT and u n — > 6 (n — > oo), then there exists N such that, for all n > N, 
one has u n c. 



2 Main results 

In this section, by deleting the assumption of normality of cones, we shall prove some 
fixed point theorems of generalized Lipschitz mappings in the setting of cone A metric s- 
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paces over Banach algebras. We also obtain the P properties of the mappings. Otherwise, 
we present two examples to verify our results. Our examples indicate that cone 6-metric 
spaces over Banach algebras are never equivalent to 6-metric spaces in terms of the exis- 
tence of the fixed points of the mappings involved. 



Theorem 2.1 Let (X,d) be a complete cone 6-metric space over Banach algebra A 
with the coefficient s > 1. Let K be a solid not necessarily normal cone of A. Suppose 
T : X — > X is a mapping and suppose that there exists k G K such that, for all x, y G X, 
at least one of the following generalized Lipschitz conditions holds: 

(i) d(Tx,Ty ) kd(x,y ) and p(k) < A 

(ii) d(Tx,Ty) A k(d(Tx , x) + d(Ty, y)) and p(k) < 

(hi) d(Tx, Ty) A k(d(Tx,y) + d(Ty,x )) and p(k) < 

Then T has a unique fixed point in A". 



Proof Fix xq G X and set x\ = Txq and x n+ \ = Tx n = T n+1 x o- Then for all three cases 
(i)-(iii), we shall prove that 

d(x n + \jXnj A \d(x n ^x n —\)^ (2.1) 

where A G K and p( A) < A 

For the case (i), it ensures us that 

d(x n+1 ,x n ) = d(Tx n ,Tx n _ i) A kd(x n ,x n _ i). 

Let A = k, (2.1) is clear. 

For the case (ii), it is easy to see that 

d(x n+1 ,x n ) = d(Tx n ,Tx n _ i) A k(d(Tx n , x n ) + d(Tx n _ i,x n _i)) 

= k(d(x n+1 ,x n ) + d(x n ,x n - 1 )). (2.2) 

As a consequence of p{k) < it follows from Lemma 1.9 that e — k is invertible. 

Hence by (2.2), we deduce that 

d{x n+ i,x n ) A ( e - k)~ 1 kd(x n , x n _i). 



By Lemma 1.10 and Lemma 1.11, we speculate that 

P(k) 



p((e — /c) 1 k) < 



1 -P(fc) 



< 



1 

1+S 






1 

s 



(2.3) 



6 



571 



Huaping Huang et al 566-583 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



Put A = (e — k) 1 k, (2.1) is obvious. 
For the case (iii), we have 



d(x n+ i,x n ) = d(Tx n ,Tx n - 1 ) ^ k(d(Tx n ,x n -i) + d(x n ,Tx n -i)) 

= k(d(x n+ + d(x n ,x n )) = kd(x n+ i,x n -i) 
d sk(d(x n+ 1 , x n ) + d(x„, x n _i)). (2.4) 

On account of p(k ) < -, it follows from Lemma 1.9 that e — sk is invertible, then by (2.4), 
one has 

d(x n+ i,x n ) ^ (e - sk)~ 1 skd{x n ,x n _ l ). 

Take advantage of Lemma 1.10 and Lemma 1.11, it establishes that 



p((e — sk) 1 sk) < p((e — sk) 1 )p(sk) 

< p{sk) = sp{k) j+g? = 1 

“1 - p{sk) 1 - sp(k) l -yy^ s' 

Choose A = (e — s/c)" 1 ^, (2.1) is valid. 

Making full use of (2.1), we get 

d(x n+ i,x n ) :Z Xd(x n ,x n -i) ^ \ 2 d(x n - 1 ,x n - 2 ) :Z ••• :Z A n d(xi,x 0 )- 



Note that p(A) < ^ implies e — s\ is invertible and 

OO 

(e - sA) _1 = £(sA)L 

i = 0 

Hence, for any m > 1, p > 1 and A G K with p(A) < -, we have that 



d{Xmi •Em+p) 



Zz s[rf(xjji, Xjji-)-i) T d(ic m _)_i , ic m _|_p)] 

zZ ^d(x m ^x rn . |_i) T s [d(x TO _|_i , x m _|_ 2 ) T d(x m _)_ 2 ) *^m+p)] 

zZ sd{x m , x m _)_i) T s d(x m _j_i , ^m+ 2 ) T S ^(■£m+ 2 j *£m+3) 



T " • T S d(21 m -|_p_2, S'm+p— l) T S 1 d(x m +p— 1 , 21 m _|_p) 

Z< sA m d(xi, x 0 ) + s 2 A m+1 d(a;i, x 0 ) + s 3 X m+2 d(xi, x 0 ) 



+ • • • + A m +P- 2 d( Xl ,x 0 ) + s p A m+p " 1 d(xi, x 0 ) 
= sA m [e + sA + s 2 A 2 + • • • + (sA) p_1 ]d(xi,Xo) 

Z< sA m (e — sA)“ 1 d(a;i, x 0 ). 



(2.5) 



7 



572 



Huaping Huang et al 566-583 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.3, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



Since p( A) < A < 1 implies that ||A m || — >• 0 (m — >■ oo), further, {A m } is a c-sequence. 
Thus we derive from Lemma 1.8 that {sA m (e — sA) _1 d(xi, xo)} is a c-sequence. This means 
{x n } is a Cauchy sequence in X. Since (. X , d) is complete, there exists x* G X such that 
x n — * x* (n — > oo). Next, we shall show x* is the fixed point. In order to complete it, we 
consider three cases as follows. 

For the case (i), one has 

d(x*,Tx*) ■< s[d(x n+ i, x*) + d(Tx n , Tx*)] < s[d(x n+ i, x*) + kd(x n , x*)]. 

In view of x n — > x* (n — > oo), it follows that {d(x n+ 1 , a:*)} and {d(x n , a:*)} are c-sequences. 
So by Lemma 1.8 that {s[d(x n+ i, x*) + kd{x n ,x*)}} is also a c-sequence. We obtain Tx* = 
x*. 

For the case (ii), it is not hard to verify that 

d(x* , Tx*) ■< s[d(x n+ i, x*) + d,(Tx n , Tx*)} 

■< sd(x n+ 1 , x*) + sk[d(x n , x n+ \) + d(x*, Tx*)}. (2.6) 

Note that e — sk is invertible, then (2.6) implies that 

d(x*, Tx*) ■< s(e — sk)^ 1 [d(x n+ i, x*) + kd(x n , x n+ i)}. 

Because {a: n } is a Cauchy and convergent sequence, it means {d(x n+ i, x*)} and {d(x n , x n+ i)} 
are c-sequences. Hence by Lemma 1.8 that {s(e — sk)~ 1 [d(x n+ i, x*) + kd(x n , a: n+ i)]} is also 
a c-sequence. We have Tx* = x*. 

For the case (iii), it is evident that 

d(x*, Tx*) ■< s[d(x n+ i, x*) + d(Tx n , Tx*)} 

sd(x n+ i,x*) + sk[d(x n , Tx*) + d{x*, a; n+ i)] 

sd(x n+ i,x*) + s 2 k[d(x n , x*) + d(x*, Tx*)} + skd(x* , x n+ 1 ). (2.7) 

Now that p(fc) < ^2 < ^2 determines that e — s 2 k is invertible, then (2.7) leads to 

d(x*, Tx*) ■< s(e — s 2 /c) _1 [(e + k)d(x n+ 1 , x*) + skd(x n , x*)}. 

Since {d(x n ,x*)} is a c-sequence, then by Lemma 1.8, {s(e — s 2 /c) _1 [(e + k)d(x n+ i,x*) + 
skd(x n , x*)]} is also a c-sequence. Accordingly, Tx* = x*. 

Finally, we shall prove the fixed point is unique. To this end, we suppose for absurd 
that there exists another fixed point y* . We need to show it for three cases. 
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For the case (i), it may be verified that 



d(x*,y*) — d(Tx* ,Ty*) ■< kd(x*,y*). 



Consequently, y* = x*. 

For the case (ii), it is valid that 



d(x*,y*) = d(Tx*, Ty *) ■< k[d(x*, Tx *) + d(y*, Ty *)] = 6. 



That is, y* = x*. 

For the case (iii), we arrive at 

d(x*, y*) = d(Tx*, Ty*) < k[d(x *, Ty*) + d(y*, Tx*)} = 2kd{x*, y*). 

Because p(k) < -—^2 < \ leads to p(2k) < 1, we get y* = x* . Finally, the claim holds. 

Remark 2.2 Theorem 2.1 generalizes [20, Theorem 3. 1-3. 3]. Indeed, take s — 1 in The- 
orem 2.1. Otherwise, Theorem 2.1 also generalizes [27, Corollary 3.8] from 6-metric (or 
metric type) space to cone 6-metric (or cone metric type) space over Banach algebra. 

It is well-known that if x* is a fixed point of a mapping T, then x* is also a fixed point 
of T n for each n e N. But the converse is not true. If a mapping T holds F(T) = F{T n ) 
for each n e N, where F(T) denotes the set of all fixed points of T, then ones call T has 
a P property (see [28-30]). The following results are generalizations of the corresponding 
results in metric and cone metric spaces (see [28-30]). It will be obtained also without 
using normality of cones. 

Theorem 2.3 Let (X, d) be a cone 6-metric space over Banach algebra A with the 
coefficient s > 1. Let K be a solid not necessarily normal cone of A. Suppose T : X — > X 
is a mapping such that F(T) ^ 0 and that 

d,(Tx, T 2 x) A pd(x, Tx) (2.8) 

for all x G X, where p G K is a generalized Lipschitz constant with p(/i) < 1. Then T has 
a P property. 
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Proof We shall always assume that n > 1, since the statement for n — 1 is trivial. Let 
z G F{T n ). By the assumption, it is clear that 

d{z, Tz ) = d(TT n ~ l z , T 2 T n ~ l z) A nd(T n ~ l z, T"*) = fid{TT n ~ 2 z, T 2 T n ~ 2 z ) 

A n 2 d(T n ~ 2 z, T n ~ l z) A • • • A li n d(z, Tz). 

By virtue of p(p) < 1, it follows that ||p n || — >■ 0 (n — >• oo). Accordingly, {yU n d(^, T^)} is a 
c-sequence. Then d(z,Tz) = 0, i.e., Tz = z. 

Theorem 2.4 Let (X, cl) be a complete cone b- metric space over Banach algebra A 
with the coefficient s > 1. Let K be a solid not necessarily normal cone of A. Suppose 
T : X — > X is a mapping and suppose that there exists k G A" such that, for all re, y G X, 
at least one of the following generalized Lipschitz conditions holds: 

(i) d(Tx,Ty ) A kd(x,y ) and p(fc) < A 

(ii) d(Trc, Tty) A k(d(Tx , re) + d(Ty, y)) and p(/c) < 

(hi) d(Tx, Ty) A k(d(Tx,y) + d(Ty,x)) and p(/c) < 

Then T has a P property. 

Proof Making full use of Theorem 2.1, we claim T has a unique fixed point. In order to 
utilize Theorem 2.3, we have to show (2.8). To this end, we divide it into three cases. 

For the case (i), it follows that 

d(Tx,T 2 x ) = d(Tx,TTx) A kd(x,Tx). 



Let n — k, (2.8) is valid. 

For the case (ii), we have 

d(Tx, T 2 x) = d(Tx , TTx) A k(d(x , Trc) + d(Tx, T 2 x)), 

which establishes that 

d.(Tx,T 2 x) A (e — k)~ l kd(;x,Tx). 

Owing to (2.3), p((e — k)~ l k) < ^ < 1, then let p = (e — k)~ x k, (2.8) is trivial. 
For the case (iii), we have 

d(Tx, T 2 x) = d(Tx, TTx) A k(d(x, T 2 x) + d{Tx, Trc)) 

= fcetyre, T 2 rc) A sk(d(x , Trc) + d(Tx, T 2 x)), 

10 
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which means that 

d(Tx , T 2 x ) A (e — sk)~ 1 skd(x,Tx). 

In view of (2.5), p((e — sk^sk) < ^ < 1, then let p — {e — s/c) _1 s/c, (2.8) is trivial. 

Theorem 2.5 Let (X, d ) be a complete cone b- metric space over Banach algebra A 
with the coefficient s > 1. Let K be a solid not necessarily normal cone of A. Suppose 
T : X — > X is a mapping and there exists k G K and p[k ) < such that, for all x,y G A", 
the following generalized Lipschitz condition holds: 

d(Tx, Ty) A k ■ u(x, y), 

where 

u{x, y) G < d[x, y), d{x , Tx), %, Ty), — — — , — — — 

Then T has a unique fixed point in X. Moreover, T has a P property. 




Proof If u = d(x,y ), then by Theorem 2.1 (i) and Theorem 2.4(i), the proof is valid. We 
shall consider the other cases. 

Fix xq G X and set x\ = Txq and x n+ \ = Tx n = T n+l x o. Then we have that 
d{x n+ 1 , x n ) = d(Tx n ,Tx n _ i) A k ■ u(x n , rr n _i), 



u(x n ,x„_i) G 



d(x n , Tx n -i) d(x n -i,Tx r , 



= \ d(x n ,x n+ i),d(x n _i,a; n ),0, 



d(x n —i , 31ri+l ) 



If d(x„ + i,x n ) A kd(x n ,x n+ i) or d(x n+ i, x n ) A 0, then for all n G N, d(x n+ i,x n ) = 0. That 
is, Tx n = x n+ i = x n for all n G N, thus x n is the fixed point. If d(x n+ 1 , a; n ) A kd(x n , x n -i), 
i.e., (2.1) holds if A = k. If d(x n+ i,x n ) A k ■ ; then 

,/ \ ; d(x n _i, Xji-(-i) d(x n — i,Xjj) T d(ic n , x^.-i-i) . , 

d(x n+ i, x n ) A k — A k . (2.9) 

Since p(fc) < - implies that 2e — k is invertible, then (2.9) leads to 



d(x n+1 ,x n ) A (2e - k ) 1 kd(x n ,x n ^ 1 ). 
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Note that 



p((2e — k) 1 k) 




p( k ) 

2 - p(k) 




< 1 P(k) 

- 2 ' 1 -p(|) 




1 1 

< 

2s — 1 s 



Take A = (2e — k)~ 1 k, hence (2.1) holds. Therefore, following an argument similar to that 
given in Theorem 2.1, we obtain that there exists x* € X such that x n — y x* (n — > oo). 

In the following, we shall divide two cases to prove that x* is the fixed point. 

For the case that u(x,y ) = d(y,Ty), we have 



d(x*, Tx *) ■< s]d(x*, Tx n ) + d(Tx n , Tx*)] 
-< s[d(x*,x n+ 1 ) + kd(x *, Tx*)], 



which follows that 

d{x* , Tx*) -< s(e — sk)~ 1 d(x*, x n+1 ). 

Because {d(x n+ i,x*)} is a c-sequence, then x* = Tx*. 

For the case that u(x,y ) = d ^ y T x) , we arrive at 



d{x* , Tx*) -< s[d(x*, Tx n ) + d{Tx n , Tx*)] 

d(x*,x n+ i)' 



~< s 



d(x*,x n+ i) + k 

1 



2s 



= (se + -h s jd{x*,x n + 1 ). 



Now that {d(x n+ i, x*)} is a c-sequence, then x* = Tx*. 

Next, we shall prove that the fixed point is unique. Assume there exists another fixed 
point y* , then 



d{x*,y*) = d{Tx*,Ty*)±k-u{x*,y*), 



where 



u(x*,y*) e{d(x*,Tx*),d(y*,Ty*) 



d(x*,Ty*) d(y*,Tx* 



2s 



2s 






d(x*,y* 

2s 



It is not hard to verify that x* = y* . 

Finally, we shall prove T has a P property. In order to end this, we have to show (2.8). 
We divide it into four cases. 
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For the case that u(x,y ) = d(x,Tx), from 

d(Tx,T 2 x ) = d(Tx,TTx) ■< kd(x,Tx), 



we have (2.8). 

For the case that u(x, y ) = d(y,Ty), we get 

d(Tx,T 2 x) = d(Tx,TTx) ■< kd(Tx,T 2 x ), 

which means that d(Tx,T 2 x) = 6. Hence (2.8) is clear. 

For the case that u(x,y ) = , we obtain 

d(Tx, T 2 x ) = d(Tx , TTx) ^ k ■ ^ ^ ^ ^ — [d(x, Tx ) + d(Tx, T 2 x)\, 

which implies that d(Tx,T 2 x ) (2e — k)~ 1 kd(x,Tx). So (2.8) is obvious. 

For the case that u(x,y) = — , we obtain 

d(Tx, T 2 x) = d(Tx, TTx) ■< k ■ d[Tr - Tj " = ^ 

which establishes that d(Tx,T 2 x ) = 0. Thus (2.8) is obvious. 

Therefore, by using Theorem 2.3, T has a P property. 

In the following, we shall furnish two nontrivial examples to support our main results. 

Example 2. 6 (the case of a non-normal cone) Let A = C^[0, 1] and ||tt|| = ||n||oo + Halloo 
be its norm. Define usual pointwise multiplication as its multiplication. Clearly, A is a 
Banach algebra with a unit e = 1. Put K = {u G A : u = u(t ) > 0 , t € [0, 1]}. Then K 
is a non-normal cone (see [2]). Set X = {a,b,c} and define a mapping d : X x X — >• A 
by d(a,b)(t ) = d(b,a)(t) = e*, d(b,c)(t) = d(c,b)(t ) = 2e‘, d(a,c)(t ) = d(c,a)(t ) = 4e*, 
d(a, a)(f) = d(6, 6)(t) = rf(c, c)(f) = 0. One claims that (X, d) is a cone b - metric space over 
Banach algebra A with the coefficient s — |. But it is not a cone metric space over Banach 
algebra since it does not satisfy the triangle inequality. Now let a mapping T : X — >■ X 
be Ta — Tb — b, Tc — a and let k G K with k(t) = It is not hard to verify that 

all conditions of Theorem 2.1 in the case of (i) hold. Therefore, x* = b is the unique fixed 
point. Clearly, T has a P property. 
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Example 2.7(the case of a normal cone) Let A = M 2 with the norm ||(tti,W 2 )|| = |wi| + 
\u 2 \ and the multiplication by 

UV = (ui,U 2 )(vi,V 2 ) = (uiVi, U\V 2 +u 2 v i). 



Put K = {u = (ui,u 2 ) e A : ui,u 2 > 0}. It is easy to see that K is a normal cone 
and A is a Banach algebra with a unit e = (1,0). Let X = [0,0.55] x [—2,2] and for all 
x — (x\,x 2 ),y — ( 2 / 1 , 2 / 2 ) € A", d(x,y ) = (|xi — 2 / 1 1 J , |x 2 — 2 / 2 1 2 ) - We demonstrate that (X,d) 
is a complete cone 6-metric space over Banach algebra A with the coefficient s — 2. 

Define a mapping T : X — > X as 



Tx = T(x i,x 2 ) 




-|), arctan(2 + |x 2 |) + ln(xi + 1) 



By using mean value theorem of differentials, we have 



d(Tx, Ty) = d(T(x 1 ,x 2 ),T(y 1 ,y 2 )) 

| arctan(2 + |x2|) — arctan(2 + \y 2 \) + ln(xi + 1) — ln(?/i + 1)| 2 
xi + yi,,xi-yi, 1 , ,\ 2 /I N 2 



A 



(( + _ Vl \\ 2 ( A|X 2 - rf + - !,i| 2 )) 

- _ yi i 2 ’ + 2 \ Xi - yi \ 2 ) 

- (^’ 2 )(l Xl — 2/l| 2 , 1^2 — 2 / 2 I 2 ) 

= (^,2)d(x,j/) 



4 

1\ 2 



+ 2 1^ 1 _ v 1 1 ) > (5^2 ~ y * I + l Xi - j/i|) ) 



for all x, y £ X. Denote k = (1,2). Careful calculations show that all conditions of Theo- 
rem 2.1 in the case of (i) hold. Thus T has a unique fixed point in X. 



It is well-known that some results concerning fixed points and other results, in case of 
cone spaces with non-normal cones, cannot be provided by reducing to metric spaces (see 
[2]). In other words, if the underlying cones are non-normal, then some fixed point results 
in cone spaces are not equivalent to those of metric spaces. Otherwise, [3-10] appeal to 
the equivalence if the cones are normal cones. However, next, we shall claim our fixed 
point results in cone 6-cone metric spaces over Banach algebras are never equivalent to the 
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counterparts in 6-metric spaces even if the cones are normal cones. For this, we consider 
Example 2.7. Pnt 



d^(x, y) = £ e ° d(x, y ) = inf{r G M : d(x, y) ■< re}, x, y G X, 



where e — (e±, e-i) G int K, ^ e (y) = inf{r G M : y G re — K } (y E A). Then by Theorem 2.1 
of [8], is a 6- metric. We shall prove onr conclusions are not equivalent to the well-known 
Banach contraction principle in 6-metric space. Indeed, taking x' = (|,0), y' = (0,0) and 
e = (1, |), we have 



da(Tx',Ty') = inf |r G M : , ( 






= max 



4 V 4 2/ V 2 



" r,1 ’2 

= 2 ( In 2 
2 / 



> _ = d^x^y'), 

which implies that there does not exist A G [0, 1) such that 



dz(Tx,Ty ) < \dz(x,y) 



for all x,y G X. Thus it does not satisfy the contractive condition of Banach contraction 
principle in 6-metric space. That is to say, the proof of [8, Theorem 2.6] will be unreasonable 
if under the setting of cone 6-cone metric space over Banach algebra. 
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Abstract. In this paper, we study some properties of Bell polynomials which are repre- 
sented by the the linear combination of special polynomials. By using those properties, we 
give some new identities of Bell polynomials associated with special numbers and polyno- 
mials. 



1. Introduction 



The Stirling number of the first kind is defined as 

n 

(x) n = x(x — 1) • • • (x — n — 1) = si(n, l)x l , (n > 0) (1) 

1=0 

and the Stirling number of the second kind is given by 

n 

x n = ^ s 2 (n, l)x l , (n > 0) (see [10, 13, 17]). (2) 

1=0 

It is known that the Bell polynomials are defined by the generating function to be 

00 j.n 

e s(e‘-i) = J^Belnix)— (see [4,6,16,17,18]). (3) 

n— 0 

When x = l,Bel n = Bel n ( 1) are the Bell numbers. Note that Bel n { 0) = So, n , (n > 0). 

As is well known, the Bernoulli polynomials are defined by the generating function to be 

f 00 fn 

-— e ^ = J2Bn(x)- (see [1,7]), (4) 

n— 0 

and the Euler polynomials are given by the generating function to be 

9 00 j-n 

= (see [1-18]). (5) 

n— 0 
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The Cauchy polynomials are given by 
t 



ism ) (1+t)I = g c " w s! (see[M11) ’ 



and the Daehee polynomials are defined by the generating function to be 
to9(f+1) U + 0- = f>w£ (see [9]). 



t 



( 6 ) 



( 7 ) 



n — 0 



Finally, we introduce the Changhee polynomials which are given by the generating function 
to be 



2 °° y-n 

(1 + t) x = 'y'Ch n (x)— (see [10]). 
' n! 

n = 0 



t - b 2 



( 8 ) 



Recently, several authors have studied these several special polynomials( see [1-18]). 

In this paper, we study some properties of Bell polynomials which are represented by the 
the linear combination of special polynomials. By using those properties, we give some new 
identities of Bell polynomials associated with special numbers and polynomials. 



2. Some identities of Bell polynomials 



From (3), we easily derive the following equation: 



OO 7 

— x l 



Bel n (x ) = e X Y —l 



;=o 



By replacing t by e 6 * 1 in (4), we get 
e* - 1 



and 



e* — 1 ^ 



p*(e‘ — 1 ) 



OO -J 

' ml 

m—0 

OO I OO 

E B m (x) — Y s 2 (n,m) L — 

L ' 777,! L ' 777' 

m—0 n=m 

oo ( n 

EE B m (x)s 2 {n,r, 



t n 

m\ 

t n 



m—0 v m—0 



e‘ - 1 
e^- 1 - 1' 



0 ®(e*-l) 



' oo \ / 00 fl N 

E s -s(''-ir 



\ 1=0 
t k \ 



t l 



. „ mi ' ' 7 \ -f— f d 

^m— 0 
/ oo / k 

Y Y B mS 2 {k, m) j ^ Beh(x) 

\k=0 \m— 0 / \Z=0 

- r " ^ n \ * _ „ _ , I /'• 



= E E JE B m s 2 (k,m)Bel n - k (x) \ — 



k 

n = 0 Is. /c— 0 v 7 m—0 

Therefore, by (10) and (11), we obtain the following theorem. 



(9) 



( 10 ) 



( 11 ) 
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Theorem 2.1. For n > 0, we have 



n n ,, k 

E Bm(x)s 2 (n,m) = B m s 2 (k, m)Bel n -k{x). (12) 

m= 0 k — 0 ' m—0 



Let us take e* — 1 instead of t in (5). Then we have 



p x(e* — 1) ... 



= E B ™«- iY-D 



m—0 

oo 



= E E ™( x ) E s 2(n,m) — 



m—0 n=m 



and 



e e -1 — 1 
e* - 1 



,x{e l — 1) 



= ^2 n f t v ( ^2 52 ( n > ™)Em{x) j — , 



n — 0 \m—0 



= E^ 



(e 4 - l) m 



^Belijx) 1 



\m — 0 

^ oo oo 



vj=0 



E e -E S2(k,m) — ME Beh( x) 



\m—0 k=m 
/ oo k 



kI=0 



i\ 



E E E^ikm)*- j [53 BeZ i(*)7i 



\fc— 0 m—0 
oo f m 



< 1=0 



i\ 



fu\ t n 

E E E E m s 2 (k,m)Bel n -k(x ) > — y. 

n— 0 L /c— 0 ' ' m—0 J 



Therefore, by (13) and (14), we obtain the following theorem. 



(13) 



(14) 



Theorem 2.2. For n > 0, we have 



n m / \ k 

E s 2(n,m)Em{x) = Euj E E m s 2 {k , m)Bel n -k{ x). 

m = 0 fc— 0 ' ' m—0 



(15) 



From (6), by replacing t by e e 1 — 1, we get 



e6 1 ~ 1 c »(e t -D = 



e 4 — 1 



and 



°o 

E«*) i ('' L, - 1 >1 



n—0 
oo / m 



= E (E^^m) ^ 



„e -1 i 

e ~ 1 cc(e 8 -l) _. 

e 4 - 1 



m=0 \n=0 



e (x+l)(e‘-l) _ gx(e* — 1) 



e 4 — 1 



1 / t 



t \ e 4 — 



j- j ( E + 1) - Be^ m (x)} — 



^771=1 



E<)(E ( Bel m+1 {x + 1) - Bel m+ i{x) } t r ‘ 



Lfe= o 



Vm-0 



m + 1 



(16) 
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1 



= EE 

n—0 \ m=0 

Therefore, by (16) and (17), we obtain the following theorem. 



/ Bel-m+i (x T 1) (x) 



B„ 




.(17) 



Theorem 2.3. For n > 0, we have 



E Cm(x)s 2 (n, m) = E ( U ) B n- 



m — 0 



m= 0 



Bel m +i(x + 1) - Bel m +i(x) 
m + 1 



(18) 



Let us take e e 1 — 1 instead of t in (7). Then we have 

t 1 < -*'- ) -i 

dhYV"*- 1 ’ = 

e e 1 — 1 ' n! 



and 



n—0 



= E E S 2(m, 

n—0 m=n 

oo ( k m 

= E EE fl n (x)s2{m,n)s2(k,m) \ — 

k—0 v m—0 n—0 ) 



n 



Xe'-iy 



ml 



k\ 



(19) 



e t — l -y 



r(e‘-l) 



= EM-^I E^iii 



^m— 0 
/ oo 



< 1=0 



= ( E B ™( x ) E s 2 (fc,m)— ) ( Y^Beli(x) 



\m — 0 k=m 

oo ( n / \ k 

f n' 



< 1=0 



i\ 



= E^E(fc) E B m S 2 (k,m)Bel n - k (x) \ 

n—0 l. k—0 ' 7 m=0 

Therefore, by (19) and (20), we obtain the following theorem. 



( 20 ) 



Theorem 2.4. For n > 0, we have 

n k 



II K , li / \ K 

EE D m {x)s 2 (k,m)s 2 (n, k) = HE B m S 2 (k,m)Bel n - k (x). (21) 

k—0 m—0 b—n ' 7 ™=c\ 



k—0 v 7 m = 0 



By replacing t by e e 1 — 1, we get 
2 



p x(e — 1) ... 



D e*-1 



1 



= Y,Chn{x) 



(e e - 1 - l) n 



n—0 



= E Ch n (x) E s 2 {m,n) 



(e 4 - 1)- 



n—0 m=n 

oo f m 



ml 



= E E C M*Wm,n) -( e '-!) 



772=0 L n=0 
oo f m 



m! 

oo 



= EE Ch n (x)s 2 (m,n) E s 2 (/c, to) 



m=0 k n=0 



k=r 



k\ 
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and 



- EiEE Ch n (x)s 2 (m,n)s 2 (k,m) J — 



(22) 



k — 0 km—0n=0 



= (e‘-l) - 



+ 1 



E^ 

\n — 0 



(e‘ - l) 1 



n! 



' 00 A 

E Be h(x) — 



< 1=0 



\n — 0 

/ oo / m 



y^ E n (x)—n\ y s 2 (k,n) — 



k—n 



i\ 

/ 

\ / °° 

fc! 



E^( 



J=0 






HIE E n s 2 (m,n) )S)(E Bel/ix ' 



^ ^71 / 

Vm=0 \n=0 / / \ Z— 0 / 

00 ( k / U\ m \ fk 

E( E ( m ) y / E n S2(m,n)Bel k - m (x) ) 



/c— 0 \m— 0 x 7 n— 0 

Therefore, by (22) and (23), we obtain the following theorem. 



(23) 



Theorem 2.5. For k > 0, we have 



k / m km 

e : e E n s 2 (m,n)Bel k -m(x ) = EE Ch n (x)s 2 (m, n)s 2 (k, to). 

771 = 0 \^V 77— 0 m— flrj— 0 



771—0 71=0 



(24) 
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The rough intuitionistic fuzzy set theory is an extension of the theory of rough fuzzy sets. For 
further studying the theories and applications of rough intuitionistic fuzzy sets, in this paper, we 
propose a type of rough intuitionistic fuzzy sets and investigate its topological structure. It is 
proved that an intuitionistic fuzzy topology is induced by a binary relation in a crisp approxima- 
tion space, and a preorder is generated by a family of intuitionistic fuzzy sets. Moreover, there 
exists a one-to-one correspondence between the set of all intuitionistic fuzzy topologies having 
property (*) and the set of all preorders. That is to say, there exists a one-to-one correspondence 
between the set of all intuitionistic fuzzy topological spaces having property (*) and the set of 
all crisp approximation spaces whose relations are preorders. 

Keywords: approximation operator; preorder; rough intuitionistic fuzzy set; intuitionistic 
fuzzy topology. 



1 Introduction 



Rough set theory was proposed by Pawlak [14] to deal with imprecision, vagueness, and 
uncertainty in data analysis. In classical Pawlak rough set theory, the lower and upper approxi- 
mation operators are two important basic concepts. The equivalence (indiscernibility) relations 
or partitions are the simplest formulation of the lower and upper approximation operators. How- 
ever, the requirement of the equivalence relation in Pawlak rough set model seems to be a very 
restrictive condition that may limit the application domain of the rough set model. To solve this 
problem, many authors have generalized the notion of approximation operators by using more 
general binary relations [4, 20, 21, 26, 27] or by employing coverings [2, 3, 28, 33]. Moreover, 

* Corresponding author. Email: zyl_1983_2004@163.com. 

This work was supported by the National Natural Science Foundation of China (61379021), Natural Science 
Foundation of Fujian (Grant Nos. JK2014028, 2013J01028, 2013J01265, JA13198, JA14200). 
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rough sets can also be generalized into the fuzzy environment and the results are called rough 
fuzzy sets and fuzzy rough sets [8, 9, 10, 12, 13, 15, 16, 19, 22, 23, 24, 30]. 

As an extension of the theory of fuzzy sets, the theory of intuitionistic fuzzy (IF, for short) 
sets is originated by Atanassov [1], A fuzzy set gives a degree of which element belongs to a set, 
but an IF set gives both a membership degree and a nonmembership degree. Obviously, an IF 
set is more objective than a fuzzy set to describe the vagueness of data or information. Many 
authors generalized the concepts and operations in fuzzy set theory into IF set theory, to enrich 
the theory of IF sets and enlarge the application of IF sets. Therefore, the combination of IF set 
theory and rough set theory is an interesting research issue over the years [5, 7, 17, 18, 29, 31]. 
The rough IF sets are indeed natural generalizations of rough fuzzy sets and will be applied in 
decision analysis. 

Topology is a mathematical tool to study information systems and rough sets. It is important 
to discuss topological structures of rough sets. Many authors investigated topological structures 
of rough sets in the fuzzy environment [11, 32, 25]. Zhou et al. presented a one-to-one correspon- 
dence between the set of all IF reflexive and transitive approximation spaces and the set of all 
IF rough topological spaces [32] . Lin and Wang discussed the topological properties of IF rough 
sets [11]. Xu and Wu investigated topological structures of a type rough IF sets [25]. 

This paper is devoted to the discussion of a type of rough IF sets and its topological structure. 
Firstly, in a crisp approximation space, an IF topology is generated by the relation, whose interior 
and closure operators are IF lower and upper approximation operators respectively. Then, a 
preorder is induced by a family of IF sets. Moreover, there exists a one-to-one correspondence 
between the set of all intuitionistic fuzzy topological spaces having property (*) and the set of 
all crisp approximation spaces whose relations are preorders. 



2 Basic Concepts and properties 



In this section, we introduce the basic concepts about binary relation, intuitionistic fuzzy set 
and intuitionistic fuzzy topological space. 

Throughout this paper, U will be a nonempty set called the universe of discourse. The class 
of all subsets (intuitionistic fuzzy subsets, respectively) of U will be denoted by V(U) (by IF{U), 
respectively). 

Definition 1. Let U be a set, U x U the product set of U and U. Any subset R of U x U 
is called a binary relation on U. For any (x, y) £ U x U, if ( x , y) £ R , we say x has relation 
R with y. and denote this relationship as xRy. For any x £ U, we call the set {y £ U\xRy} 
the successor neighborhood of x in R and denote it as R s (x), and the set {y £ U\yRx} the 
predecessor neighborhood of x in R and denote it as R p (x). Let R be a relation on U . 

(Reflexive relation) If for any x £ U , xRx, we say R is reflexive. In another word, if for any 
x £ U, x £ R s (x), R is reflexive. 

(Transitive relation) If for any x,y,z £ U, xRy and yRz => xRz , we say R is transitive. In 
another word, if for any x,y £U, y £ R s {x) => R s (y) C R s (x), R is transitive. 

(Preorder) A binary relation R is referred to as a preorder if R is reflexive and transitive. 

Definition 2 [1]. Let U be a non-empty set. An intuitionistic fuzzy set A in U is an object 
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having the form 

A = {< x,ha{x),j a (x) > \x G U}, 

where pa '■ U — > [0, 1 ] and 7 a '■ U —> [0, 1 ] satisfy 0 < / jla{x ) + 7 , 4 ( 2 ;) < 1 for all x £ U, and Ha(x) 
and 7 a (2;) are, respectively, called the degree of membership and the degree of nonmembership 
of the element x G U to A. 

Obviously, a fuzzy set A = {< x,ha(x) > \x € U}, can be identified with the IF set of the 
form A = {< x,ha(x), 1 — Ha (x) > \x G U}. Thus, an IF set is indeed an extension of a fuzzy 
set. We introduce some basic operations on IF(U) in the following definition. 

Definition 3 [1], Let A, B G IF(U) and {Aj\j £ J}C IT(U ), where J is an index set. Define 
the operations as follows: 

A C B <t=> ha{ x) < hb{ x) and 7 a (2;) > Jb(x) for all x G U, 

AD B <G> B D A, 

A = B <t=> A C B and B D A, 

An B = {< x,ha(x) A hb(x), 7a (2:) V 75 (x) > \x £ U}, 

AUB = {< x,ha{ x) V hb{x), 7a (2;) A 75 (x) > \x G U}, 

A c = {< x,7 a{x),ha{x) > \x e U}, 
nA j = {< x, A/iAj (x), V^Aj (x) > |x G U}, 
u Aj = {< x, V/2A,-(x), A7 a,-(x) > |x G 17 }, 

0^, = {< x, 0, 1 > \x G [/}, 1^ = {< x, 1,0 > |x G U}. 

Definition 4 [6] . An IF topology r on a nonempty set U is a family of IF sets in U satisfying 
the following axioms: 

(Tr) 0 „,LGt, 

(T 2 ) Gi fl G 2 G t for all Gi, G 2 G r, 

(T 3 ) U jejGj G t for an arbitrary family {Gj\j G J} C r. 

In this case the pair ( U , r) is called an IF topological space and each IF set G G r is known as 
an IF open set in U, and the complement G c of an IF open set G in ( U , r) is called an IF closed 
set in U. For any A G the IF interior and IF closure of A are, respectively, defined as 

follows: 

int(A) = U{G|G G r, G C A}, 
cl(A) = n{K\K c G r, A C AT}, 

where int and cl are, respectively, called the IF interior operator and the IF closure operator of 

T. 



It can be shown that cl (A) is an IF closed set and int (A) is an IF open set in [/, A is an IF 
open set in U if and only if int(A) = A, and A is an IF closed set in U if and only if cl(A) = A. 
Some properties of IF interior operator and IF closure operator are presented as 

Proposition 1 . Let ( U,t ) be an IF topological space and A,B G IF(U). Then the following 
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properties hold: 

(1) cl(A c ) = ( int(A)) c , int(A c ) = ( cl(A )) c , 

(2) int(A) C A C d{A), 

(3) int(A n B) = int(A) n int(B), d(A U B) = d(A) U d(B), 

(4) int(int(A)) = int(A), d(d(A)) = d(A), 

(5) int( 1~) = 1^,, d(O^) = 0^,. 

Conversely, it is easy to verify that if an IF operator i : XF(U) —> XF(U) (c : XF(U) — > 
XF(U), respectively ) satisfies the following properties: for any A, B € XF(U), 

(1) i( U) = U, (c(0^) = 0^,) 

(2) i(A) Cl, (AC c(A),) 

(3) i(A n B) = i{A) n i(B), (c(A U B) = c{A) U c(B),) 

(4) i(i(A))=i(A), (c(c(A))=c(A),) 

then {A\i(A) = A, A e XfF(U)} ({A c \c(A) = A, A e XT{U)}, respectively) is an IF topology 
on U and denoted by r(i) (t(c), respectively). 



3 The one-to-one correspondence between IF approxima- 
tion operators and IF topological spaces 



Firstly, we introduce the definition of IF approximation operators. 

Definition 5. Let I? be a binary relation on U. Then (U, R) is called a crisp approximation 
space. Define a family of IF sets as follows: 

A{R) = {A e XT(U)\V(x,y) e R,pa{x) < pA(y),jA(x) > 7 a{v)}- 

Then a pair of rough IF approximation operators are defined by 

R{X) = d{A\A CI,lg A(R)}, 

R{X) = n{A\X Cl,le A{R)}. 

Since Dubois and Prade proposed rough fuzzy set [8] , much authors have discussed properties 
of rough fuzzy set [9, 23, 24]. At the same time, the definitions of rough fuzzy set in [9, 23, 24] 
were extended to rough IF set [17, 18, 25, 31]. It is easy to verify that the definition of the rough 
IF in Definition 5 is different from that in [17, 18, 25, 31]. 

It is easy to get properties of rough IF approximation operators: \/A,B G XT(U), 

(1) E(1~) = 1~,^(0~)_=0^; 

(2) R(A) = (R(A°))°, R(A) = (R(A C )) C -, 

(3) R(A) C1C R(A)- 

(4) A C B => R(A) C R(B),R(A) C R(B). 
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3.1 From a crisp approximation space to an intuitionistic fuzzy topo- 
logical space 



In this subsection, we will present more properties of A(R), R and R. 

Proposition 2. Let R be a binary relation on U. Then, for any B C A(R), U B, DB £ A(R). 

Proof. For any ( x,y ) £ R and B & B, we get pb{x) < pB{y) and 7 b{x) > yB(y)- Thus 
Hub(x) < iruB(y) and y u B {x) > 7ub(j/), hnB(x) < Pn b(z/) and 7n b(x) > 7ne(?/)- So UB,DB £ 
A{R). 

Corollary 1. Let R be a binary relation on U. Then 

(1 ) A(R) is an IF topology, 

(2) R and R are, respectively, the IF interior operator and the IF closure operator of A(R). 

Proof. (1) It is clear that 0 1 £ .4(1?). Thus, according to Definition 4 and Proposition 2, 

.4(1?) is an IF topology. 

(2) By (1) and Definition 4, we can get this proposition. 



From Corollary 1, we know that .4(1?) is a IF topology if R is an arbitrarily relation, and R and 
R are, respectively, the IF interior and closure operators of .4(1?). Hence R(A)nR(B) = R(AC\B) 
and R{A) U ??(??) = 1?(4UB) forallH,U £lJ r (t/). To get more properties of .4(1?), we suppose 
R is a preorder in the following. 

Proposition 3. Let R be a preorder on U. Then, for any x,y £ U, xRy if and only if 
Pa{x) < p A (y) and y A {x) > y A (y) for all A £ A{R). 

Proof. If xRy, by the definition of .4(1?), it is easy to obtain that p A (x) < p A {y) and 

7 a(x) > 7 A (y) for all A £ A{R). 

“4=”. Suppose ( x,y ) ^ R, then define an IF set B as follows: for any u £ U, 

^ (u) = \ 1, u?R p (y), = 

For any (ui,u 2 ) £ R, if u 2 £ Rp(y), then pb{u 2 ) = 1 . So pb{ui) < Pb(u 2 ). If u 2 £ R p (y), 
hence ( u 2 ,y ) £ R. Since R is transitive and (u\,u 2 ) £ R, we have ( u\,y ) £ R. Thus u\ £ R p {y), 
Pb{ui) = 0, which implies pb{ui) < Pb(u 2 ). So we can conclude that Pb(ui) < Pb(u 2 ). Then 
7 b ( wi) = 1 - Pb(ui) > 1 - pb(u 2 ) = yB(u 2 ). Consequently, B £ A(R). 

Since R is reflexive, we obtain y £ R p {y), so pb{d) = 0. By ( x,y ) ^ R, x ^ R p {y), thus 
p B (x) = 1. 

In conclusion, there exists B £ .4(1?) such that pb{x) > Pb(v), which contradicts the as- 
sumption of this theorem. 

Proposition 4. Let R be a preorder on U. Then, for any x £ U and a,b £ [0, 1] with a + b < 1, 
there exists an A £ .4(1?) such that for any z £ U, 

Pa{z) = 



5 



a, z £ R s (x); 
0, z £ Rs(x), 



7 a(z) = 



b, z £ R s {x)-, 
1, 2 ^ R a {x). 
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Proof. We only prove A £ A(R). In fact, for any (u, v) £ R, if u £ R s (x), we have v £ R s (x ) since 
R is transitive. R is reflexive, so p a{x ) = Pa{u) = Pa(v) = a and 7 a{x) = 7 a (if) = 1 a{v) = b. 
If u R s (x), then pa{u) = 0 and 7 a(u) = 1 . Hence pa{u) < L 1 a(v) and 7 a (it) > 1a(v). In 
conclusion, pa(u) < I^a(v) and 7 a (u) > 7 a(v). Therefore, A £ A(R). 



3.2 From an intuitionistic fuzzy topological space to a crisp approxi- 
mation space 

Definition 6. Let A C IF(U), then define a binary relation from A as follows: 

R(A)= {( x,y ) £U x U\VA £ A, pa(x) < pa{u),Ta{x ) > 7 a ( 2 /)}- 

In Definition 6, a binary relation is induced from a family of intuitionistic fuzzy sets. Propo- 
sition 5 below gives the properties of R{A). 

Proposition 5. Let A C IF(U), then R{A) is a preorder. 

Proof. For any x £ U and A £ A, pa{x) = Pa(x) and 7 a{x) = 7 a(x), then ( x,x ) £ R(A). We 
obtain that R(A) is reflexive. 

For any x,y,z £ U, if (a :,y) £ R(A) and (y, z) £ R{A), then for any A £ A, pa(x) < pA{y) 
and 7 A {x) > 7 a(v), Pa{v) < Pa(z) and 7 a{v) > 7 a(z). So pa{x) < Pa{z) and 7 a{x) > 7 a{z). 
Hence ( x,z ) £ R(A). It follows that R(A) is transitive. 

By Proposition 5, we can induce a preorder from a family of IF sets. We first convert a 
preorder R into a family of IF sets A{R), then convert the family of IF sets A{R) into a preorder 
R(A(R)), and consider the relationship between R and R(A(R)). 

Theorem 1. Let R be a preorder on U. Then R = R(A(R)). 

Proof. For any (x,y) £ R, by the definition of .4(1?), pa(x) < p-A{y) and 7.4(2:) > 7.4(2/) for all 
A £ A(R). According to Definition 6, (x, y) £ R(A(R)), so R C R(A(R)). Conversely, for any 
(x, y) £ R(A(R)), pa(x) < pA{y) and 7.4(2:) > 7 a ( 2/) for all A £ A(R). From Proposition 3, 
(x,y) £ R, so R(A(R)) C R. Therefore, we obtain R = R(A(R)). 

If we first convert a family of IF sets A into a preorder R(A ), then change the preorder R(A) 
into the family of IF sets A(i?(^l)), A = A(R(A))1 

Proposition 6. Let A C IF(U), then A C A(R{A)). 

Proof. For any A £ A, by the definition of R(A), Ha{x) < PA{y) and 7 a( 2 :) > 7 a( 2 /) for all 
(x,y) £ R{A). According to Definition 5, we have A £ A(R(A)). So A C A(R(A)). 

Generally, A(R(A)) is not equal to A. 

Example 1. Let U = {a,b} and A= {A}, where A = {< o, |, | >,< b, | >}. Then 
R(A)= {(a, a), (a, b), (b, b)}. Thus, we have B = {< a, |, \ >,< b, >} £ A(R(A)) and 
B £ A. So A{R{A)) ± A. 
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In order to give a sufficient and necessary condition for A(R(A)) = A , we propose two 
properties for a family of IF sets A. 

Property (*): for any x £ U and a, b £ [0, 1] with a + b < 1, there exists an A £ A such that 
for any z £ U, 

( \ f a i z £ R{A) s (x)', / \ f b, z £ R(A) s (x); 

'‘■ 4(2) = io, z*R(A).(z), ztR(A).(x). 

Property (**): for any BC^l, U B € A. 

Theorem 2. Let A C IT(U), then A = A(R(A)) if and only if A has properties (* ) and (** ). 

Proof. From Proposition 5, R(A) is a preorder. By Proposition 4, for any x £ U and 

a, b € [0, 1] with a + b < 1, there exists an A £ A{R(A)) such that for any z £ U, 

. , f a, z £ R(A) s (x); . , f b, z £ R(A) s {x); 

- { 0, Zt R(J l).(x), - \ 1, zt R(A),(z). 

Since A = A(R(A)), A satisfies property (*) by Proposition 2. According to Proposition 4, 
A(R(A)) satisfies property (**), which implies that A has property (**). 

“•4=”. By Proposition 6, A C A(R(A)). Now we prove A(R(A)) C A. Let A £ A(R(A )), 
then for any (u,v) £ R(A), Pa(u) < Ma(v) and 7a(u) > 7 a(v)- Since A satisfies property (*), 
for any x £ U, there is B x £ A such that for any z £ U, 

„ _ f Ma(x), z £ R(A) s (x); , s _ f 7 a(x), z £ R(A) s (x); 

^ z >-{ 0 , z?R(A) s (x), ^ z >-{ 



1 , z£R(A)s(x). 



Then A = { J xeU B x ■ In fact, for any y £U, since R(A) is reflexive, We have y £ R(A) s (y). So 
hB y (y) = Ha{v) and 7b v {.v) = 7 a(v)- Hence 

Va{v) < VxeuhB x (y) = M ( J Bx )(y)’ 7A{y) > Rxeu7B x {y) = 7 ( (J _ Lr B x )(y)- 

Conversely, for any x £ U, if y £ i?(^4) s (x), then pB x (y) = 0 and 7 B x (y) = 1- If y £ R{A) s (x), 
then p Bx (y) = hA{x) < p A (y) and 7 Bx (y) = 7 a(x) > 7 a{v)- So 

MU b x (v) = v ®ec/MBx(y) < Ma(z/), 7(U €U B x )(y) = A xeulB x (y) > 7 a{v)- 

Therefore, by property (**), A = \J xeU B x £ A, which implies A(R(A)) C A. 

From Theorem 2, A having properties (*) and (**) is a sufficiency and necessary condition 
for A = A(R(A)). By Corollary 1 and Theorem 2, it is easy to obtain 

Corollary 2. Let A C XF{U), then A = A(R{A)) if and only if A is an IF topology satisfying 
property (*). 



Denote the set of all preorders on U as R , and denote the family of all IF topologies on U 
having property (*) as A. Combining Theorem 1, Corollaries 1 and 2, we have 
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Theorem 2. Let U be a non-empty set. Then there exists a one-to-one correspondence between 
R and A. 

Proof. Define a mapping / : R — > A by f(R) = A(R). And define a mapping g 
g(A) =R(A). For any R £ R, by Theorem 1 and Corollary 1, we get g o f(R) = 

R(A(R)) = R. For any A £ A, according to Proposition 5 and Corollary 2, fog(A)- 
A{R(A)) = A. Then there exists a one-to-one correspondence between R and A. 

By Theorem 2, there exists a one-to-one correspondence between crisp approximation spaces 
whose relations are preorders and IF topological spaces having property (*). 



: A R by 
: g(A(R)) = 
= f(R(A)) = 



4 Conclusion 



In this paper, an IF topology has been induced in a crisp approximation space, whose 
IF interior and closure operators are IF lower and upper approximation operators respectively. 
Conversely, a preorder has been generated by a family of IF sets. The important contribution of 
this paper is that we establish a one-to-one correspondence between the set of all intuitionistic 
fuzzy topological spaces having property (*) and the set of all crisp approximation spaces whose 
relations are preorders. In our future work, we will discuss relationships between this type of 
rough IF sets and other types of rough IF sets, and explore connections between rough IF sets 
and covering-based rough sets. 
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Abstract 

First parametric curves of Shepard-type are studied, which overcome 
some of the original Shepard operator’s drawbacks, have some advantages 
with respect to the Bezier case and are optimal in some sense. Bounds for 
the deviation and approximation results for Shepard-type operators faster 
converging than the original one are proved. As an application a weighted 
progressive iterative approximation technique interesting in CAGD and an 
extension to tensor product surfaces case are given. 

Key-words: Shepard-type operators; deviation; weighted progressive itera- 
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1 Introduction 

Shepard-type operators are rational operators of interpolatory type widely used 
in classical Approximation Theory and in scatter data interpolation problems 
and they allow approximation results not possible by polynomials. However they 
suffer of drawback of flat spots phenomenon, which makes them unsuitable for 
CAGD. 

The purpose of the present paper is to study a new class of Shepard-type 
curves S n .\ overcoming the above drawback (Section 2). The paper is organized 
as follows. In Section 3 Theorem 1 gives an estimation of the maximal distance 
between S rli \[P] and the control polygon P in terms of the maximal absolute 
first order difference of the control points. In Section 4 we construct a sequence 
of Shepard-type operators based on S n< \ converging to the global Shepard-type 
interpolating operator and in Theorems 2, 3, 4, 5 and 6 we give convergence 
results and approximation error estimates. The results are applied in CAGD to 
study the weighted progressive iterative approximation (WPIA in short) tech- 
nique in Theorems 7 and 8. The key idea is to iteratively change the control 
points of the active curve to deform towards the target shape represented by 
the point data. So by adjusting the control points of S Uj \ curves and by using 
a weight, the WPIA process generates sequences of curves converging to the 
global Shepard-type interpolating curve at the original control points. More- 
over an optimal value of the weight giving the fastest convergence rate is shown 
in Theorem 7. Based on such format, data points can be adaptively fit. Finally 
in Section 5 the results are extended to tensor product surfaces. The proofs 
of main results are in Section 6. The demonstration techniques are based on 
direct estimates of S Ut \ operator and preliminary Lemmas on the eigenstructure 
of S U} \ operator interesting in themselves. 

Near-interpolating curves S n< \ have some advantages with respect to Bezier 
curves: the parameter A can be used as a shape control tool to draw a pencil 
of curves and choose the desired shape; S n .\ curves have pseudo-local control 
property against the global behaviour of Bezier curves; the deviation between 
,S' n ,A function and its control polygon is smaller than for the Bezier case (see Sec- 
tion 3); the corresponding weighted progressive iterative approximation process 
has faster rate of convergence than for Bezier case (Section 4); these advantages 
extend to the surfaces case (Section 5). Numerical experiments are also shown, 
verifying our theoretical analysis. 



2 Near-interpolating curves 

Let A n (t) = [A nfi (t),A n ^(t), . . . , A„,„(f)] T , where 

A (t) — 1 /(( f ~fr) 8 + A ) d) 

nA) EIUV ((*-**)* + A)’ u 

for 0 < i < n, n € N, t € [0,1], U = i/n, i = 0, ...,n, s even > 2 and 
0 < n s A < l/(6£(s)), with ( being the zeta Riemann function. 
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In the following Lemma 5 we will show that A nt i(t), 0 < i < n, form a basis 
generating a subspace S of rational functions of degree (sn, sn), with 

n 

0 < ++) < 1, * = 0, . . . , n, 53 +,+) = !• (2) 

2=0 

Hence in the following the functions A n ^, i = 0, are called blending 

functions. Given the blending functions A n j(t) defined by (1) and a control 
polygon P = [P 0 ,P 1 ,...,P n ] T , Pi € i = 0 d > 2, introduce the 
near- interpolating parametric Shepard-type curve S nt \[P, t] defined by 



S n .x[P, t] = 53 A ^) p i = A n(t)P- (3) 

2=0 



Hence by (l)-(3) it is easy to check that S„ t \[P,t]: 

- is a rational curve of degree (sn, sn); 

- it reproduces points; 

- it is symmetric (i.e., S„ t \[P,l - t] = S ni \[P,t], P = [P n ,...,P 0 ], Vt G 

[ 0 , 1 ]); 

- it is smooth; 

- it is nondegenerate; 

- it lies in the convex hull of the control polygon P; 

- it satisfies the pseudo- local control property (indeed each function A n j(t), 
()<_)< n, attains its maximum value close to 1 at t = tj and is very small 
for \t—tj\ > 1/n, in other words the point Pj influences strongly the shape 
of the curve in a neighborhood of t = tj); 

- it interpolates at the control points, as A tends to 0 (see the following 
remark on Balazs-Shepard operator); 

- it satisfies the degree elevation-type formula 



S n+1 , x [PUP,t] = 



S n ,\[P, t]D n (t) P/((t-i) s + A) 



Dn+l(t) 



D 



71+1 



(t) 



t^t k , k = 0, 



with 



S n+hX [PUP,t] = 



ELo p l + ~ hY + + p/ (ft ~ t) s + 

ELo V i(t - u) s + a) + 1/ ((t - ty + a) ’ 

i 



Dn(t) — 53 (f 



k = 0 



Dn+1 (t) — 53 



{t — ti) s + A 

1 



1 



fc = 0 



(t ti) s + A ( t — t) s P A 



By the above remarks S rli \[P. t] can be considered a parametric curve ap- 
proximating the control polygon P. 
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In the nonparametric case, i.e. P, = with / a continuous function 

on [0, 1], operators similar to (3) were studied to approximate surface data [1] 
or noisy values [8]. When A tends to 0, then S Ui \ tends to the well-known 
Balazs-Shepard operator [14] 






Er=oV(i-ii) s 



s even > 2, 



interpolating / at f,;, i = 0 Such operators are extensively used in ap- 
plicative problems involving scattered data interpolation and they have been 
subject of several papers proving approximation results not possible by polyno- 
mials [2, 5, 6, 7]. 

It is easy to see that the presence of parameter A in (3) makes the structure 
of <SVi,a n ot far from the simple S n and analogous convergence results and error 
estimates can be proved as in [5, 7, 12]. 

For example if || || denotes the usual supremum norm on [0, 1] and w(/) the 
modulus of continuity of /, then working as in [6, 7, 12] 

11/ - *S'„, A (/)|| < const uj (j; ^ . (4) 

On the other hand the choice 0 < A n s < l/(6£(s)), makes S n ,\[P,t] a 
curve near-interpolating the control polygon, overcoming the flat spots drawback 
affecting the original Shepard operator. If A — > oo, then S Ut \[P, t\ tends to the 
arithmetic mean of Pi, i = 0, . . . ,n. 

Here for the sake of simplicity and in analogy to the Bernstein-Bezier case 
we assumed that the knots are uniformly spaced. 



3 Bounds for the deviation 

In this Section we give an answer to the question if near-interpolating curves 
are good curves, in the sense that they do not deviate too much from the 
data points polygon. This problem is interesting in many CAGD applications, 
like intersection testing, creating tolerance envelopes, rendering or design (see, 
e.g., [11, 13]). The following theorem estimates the maximum distance between 
S n ,\ [P,t\ & n( l its control polygon in terms of the maximal absolute first order 
difference of the control points of P. The implication of this result is to give 
a finer localization for the function than by standard convex-hull or mini-max 
bound. To this end following [11, 13] we view the polygon P = [P 0 , Pi, • ■ ■ , P n ], 
Pi € R, * = 0, . . . , n, as the piecewise linear function p(t) given by 

p{t) = Pi + n(t - ti){P i+ 1 - Pi), U <t< t i+ i, i = 0, . ..,n - 1. 

Then let e(t) = e n (t) = ^^[P, t] ~ p(t)\ , with S n ,\[P, t] the univariate near- 
interpolating Shepard-type function and AP = maxo<j< ra _i |Pi+i — Pj|. We 
have 
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Theorem 1 For every t £ [0, 1] 

e{t) < A PC n! x(t), 



( 5 ) 



where 

= a,j{t) +aj(t) + aj~ (t), 
when t £ [tj,tj. |_i] for some 0 < j < n — 1, and 



a j (t) ■■= 



1 

D 



n(t—tj ) . n(t—tj) — 1 

(t—tj) s + A (tj + i — t) s +A > 

i. I "C^j+i — — 1 
— *) s +x (tj— i) s +A ’ 



if \t — tj\ < 
if \tj+i-t\ < ± t 



with 



«JW :=£ 

4«> ■■= h ■ 



f yj-l j-fc+ra(t-fj) 

J Z^k = o {t~t k y + a > 

1 yd- 1 j+l-i-^th+i-*) 

^Z^i=0 (t-t i )»+A ’ 

E n k—j—n(t—tj) 

k—j-\-2 {t-tk) s - \-\ ’ 

E n i— j — l+n(tj+i— i) 

i=j+2 (t-ti) s +A 



if I* — *j| < ar, 
if |ij+i — t\ < A-, 

if |* — *j| < 
if |tj+i-t| < 



D := D n (t) 



E 



i=0 



1 

(t — ti) s + A 



Remarks. Pointwise estimate (5) corresponds to the fact that for A vanishing 
e[t) goes to 0 at tj, i = 0, . . . ,n, as expected since SVi.aI-P] approaches original 
interpolating Shepard function. Compare [13, p. 582] for an analogous result 
for Bernstein-Bezier polynomials. 

By Theorem 1, if n and A are fixed, we find a domain where S n \ [P, t] 
lies. When n is fixed and A goes to 0, C n ,x{t) tends to C Ui o(t), where C n> o(t) 
corresponds to the function bounding the deviation for the original Shepard 
function. By numerical tests we found C' n .o (t) < 0.28, t £ [0, 1], n < 50. 
On the other hand the choice of A very close to 0 is to be avoided, because 
the corresponding S n \ function is very close to the original Shepard function 
giving a very bad approximation near the control points because of the flat spots 
phenomenon. 

Then we have implemented the following procedure in a Matlab environment: 
given n + 1 control points, we draw ,S' n .A functions for various A, we choose that 
value A giving a satisfactory shape and by Theorem 1 we draw a region where 
the corresponding function S n A lies. 

The following examples refer to the cases presented in [11, p. 629], where 
the deviation of a Bernstein-Bezier polynomial from its control polygon was 
studied. Here the control polygon P is represented by a continuous line, the 
near-interpolating Shepard-type function by a dashed line, the bounding region 
is shaded. We have chosen s = 4 (indeed also an even s > 4 does not give 
real improvements, on the other hand the choice s = 2 gives worse results, as 
expected from the theoretical results (cfr. [7])). From our experiments it follows 
that by a proper choice of A the bound for the deviation of S n> x functions is 
smaller than for the Bezier case (cfr. [11, Theorem 4.2, p. 621]). 
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3.1 Example 1 



Here P$ = 0, Pi = 1, P 2 = 1, P 3 = 0. The choice A = 2 x 10 -3 gives a 
satisfactory shape for the corresponding near-interpolating function and by the 
estimate in Theorem 1 we get the corresponding bounding region clipped with 
the min-max bound (see Fig. 1). We have max t 6 r 0 p C nt \(t) = 0.2319, A P = 1; 
so by (5) max fe r 01 ] e(t) < 0.232. 



S=4 - 1=0.002 




Figure 1: Deviation for Example 1. 



3.2 Example 2 



Here Pq = 0, Pi = 1, P 2 = —1, P3 = 0. We have chosen A = 1.5 x 10 -3 
and the corresponding bounding region clipped with the min-max bound is 
drawn in Fig. 2. We have max t£ | 01 ] C n< \{t ) = 0.1893, A P = 2; so by (5) 
max t£ [ 0)1 ] e(t) < 0.379. 



3.3 Example 3 



Here Po = 0, Pl = 1, P 2 = 2, P 3 = 3, P 4 — 2 , P 5 = 1. We have chosen 
A = 3 x 10 ~ 4 and the corresponding bounding region clipped with the min-max 
bound is drawn in Fig. 3. Here max te [ 0 > i] C n ,\(t) = 0.274, A P = 1; so by (5) 
max t£ [ 0 ) i] e(t) < 0.274. 
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Figure 2: Deviation for Example 2. 



4 Weighted progressive iterative approximation 

In this Section we study the WPIA property of S n ,\ curves defined in Section 
2. Consider the nonparametric case, i.e. , 



= 5 >, »(*)/(*) = 

2=0 

with / e C([0, 1]) and / = [/(to), f(h ), . . . , f(t n )] T . From (2) it follows that 
S n ,\ preserves constants. 

Introduce the global interpolating Shepard-type operator defined by 

n 

Gn,x{f\ t) = Yl = A n(t)'f G , J G = [/o G , /f, • • • , / G ] 1 , (6) 

2 = 0 

with 

U) = f(ti), i = 0, . . . , n. (7) 

In other words the values / G , i = 0 , ,n, are determined by solving the linear 
system (7), guaranteeing for the Shepard-type operator G Uj \ the interpolation 
condition at the given values f(ti) and overcoming the flat spot phenomenon of 
the original interpolating Shepard operator. 

If n s A = o(l), then G Ui \ tends to the original Shepard operator and / G tend 
to f(U), i = 0,...,n. 
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3 



2.5 



2 



1.5 



0.5 



0 

0 0.2 0.4 0.6 0.8 1 



Figure 3: Deviation for Example 3. 



We remark that the system (7) can be written as Bf = /, where 



/ Ai,o(io) A n i(to) A nn (to) \ 

^n,o(/l) A n i(ti) ••• A nn (t i) 

/>'- : : : (») 

\ A n,o(^n) A n ^i(t n ') **• A nn (t n ) J 

is the collocation matrix of the basis A n j j, i = 0, . . . , n. 



We observe that B is a symmetric, centrosymmetric and positive stochastic 
matrix. 

Remark. If n s A = o(l), then G n ,\ tends to the original Shepard operator, 
therefore B tends to the identity matrix, consequently all the eigenvalues of B 
tend to 1. 

We denote by M k = M . . . M k times the k-tli iterate of M operator. 

It is easy to deduce from (4) that for any fixed m 

||/ ^ S£\(f ) H < const w ^/; ^ . 

Moreover if A^ 1 < 1 denotes the second largest eigenvalue of B, then 
Theorem 2 For any m € N and t G [0, 1], 

f/(to)-S£ A (/;t)['< ll/ll (A^p. 

Hpn cp 

hm^ A (/;t)=/(t 0 ). (9) 

m ’ 



s=4 - A.=0.0003 
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Remark. It is well-known that an analogous result to (9) holds for Bernstein- 
type operators (see, e.g., [3]). 

From (9) we deduce that we have to smartly combine the iterates of S n> \ 
operator to improve the approximation by such operator. 

To this aim for every / £ C([0, 1]) we construct the sequence of rational 

functions of degree ( sn,sn ) < S m (f;t ) > defined by 

1 ' > m = 0 

m 

i=l 

with 0 < w a fixed parameter that can take as any possible value as long as it 
can guarantee the convergence of the above rational functions (see later). It is 
easy to see that 

So(f;t) =S n>x (f-,t) 

=S niX (f-,t) + wS n , x (f-S n>x (fy,t) 

=(1 + w)S n ,\(f ; t) - wSl >x {f; t) 

and 

5 2 (/; t) = (1 + 2 w)Sn t x(f; t) - w( 2 + w)Sl tX {f; t) + w 2 S^ x (f; t). 

Note that in general S m is not a positive operator. 

In particular if w = 1, then 

{i -by 

Li=0 

Cfr. [10, 15] for an analogous operator based on Bernstein polynomials. 

We note that since the matrix B is symmetric and centrosymmetric, the 
number of operations to compute the quantity inside brackets in (10) is reduced 
by 1/4, that is (to — l)n 3 /2 + 0(n 2 ). 

In the sequel C will denote a positive constant which may assume different 
values even in the same formula. 

The following Theorem 3 gives a motivation for the construction of S rn , 
i.e. it shows that S m (f) approximates / at the knots U, i = 0, ...,n, better 
than original S n>x (f), in other words the loss of positivity is compensated by a 

(n) 

better degree of approximation at the knots. Indeed if A 0 denotes the smallest 
eigenvalue of B , then 

Theorem 3 Let p(I — wB) < 1. Then for any f € C([0, 1]) and for any fixed 
to > 0 

<2 ||/|| (l-^Hl-^ 1 ), i = 0, . . . ,n. (12) 

In particular if w = 1, then 

/ I x\m+ 1 

f(U) ~ S m (f;ti) < 2 ||/|| ^1 — AqJ i = 0, . . . ,n. (13) 



S m (f;t) = A n (t ) V 





S m (f-,t) = A n (t) 
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Now we examine the behaviour of S m for n fixed and m — > oo. 



Theorem 4 Let p(I — wB) < 1. If f G C([0, 1]), then for every t G [0, 1] and n 



-sG 



£<*,(/;*) := lim S m (/;i) = G n>x (f-,t) = A n (t)f = A n (t)B ~ Y (14) 



In particular if w < 2, then (If) holds true for every t G [0, 1] and n. 
Moreover 



/-£*>(/) <Cw(f 

\ n 

Furthermore if f G C” +1 ([0, 1]) 

| (t ~ t 0 )(t -tl)---(t-tr, 



m-Scoim 



< 



(n — 1)! 



'-M, 



(15) 



(16) 



with 



M = max 

0<t<l 



f {n+1) (t)-s^ +1 \f-t) . 



Theorem 4 says that by the sequence (10) we can reach the global interpolating 
operator (6) without solving the linear system (7). In other words the sequence 
{Sm}rn continuously links S n> \ operator to G n ^\ operator. 

Compare with [15] for an analogous result for Bernstein operator. 

Moreover we give an estimate of approximation error of See by S m . 

Theorem 5 Let p(I — wB) < 1. For any f G C([0, 1]) 



Soo(f) - 5 m (/)|| < 2||/|| (l - wX^y (l - Ag n) ) . 

The fastest rate is attained when w = 2/ ^1 + Aq"^ , therefore 



(17) 



Soo(f) 



Sm(f) <2||/|| 




(18) 



In addition 



Theorem 6 Let w = 1. Then 



Soo(f) 



Sm(f) 




If n s A = o(l), then 



Soo(f)~S m (f) 



o( l) m+1 . 



(19) 

( 20 ) 



Remark. From Theorem 6 we deduce that the rate of convergence of S m to S ^ 
is faster than in the analogous Bernstein case [15]. 

The above results find application in CAGD to construct sequences of curves 
based on S n ,\ operator converging to the global interpolating Shepard-type 
curve based on G„ ; a operator. Let us see in detail the WPIA process. 



620 



Amato et al 611-634 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.4, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



U. Amato and B. Della Vecchia 



Given the control polygon P = [P 0 , . . . , P„] T and the basis A n ^{t), i = 
0 , . . . , n, defined by (1), we can generate the initial curve 

n 

7 ° w (t) = J2 A nAt) P ? = S n,x[P,t], 

i= 0 

with P? = Pi, i = 0 Then we calculate the remaining curves of the 
sequence J k+1 {t), for k > 0 as follows 

n 

7 i + \t)=Y, P i +lA ^ (21) 

i = o 

with 

p k +i pk , , ^ k 

j. z -l x ~r ? 

/g 

and A i the adjusting vectors given by 

A- =P i - 1 k w (ti), i = (22) 



in other words we multiply all the adjusting vectors by a common weight w. 
Then the iterative process can be written in matrix form as follows: 



— T -k -r-k 

A 0) A l5 , 



,A fc 



iT 



= (/ - wB) 
= (7 - wB) k 



-r-k - 1 -r-k - 1 



A 



Ai 



-r~k— 1 

.A 



iT 



Aq, a°, . 



, A° 



(23) 



The weight w in (23) can be taken as any possible value, as long as it can 
guarantee the convergence of the above iterative process. 

Remark. In the not-parametric case curves 7^, correspond to the rational 
functions defined by (10). 

Now we show how to determine the value of w to obtain the fastest conver- 
gence rate. We say that 7^ curve satisfies the WPIA property iff lim fe 7 k ,(ti) = 
Pi, i = 0,...,n. 

We have 



Theorem 7 If p{I — wB) < 1, curve 7° satisfies the WPIA property. In 
particular if w < 2, curve 7^ satisfies WPIA property. Moreover the WPIA 
process has the fastest convergence rate when 



2 

1 + Ao”) 



(24) 



and in such case 

1 _ 

p(I - wB) = yfo- 

1 + A < f 
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Remarks. WPIA property makes possible to construct a sequence of con- 
trol polygons converging to the control polygon of an interpolating curve of 
Shepard-type. Moreover the parameter k can be used as shape parameter in 
order to model different shapes, obtaining as extreme cases the Shepard-type 
curve and the global interpolating Shepard-type curve. By choosing an optimal 
value of the weight w, Theorem 7 shows that the weighted PIA shares the pro- 
gressive iterative approximation property and has the fastest convergence rate. 
As remarked before the rate is faster than for the Bezier case (cfr. [9]). 

We observe that here firstly the convergence results for WPIA property are 
deduced from the analogous approximation results in the nonparametric case 
(cfr. [9]). 

If n s A = o(l), from the remark to (8) it follows that the value of w in (24) 
approaches 1 from above. Therefore we call the WPIA process for w = 1 (see 
following PIA technique) “quasi” optimal. 

If w = 1 , then the corresponding progressive iterative approximation process 
(called PIA in short) is given by 



n n 

7 °(t) = J2A n ,i(t)P°, 7 k+ \t) = J2 p ? +lA n,i(t), ^>0, (25) 

i — 0 0 

where P f = Pi for all i = 0, . . . , n, and A^ are the adjusting vectors given by 
p k+i =p k + =p ._ » = o, i, . . . 



Then the iterative process can be written in matrix form as follows: 



AS.Af ={i-B) 

= {I~B) h 



< k— 1 X k— 1 X fc— 1 

J ^1 5 * * * ? 

A 0 A 0 a° iT 

^0’ ^l> • • • ) 



1 T 



Remark. Curves 7 fe in the not-parametric case correspond to rational functions 
in (11). 

We say that 7 0 curve satisfies the PIA property iff lim/ c 7 k (U) = Pt,i = 
0, ...,n. 

We have 

Theorem 8 Curve 7 0 satisfies the PIA property. Moreover under the assump- 
tions of Theorem 6, the rate of convergence is faster than in Bezier case. 

Remarks. Based on PIA format, we can design an adaptive fitting method 
to fit data points, by adjusting the control points corresponding to these data 
points, if fitting precision is above a predefined threshold. 

We observe that the above PIA and weighted PIA processes can be inter- 
preted in terms of classical iterative methods for linear systems; indeed PIA and 
weighted PIA iterations correspond to classical Richardson and classical modi- 
fied Richardson method, respectively (compare [4] for an analogous revisitation 
for Bezier curves). 
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4.1 Example 

Consider a helix of radius 5 given by (cfr. [9]) 

z(t)) = (5cosi, 5sint,i), t£ [0, 67t]. 

A sequence of 19 control points is sampled from the helix as 

{x(si),y(si), z(si )) , s, = * = 0, 1, — , 18. (26) 

Starting with these control points we fit the helix by two sequences of curves 
generated by the WPIA process defined by (21), (22) and (24) with s = 4, 
A = 4 x 10 -6 and w ~ 1.57, and by the PIA process defined by (25) with the 
same value of A = 4 x 10~ 6 , respectively. Figures 4 and 5 show the starting, the 
second and the fourth curves of such sequences for WPIA and PIA, respectively, 
and star symbol denotes the control points given in (26). Note that the results 
in Fig. 5 are very similar to Fig. 4, as expected from the remark to (24). The 
fitting errors of the above WPIA and PIA processes (the maximal Euclidean 
norm of the corresponding adjusting vectors of such curves) are shown in Fig. 
6 for the first 40 iterations. Figure 6 shows that the WPIA process reaches a 
faster rate of convergence than PIA, as expected from Theorem 7. 



5 Modelling by Shepard-type surfaces 

Letting P t j G R 3 , i = j = 0, . . . ,n, ra,n G N, be the vertices of the 

control net P, introduce tensor product near-interpolating surface S m>n> \ t ^[P, u, u] 
defined by 



m n 

[Pj A J ] = ^ ^ Px.j A m y(u)A n J (v) 

i= 0 j— 0 



= 4^(u)PA„(u) 



(27) 



with 0 < m s A < 1/ (2£(s)), 0 < n s y < 1/ (2£(s)), (u,v) G [0, l] 2 , U = t ij?n = 
i/m, yj = y jt1l = j/n , P = (P id ) «=o,...,m . 

j=0,...,n 

Since 



^ ^ A m ^(?r)A n j (u) — 1, 0 ^ A m y('£i)j4 n ^(u) G 1, 

i=0 j= o 

it follows from (27) that S m , nt \^[P, u, u] is a rational surface of degree (sm, sin ) 
with respect to u and (sn, sn) with respect to v, lying in the convex hull of the 
control net P. 

If A and y tend to 0, then ti,m, tj in \ —> Pi,j, 0 < * < m, 0 < j < n, 

hence analogously to the curve case, S mt n t \^[P] may be considered a near- 
interpolating surface, overcoming the flat spots drawback occurring for original 
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s=4 - L=4.0e-06 - w=1 .57 




Figure 4: Weighted progressive iterative approximation at the starting, second 
and fourth iteration 



Shepard surfaces. As in the curve case, here the parameters A and /i may be 
used as shape control tools to model the form of an object. 

In Fig. 7 we use S m ,n, a,/x with s = 4 and A = p, = 10 -6 to model the shape of 
the Vesuvius, a volcano near Napoli (Italy), based on 650 x 380 control vertices. 

The results of Section 3 readily generalize to the tensor product setting. 
Indeed, if h(u, v) denotes the piecewise bilinear function corresponding to the 
control net P and 



D(u, v) := S m , n ^x [P, u, u] - h(u, v) 

denotes the deviation of the Shepard surface S m , n ,A,/x from h, then we can follow 
[13, Section 3, p. 584] and by Theorem 1 we can bound D(u,v) by directional 
first forward differences. We omit details. 

Also the WPIA process of Section 4 can be easily extended to the tensor 
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s=4 - /.=4.0e-06 - w=1 .00 




Figure 5: Progressive iterative approximation at the starting, second and fourth 
iteration 

product surfaces. We can generate the initial surface 

m n 

S°(x,y) = ^2^2 P°A n ^x)A mJ (y) 

i — 0 j — 0 

with P-j = Pij for all i = 0, 1, . . . , m and j = 0, 1, . . . , n. Then the remaining 
surfaces of the sequence S k+1 (x,y) for k > 0 can be calculated as follows 

m n 

S k+1 (x,y) = EE P iJ lA m,i( X )A n ,j{y), 

i = 0 j — 0 

where 



pk + 1 

hJ 



pk 



+ wA 1 ? j , A ij — Pij 



S k {U,yj),i = 0, . . . , m, j = 0 



The iterative process can be written in matrix form 



A k = (I- wB)A k ~ 1 = (/ - wB) k A 0 , 
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Figure 6: Fitting error vs. iterations 



where 



= 



A J A J 
^ 0 , 0 ! ^ 0 , 1 ) • • ■ 



A3 A3 A3 
! ^ 1 , 0 ; ^ 1 , 1 ) • • ' 



A3 

’ ^l,n5 



A J A J 

1 ^m, 0’ ^m,l ’ ' 



A J 

• • m.m 



j = o, . . . , 



I is the identity matrix of order (m + l)(n-|-l) and B = B\ <g> B 2 is the Kronecker 
product of two collocation matrices 



B\ — Am,j (ti)j=o’,. 



Bo 



A-n. j (yi) 



i=0,...,n 

j=0,...,n' 



Thus we get the surface sequence S k (x,y), k = 0, If lim^oo S k (xi,yj) = 

Pij, i = 0, . . . , m, j = 0, . . . , n then we say that the initial surface S° has the 
weighted progressive iteration approximation (WPIA in short) property. 

We have 



Theorem 9 The surface S° has WPIA property if p(I — wB) < 1. Moreover 
the weighted PIA approximation has the fastest convergence rate when 

2 

VJ = 

1 + 

where X m (Bi) and ix n (B 2 ) are the smallest eigenvalues of B i and B 2 , respec- 
tively, and in such case 



p(I — wB) 



1 ^ X m (Bi)p n (B 2 ) 
1 + X m (Bi)/j, n (B2) 
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Figure 7: Modelled shape of Vesuvius volcano. 



Remarks. Obviously if w = 1 then from Theorem 9 we prove that S° has 
the PIA property (cfr. Theorem 8). Finally, as remarked after Theorem 6, the 
convergence rate is faster than for the Bezier surfaces case [9]. 



6 Proofs of main results 

6.1 Proof of Theorem 1 

Let t £ |_i] , for some 0 < j < n — 1. 

Case 1 . 1 1 — tj | = min i= o,...,ra-i \t ~ U | < 1/(2 n). 
It follows that 



e(t) = 



1 . n . P 

Pj + n{t - tj)(P j+1 - Pj) - 



D (t — ti) s + A 



1 

< — 
- D 



i=0 

n{t - tj)(P j+ 1 ~ p j) + P j + n (t ~ tj)( p j + 1 - Pj) - p j + 1 



( t — tj) s T A ( t -p A 

j ~' " ' \Pj + n (t — tj)(Pj +1 — Pj) — Pi\ 



5 E+E 



i—O i=j- 1-2 



(t — ti) s + A 



'—Aj + Aj + A+. 



Clearly 



1 

^ ~ D 



Aj < — |Pj+i — Pj | 



i{t-tj) 



i(t-tj)~l 



(t — tj) s H - ^ (J'j- j-i — “I - ^ 



Moreover we can prove that 



A- / 1 Ap^\j - k + n ( t ~ t j)\ 
A , b 4P L (i- ts )‘ + A ' 



fc =0 
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and similarly 



4 s b AP t 



| k — j — n(t — tj 



k-j+2 



(t — tk) s + A 



Case 2 . \tj + \ — t\ < 1/(2 n). 

Since p(t) = P j+ 1 + n(t j+1 - t)(Pj - P j+ 1 ) 



e(t) = 



P j+1 + n(tj + \ - t)(Pj - P i+ i) - \ g _ t-)s + A 



1 

< — 
“ D 



{t j+ i-t){Pj - P j+1 ) (n(t j+1 - t) - 1) (P,- - P j+1 ) 



(t — tj. |_i) s + A (tj t) s + A 

j — 1 n 



i — 0 i=j+2 



Pj+1 + n (tj + 1 — ~ -Pj + l) - Pi 



(' t — ti) s + A 



:=Bj + B-+Bf. 



Again, clearly 



Pj — jj I Pj+i Pj I 



n(tj+i - t) n(tj+i - t) - 1 



(t — +- A (tj t) s -I- A 



Moreover 



and 



B~ < -APV 
3 ~ D ^ 



B t £ o AP S 

i=j+2 

And the statement follows. 



J 1 j + l-i- n(t j+1 - t) 
(t — ti) s A 

i - j - 1 + n(tj+i - 1) 



i= 0 



(t — tj) s + A 



□ 



The proofs of results of Section 4 are based on some preliminary lemmas inter- 
esting in themselves. 

In the following denote by A- n ' = A,, i = 0 ,n, the n + 1 eigenvalues 



of R, which are sorted in increasing order, i.e., < A^ t; < • • • < A 

denote by p(B ) its spectral radius, which is the maximal absolute value of its 






n(") 



and 



eigenvalues, i.e., p(B ) = max| 



(n) 



An 



}■ 



Lemma 1 For i = 0, . . . , n, we have 1/2 < A-"' 1 < 1. 



Proof. We observe that B is a symmetric positive stochastic matrix. If n s X < 
l/(6C(s)), then by Gerschgorin’s theorem and from a well-known result for such 
matrices A^ = 1 and 1/2 < A- 1 ^ < 1, i = 0, ...,n — 1. And the assertion 
follows. □ 

Remark. Lemma 1 implies that ||7 — B\\ = p(I — B) < 1, where p(I — B) is 
the spectral radius of the matrix I — B 1 with / the identity matrix. 
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If fk(t) is the eigenfunction of S nt \ corresponding to Aj." , then 



Sn,x(fk',t) = A^ 



(28) 



Therefore 

Lemma 2 The eigenvalues of B coincide with the eigenvalues of S Ut \. 
Proof. In the representation (28) we set t = 0, 1/n, 2/n, . . . , 1 and obtain 



Bf k = A< n) J/ fc , 



where f k = 



/fe(0), / fc (l/ri), . . . , / fc (l) 






. The last equation implies that 



det [B - A ^ = 0, 

i.e., A k is an eigenvalue of B. □ 

The next statement is well-known from the theory of linear algebra (cfr. 
[15]). 

Lemma 3 If T is a square matrix with p{T) < 1, then the matrix I — T is 
invertible and we have 



(/ — T) _1 = I + T + T 2 + ■■■ . 

If we set T = I — B in the last formula we obtain 
Lemma 4 The matrix B is invertible and we have 

OO 

B” 1 =/+(/- B) + {I - B) 2 + ■■■ = ^(/ - B) k . 

k = 0 

Lemma 4 shows that the matrix B is nonsingular and gives a useful represen- 
tation of the inverse matrix B~ x . 

Lemma 5 The functions A n i, i = 0, . . . , n, form a basis generating a subspace 
of rational functions of degree ( sn , sn) . 

Proof. Assume that A n ^ is linearly dependent. Consequently there exist a o, aq, . . . , a n , 
at least one of which different from 0, such that 

I^n(*r) • — cxoAn 1 o(x'j A cx\ A n ^(x) A ... A — 0 

for all x € [0, 1]. In particular h n (x) = 0 at x = 0, 1/n, 2/n, . . . , 1. This implies 
that the rows of B are linearly dependent. But this is impossible because by 
Lemma 4 we know that the matrix B is invertible, hence its rows are linearly 
independent. So A n ^ are linearly independent. □ 

We end our study on B with the following observation. 
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Lemma 6 All rows of B and B 1 sum to 1. 

Proof. We know that B is stochastic. On the other hand from (6)-(8) if / = 
[1, . . . , 1] T , then / = [1, . . . , 1] T , which implies the rows of £? _1 sum to 1. □ 

Lemma 7 Let p(I—wB) < 1. Then the sequence of rational operators { S m > 

L J m = o 

uniformly tends to its limiting operator Soo on [0, 1], as m — » oo and 

S 00 (f-t) = A n (t)B~ 1 J. (29) 

Proof. The representation (10) implies 



SMt) 



Sm{f;t) = wA n {t) 



E (I-wBy-^I-B) 

_ i = m -\- 1 



/• 



(30) 



From the assumption p(I — wB) < 1 by Lemma 3 we know that the power series 
/ + (/ — wB) + (/ — wB) 2 ... is convergent and this implies that the matrix 



OO 

E (I - wB)*- 1 ->0, 

i = m -\- 1 



as n — > oo. From (10) and Lemma 3 we deduce 



= A n (t){I + w{I - B)w 1 B 1 )f , 

that is (29). 



□ 



6.2 Proof of Theorem 2 

Letting 

/(to) = U, I = 



( 1 


0 •• 


• °\ 


o • • 


0 •• 


• 0 


U 


0 


: 0 ) 



it results Vi € [0, 1] 

\m)-S™ x (f;t)\ <A n (t) [I — B rn ~ 1 ] f. 



On the other hand 

||^n(i) [I ~ || < \\I-B m - l \\=p(I-B m - 1 ) < (a 

(n) 

Since by Lemma 1 A„/ 1 < 1, the assertion follows. □ 
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6.3 Proof of Theorem 3 

From (29) and (30) and Lemmas 1 and 3 

OO 

< w B(I — B) Y. (I-wB)*- 1 ||/|| 

2 = 771+1 

OO 

= w B{I - B)(I -ti)B) m ^(7 -wB)* ||/|| 

i = 0 

= W I \B(I - B)(I - wBrw-'B- 1 1| ||/|| 

< ll/ll (l-A< B) ) (l-ti^)"* (A^)' 1 

< 2||/|| (l-A<">) (l- W A^) m . 

In particular if w = 1, we deduce (13). □ 




then (29) implies 

Soo(f) = BB~ x J = /, 

that is Soo(f) is the rational function of type S n> \ interpolating / at the knots 
0, 1/n, 2/n, . . . , 1, i.e., Soo = G n ,\. Finally if 0 < w < 2, then p(I — wB) = 
(1 — iv Aq ) < 1 and we can follow the first part of the proof. 

Now we prove (15). From (4) and Lemmas 1, 6 and 7 

f(t) - Soo(/;t)| < \m - S n ,x(f;t)\ + | S„,A(/;t) - +o(/+ 

< Coj (/; ^ + A^B- 1 \Bf-f\ < Coj (/; ^ . 

Working as in the proof of the well-known pointwise estimate of Lagrange in- 
terpolating polynomial, we get (16). The proof of Theorem 4 is completed. 
□ 
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6.5 Proof of Theorem 5 

From (30) and Lennna 1 working as in the proof of Theorem 3 we have 



Soo(f)-S m (f) <w\\f\\\\A 



< 



(I-B) (1-vBy- 1 

(A £°)"\ 



i=m -\- 1 



(l - A<">) 



that is (17). Working as in [9] the assertion follows. 



□ 



6.6 Proof of Theorem 6 

We know that 

A'n.j (tj ) 1 ^ ' A n? j(tj), j 0, 1, . . . ,71, 

hence by Gerschgorin’s theorem for some j = 0,1,..., n, 

<2^ An At j) 

_ 0 n"/ {{i - j) s + n s \) 

_J i/A + E^W((*-i ) 5 + ^A) (31) 

= 2n »A E^-V((^-j) s +n s A) 

1 + 7i s X 1/ ((* - j) s + n s A) 

for some j. 

If n s X = o(l), then by (31) one gets 1 — = o(l) and by Theorem 5 (20) 

follows. Since 1 — Aq"' ) <1/2 (see Lemma 1) by Theorem 5 (19) follows. □ 

6.7 Proof of Theorem 7 

WPIA property follows from the remark to (23) and Theorem 3. From Theorem 
5 we deduce the assertion. □ 



6.8 Proof of Theorem 8 

From Theorem 7 and the remark to Lemma 1 we immediately deduce the PIA 
property for 7 0 curves. By Theorem 6 the assertion follows. □ 

6.9 Proof of Theorem 9 

We can work as in [9]. □ 
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7 Conclusions 

Near-interpolating parametric curves of Shepard-type are introduced and stud- 
ied. Such curves, overcoming the flat spots drawback of original Shepard curves, 
present some advantages with respect to Bezier curves, like the shape control 
parameter A, the pseudo-local control property, a smaller deviation from the 
control polygon, a faster rate of convergence of weighted progressive iterative 
approximation process and higher flexibility to model objects. Theorem 1 gives 
a bound of the maximal distance between such curves and their control polygon 
in terms of the maximal absolute first order difference of the control points. 
Such a bound gives a strong localization of the curves, useful in some CAGD 
problems. 

New operators of Slrepard-type faster converging than in the analogous 
Bernstein-Bezier case are studied and approximation results are established in 
Theorems 2-6. The results are applied to get a weighted progressive iterative 
approximation algorithm in (21)-(22) and Theorems 7-8 to reach the global in- 
terpolating Shepard-type curve without solving a linear system. Such technique 
gives a straightward and intuitive algorithm to generate sequences of curves with 
finer and finer precision for data point fitting, of interest in Computer-Aided- 
Modelling. 

Analogously tensor product near-interpolation surfaces of Shepard-type are 
introduced and similar results are presented to model surfaces. Further research 
is necessary to address questions on the optimal choice in some sense of the 
parameter A, on the optimal choice for the knots instead of equidistant nodes, 
on sharp bound in the estimate of the deviation and on surfaces extension to 
triangular patches. 
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Abstract. The notions of hesitant fuzzy subalgebras and hesitant fuzzy ideals of BCK/BCI - algebras are intro- 
duced, and related properties are investigated. Characterizations of hesitant fuzzy subalgebras and hesitant fuzzy 
ideals of BC K / BCI-algebras are discussed. Given a special set, conditions for this set to be a hesitant fuzzy ideal 
are provided. 



1. Introduction 

The notions of Atanassov’s intuitionistic fuzzy sets, type 2 fuzzy sets and fuzzy multisets etc. 
are a generalization of fuzzy sets. As another generalization of fuzzy sets, Torra [6] introduced 
the notion of hesitant fuzzy sets which are a very useful to express peoples hesitancy in daily life. 
The hesitant fuzzy set is a very useful tool to deal with uncertainty, which can be accurately and 
perfectly described in terms of the opinions of decision makers. Xu and Xia [11] proposed a variety 
of distance measures for hesitant fuzzy sets, based on which the corresponding similarity measures 
can be obtained. They investigated the connections of the aforementioned distance measures and 
further develop a number of hesitant ordered weighted distance measures and hesitant ordered 
weighted similarity measures. Also, hesitant fuzzy set theory is used in decision making problem 
etc. (see [5, 8, 9, 10, 12]), and is applied to residuated lattices and MTL- algebras (see [2, 4]). 

In this paper, we introduce the notions of hesitant fuzzy subalgebras and hesitant fuzzy ideals 
of BCK/BCI- algebras, and investigate their relations and properties. We consider characteri- 
zations of hesitant fuzzy subalgebras and hesitant fuzzy ideals of BC K / BC I-algebras. Given a 
special set, we provide conditions for this set to be a hesitant fuzzy ideal. 

2. Preliminaries 

A BCK/BCI - algebra is an important class of logical algebras introduced by K. Iseki and was 
extensively investigated by several researchers. 

An algebra (. X ; *, 0) of type (2, 0) is called a BC I -algebra if it satisfies the following conditions: 

(I) (Vx, y, z e X) (((x *y) * (x * z)) * (z * y) = 0), 

(II) (Vx, y e X) ((x * (x * y)) * y = 0), 

(III) (Vx e X) {x*x = 0), 

°2010 Mathematics Subject Classification: 06F35; 03G25; 03E72. 

°Keywords: hesitant fuzzy subalgebras; hesitant fuzzy ideals. 

* The corresponding author. 

°E-mail: skywine@gmail.com (Y. B. Jun); sunshine@dongguk.edu (S. S. Ahn) 
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(IV) (Vx, y E A ) (x *y — 0, y * x — 0 => x = y). 

If a fid-algebra X satisfies the following identity: 

(V) (Vx G X) (0*x = 0), 

then X is called a BCK -algebra. A BCK - algebra X is said to be positive implicative if it satisfies: 



(Vx, y, 2 G X) ((x * y) * z = (x * 2 :) * (y * z)) . (2.1) 

A BC A'- algebra A" is said to be implicative if it satisfies: 

(Vx, y E X) (x = x* (y * x)) . (2.2) 

Any BC K/ BCI- algebra X satisfies the following conditions: 

(Vx G X) (x * 0 = x) , (2.3) 

(Vx, y, z E X) (x < y =>■ x * z < y * z, z * y < z * x) , (2.4) 

(Vx, y, z E X) ((x * 2 /) * z = (x * 2 ) * y) , (2.5) 

(Vx, y, z E X) ((x * z) * (y * z) < x * y) (2.6) 



where x < y if and only if x * y = 0. A nonempty subset S of a BCK /fid-algebra A^ is called 
a subalgebra of A if x * y e S for all x, y E S. A subset A of a BCK / BCI- algebra A" is called an 
ideal of X if it satisfies: 

(bl) 0 G A. 

(b2) (Vx G A C)(Vy E A) (x * y E A =>- x E A). 

We refer the reader to the books [1, 3] for further information regarding BC K/ BCI- algebras. 

3. Hesitant fuzzy subalgebras/ideals 

Definition 3.1 ([6, 7]). Let E be a reference set. A hesitant fuzzy set on E is defined in terms of 
a function that when applied to E returns a subset of [0, 1], which can be viewed as the following 
mathematical representation: 

H e ■= {(e, h E {e)) \ e E E} 

where h E : E £*([0,1]). 

In what follows, we take a BC K/ BCI- algebra X as a reference set unless otherwise specified. 

Definition 3.2. Given a non-empty subset A of X, a hesitant fuzzy set 

H x := (Ov h x {x)) | x G A} 

on A satisfying the following condition: 

hx(x) = 0 for all x ^ A (3.1) 

is called a hesitant fuzzy set related to A (briefly, A-hesitant fuzzy set ) on A", and is represented 
by Ha {(x, d(x)) | x G A"}, where Iia is a mapping from A to «£^([0, 1]) with d(x) = 0 for 
all x ^ A. 
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Definition 3.3. Given a non-empty subset (subalgebra as much as possible) A of X, let H A '■= 
{(x,h A (x)) | x G X} be an A-hesitant fuzzy set on X. Then Ha ■— {(x,h A (x)) \ x G X} is 
called a hesitant fuzzy subalgebra of X related to A (briefly, A-hesitant fuzzy subalgebra of A") if 
it satisfies the following condition: 

(Vx, y G A) (h A (x * y) D h A {x) n h A (y)) ■ (3.2) 

An A-hesitant fuzzy subalgebra of X with A = X is called a hesitant fuzzy subalgebra of X. 



Example 3.4. Let X = {0, l,a, 6, c} be a BCI - algebra with the following Cayley table: 



* 


0 


1 


a 


b 


c 


0 


0 


0 


c 


b 


a 


1 


1 


0 


c 


b 


a 


a 


a 


a 


0 


c 


b 


b 


b 


b 


a 


0 


c 


c 


c 


c 


b 


a 


0 



For a subalgebra A = {0, a, 6, c} of X, let H a '■= {(x, h A (x )) | x G X} be an A-hesitant fuzzy set 
on X defined by 



f [0, 1] if o(x) = 1 

\ {k G [0, 1] | k < if o(x) = r ± 



where o(x) = min [n G N | 0 * x n = 0} . Then 



H a = {(0, [0, 1]), (1,0), (a, [0, |]), (6, [0, §]), (c, [0, |])} 



and it is an A-hesitant fuzzy subalgebra of X. 



Theorem 3.5. Let H A := {(x,h A (x)) \ x G X} be an A-hesitant fuzzy set on X where A is a 
non-empty subset (subalgebra as much as possible) of X . Then the following are equivalent: 

(1) H a '■= {(x, h A {x)) | x G A"} is an A-hesitant fuzzy subalgebra of X . 

(2) For any e G ^([0,1]), the set Ha(s) '■= {x G X \ h A (x) e} is a subalgebra of X 
whenever it is non-empty. 



The set Ha{s) '■= {x G X \ Iia{x) D e} is called a hesitant fuzzy e-level set of H A '■ = 
{(x, h A (x)) | x G X}. 

Proof. Assume that H A '■= {(x, /i^(x)) | x G X} is an A-hesitant fuzzy subalgebra of X. Let 
e G ^([0, 1]) be such that Ha{s) ■— {x G X \ h A (x) D e} ^ 0. If x,y G H A (s), then h A {x) D e 
and h A (y) 5 £■ It follows from (3.2) that 

h A {x *y)^ h A (x) n h A (y) 5 £ 

and so that x * y g H A {s)- Therefore H A (e) {x G X \ h A {x) D e} is a subalgebra of X for all 
£ G £*([0,1]) whenever it is non-empty. 

Conversely, suppose that the non-empty hesitant fuzzy e-level set of H A '■= {(x, h A (x)) \ x G X} 
is a subalgebra of X for all £ G <£^([0, 1]). For any x,y G A, let h(x) = e x and h(y) = e y . Take 
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£ = £ x C\£ y . Then x, y G H a (£), and so x*y G Ha{s)- Hence h,A(x*y) 3e = £ x r\£ y = h(x)Dh(y). 
Therefore Ha ■— {(a;, Iia(x)) \ x G X} is an A-hesitant fuzzy snbalgebra of X. □ 

Definition 3.6. Given a non-empty subset (subalgebra as much as possible) A of A", an A- 
hesitant fuzzy set Ha {(x,Iia(x)) \ x G A"} on X is called a hesitant fuzzy ideal of X related 
to A (briefly, A-hesitant fuzzy ideal of X) if it satisfies: 

(Vx, y G A) (h A (x *y) n h A (y) Q h A (x) C h A { 0)) . (3.3) 



An A-hesitant fuzzy ideal of X with A = X is called a hesitant fuzzy ideal of X. 



Example 3.7. (1) Let X = {0, a, b, c} be a BCK - algebra with the following Cayley table: 



defined by 



* 


0 


a 


b 


c 


0 


0 


0 


0 


0 


a 


a 


0 


a 


0 


b 


b 


b 


0 


0 


c 


c 


b 


a 


0 


H a 


: = 


{(x, h. 


4 (x 


;]),< 


^(2, ( 


■ i 

4 ’ 


§)), 


(b, 



Then H A '■= {(x, Ha(x)) \ x G X} is an A-hesitant fuzzy ideal of X. 

(2) Let X = {0, 1, a, b , c} be a HCJ-algebra with the following Cayley table: 



* 


0 


1 


a 


b 


c 


0 


0 


0 


a 


b 


c 


1 


1 


0 


a 


b 


c 


a 


a 


a 


0 


c 


b 


b 


b 


b 


c 


0 


a 


c 


c 


c 


b 


a 


0 



Let H\ {(x, hx(x)) \ x G X} be a hesitant fuzzy set on X defined by 



Hx = {(0, [0, 1)), (1, [0.2, 0.7]), (a, (0.2, 0.3]), ( b , {0.4, 0.5}), (c, [0.6, 0.7))}. 



It is routine to verify that H\ ■= {(x, hx{x)) \ x G X} is a hesitant fuzzy ideal of X. 



Theorem 3.8. Let H A '■= {(x,h A (x)) \ x G X} be an A-hesitant fuzzy set on X where A is a 
non-empty subset (subalgebra as much as possible) of X . Then the following are equivalent: 

(1) H a '■= {(x, /i^(x)) | x G A"} is an A-hesitant fuzzy ideal of X . 

(2) The non-empty hesitant fuzzy £-level set of H a '■= {(x,hA(x)) \ x G X} is an ideal of X 
for all £ G <^([0, 1]). 
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Proof. Suppose that H A {(x, h A (x)) | x E X} is an A-hesitant fuzzy ideal of X. Let x,y E X 
and £ G <£^([0, 1]) be such that x *y E H A {£) and y G H A {£)- Then h A (x * y) D £ and hA(y) 5 £■ 
It follows from (3.3) that 

MO) 5 h A {x) 2 h A (x *y) fl h A (y) 5 £■ 

Hence 0 G H A {s) and x G H A (£), and therefore H A {s) is an ideal of X. 

Conversely, assume that the second condition is valid. For any x G X, let h A (x ) = £ x . Then 
x G Ha{£x)- Since H A {s x ) is an ideal of X, we have 0 G H A (£ X ) and so h A (x) — £ x C h A (0). For 
any x,y G A, let h A (x * y) — e x * y and h A (y) = £ y - If we take £ = e xity fl e y , then x * y E H A {s) 
and y E H A {s) which imply that x E H A {s) Thus h A (x) T> £ = £ x * y fl £ y = h A (x * y) fl h A (y)- 
Therefore H A '■= {(x, h A (x)) \ x E X} is an H-hesitant fuzzy ideal of X. □ 

Proposition 3.9. Let H A '■= {(x, h A (x)) \ x E A"} be an A-hesitant fuzzy ideal of X where A is 
a subalgebra of X . Then the following assertions are valid. 

(1) (Vx, y E A){x <y =► h A (x) D h A {y )) . 

(2) (Vx, y,z E A) (x *y < z => h A (x) 5 h A (y) H h A (z)) . 

Proof. (1) Let x, y E A be such that x < y. Then 0 = x * y E A, and so 

h A (y) = h A (0) n h A (y) = h A (x * y) (1 h A (y) Q h A (x) 

by (3.3). 

(2) Let x, y, z E A be such that x * y < z. Then 

h A (z) = MO) n h A (z) = h A ((x *y)*z)n h A (z ) C h A {x * y). 

It follows that h A (y) fl h A (z) C h A (x * y) P\ h A (y ) Q h A (x). □ 

Corollary 3.10. Every hesitant fuzzy ideal H\ {(x,hx(x)) \ x E X} of X satisfies the 
following assertions. 

(1) h x (y) Q h x {x) for all x,y E X with x < y. 

(2) h x (y) Fl h x {z) C h x (x) for all x,y,z E X with x * y < z. 

The following corollary is easily proved by induction. 

Corollary 3.11. Given a subalgebra A of X, every A-hesitant fuzzy ideal H A '■= {( x,h A (x )) | 
x G A"} of X satisfies the following condition: 

n 

(••• (x * ai) *•••)* a n = 0 n h A (a k ) c h A {x) (3.4) 

k= i 

for all x, a i, a 2 , • • • , a n E X. 

Proposition 3.12. Let H A {(x,h A (x)) \ x E X} be an A-hesitant fuzzy ideal of X where A 
is a subalgebra of X . Then the following assertions are equivalent. 

(l) (Vx, y e A) (M(x *y)*y) h A (x * y )) . 
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(2) (Vx, y,z G A) (h A ((x *y)*z) C h A ((x * z) * (y * z))) . 

Proof. Assume that (1) is valid and let x,y,z G A. Since 

((x * (y * z)) * z) * z = ((x * z) * (y * z)) * z < (x * y) * z, 
it follows from Proposition 3.9(1), (1) and (2.5) that 

h A {(x * y) * z) C h A (((x * (y * z)) * z) * z) 

C h A ((x * (y * z)) * z) 

= h A ((x * z) * (y*z)). 

Conversely, suppose that (2) holds. If we put z := y in (2), then 

h A {(x *y)*y) Q h A ((x *y)*(y* y)) = h A ((x *y)* 0) = h A (x * y) 

which proves (1). □ 

Theorem 3.13. For a subalgebra A of a BC K -algebra X , every A-hesitant fuzzy ideal is an 
A-hesitant fuzzy subalgebra. 

Proof. Let H A := {(x,h A (x)) \ x G A"} be an A-hesitant fuzzy ideal of X. Then 
h A (x * y) D h A ((x * y) * x) H h A (x) = h A ((x * x) * y) D h A (x) 

= h A { 0 *y) n h A {x) = h A ( 0) n h A (x) D h A (x) n h A (y) 

by (3.3), (2.5), (III) and (V). Hence H A := {(x, h A (x)) \ x G A"} is an A-hesitant fuzzy subalgebra 
of X. □ 



The following example shows that the converse of Theorem 3.13 is not true in general. 
Example 3.14. Let X = {0 ,a,b,c,d} be a BCK - algebra with the following Cayley table: 



* 


0 


a 


b 


c 


d 


0 


0 


0 


0 


0 


0 


a 


a 


0 


0 


0 


0 


b 


b 


b 


0 


0 


0 


c 


c 


c 


c 


0 


0 


d 


d 


c 


c 


a 


0 



Let Hx '■= {(x, hx(x)) \ x G A} be a hesitant fuzzy set on X defined by 

H x = {(0, [0,1]), (a, (0, 1)), (6, (0, 1)), (c, [1, |)), (d, (|, |))}. 

Then Hx {(x, hx(x)) \ x G X} is a hesitant fuzzy subalgebra of A", but not a hesitant fuzzy 
ideal of X since hx(d * b) fl hx{b) = [|, |) ^ (|, |) = hx(d). 



In a BCI - algebra X, Theorem 3.13 is not true in general as seen in the following example. 
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Example 3.15. Let (Y,*,0) be a BCI - algebra and (Z,+,0) an additive group of integers. Let 
(Z, — ,0) be the adjoint L?CT-algebra of (Z, +,0) and let X : = Y x Z. Then (X, <g), (0, 0)) is a 
BCI - algebra where the operation <g) is given by 



(V(x, m), ( y , n ) G X ) ((x, m) <g) (y, n) = (x *y,m — n)) . 



For a subset A := Y x No of X where No is the set of nonnegative integers, let H\ ■— {(x, hx{x)) 
x G X} be a hesitant fuzzy set on X in which hx is given as follows: 



hx '■ X — > ^([0, 1]), 



[|, 1] if x G A, 
[|, 1] otherwise. 



Then H x '■= {(x, h x (x)) \ x G X} is a hesitant fuzzy ideal of X. But it is not a hesitant fuzzy 
subalgebra of X since 



M( 0, 0 ) <8) (o, 1 )) = MO, -1) = [§, 1] 2 [|, 1] = MO, 0) n Mo, !)• 



Let Hx '■= {(x, hx(x)) \ x e X} be a hesitant fuzzy set on X. For any a, b G X and n G N, let 



h.v[&; a n ] := {x G X | hx((x *b) * a' 1 ) = hx{ 0)} 

where (x * b) * a n = ((■■■ ((x * b) * a) * a) *■■■)* a in which a appears n- times. Obviously, 
a, b, 0 G /ix[&; a n ]. 

Proposition 3.16. Let H x '■= {(x,hx(x)) \ x G X"} 6e a hesitant fuzzy set on X such that 
hx(x) C hx( 0) and hx(x * y) = hx{x) U hx(y) for all x, y G X. For any a,b G X and n G N, if 
x G a n ] then x * y E hx[b ; a n ] for all y G X. 

Proof. Let x G h.v[h; « n ] • Then h x ((x * b) * a n ) = L.\-(0), and thus 

h.\-(((x *y) *b) * a n ) = hx(((x * b) * y) * a n ) 

= h x {((x *b) * a n ) * y) 

= M(x * 6) * a n ) U h x (y) 

= h x (0) U h x {y) = h x { 0) 

for all y G X. Hence x * y G hx [6; a n ] for all y G X. □ 



Proposition 3.17. Let Hx '■= {(x,hx(x)) \ x G X} 6e a hesitant fuzzy set on a BC K -algebra 
X . If an element a G X" satisfies: 



(Vx G X) (x < a) , 



(3.5) 



then hx[h; a n ] = X = bx[«; h n ] for all b G X and n G N. 



Proof. Let b, x G X and n G N. Then 

h x ({x *b) * a n ) 



hx(((x *b) * a) * a n_1 ) 
hx(((x * a) *b) * a n_1 ) 
hx((0 * 6) * a’^ 1 ) 
hx(0) 
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by (2.5), (3.5) and (V), and so x G hx[b',a n ], which shows that hx[b',a n ] = A. Similarly 
h x [a;b n }= X. □ 

Corollary 3.18. If H x ’■= {(x, h x (x)) \ x G A"} is a hesitant fuzzy set on a bounded BCK- 
algebra X, then hx[b',u n } = X = hx[w,b n ] for all b G X and n G N where u is the unit of 
X. 

Proposition 3.19. Let Hx {(a;, h x (x)) \ x G A"} be a hesitant fuzzy set on X such that 

(Vx, y G X) (x <y => h x (x) D h x (y)) ■ (3.6) 

If b < c in X, then hx[b ; a n ] C hx[c ; a n ] for all a G X and n G N. 

Proof. Let 5, c G X be such that b < c. For any a G X and n G N, if x G hx [6; a n ] then 

hx( 0) = hx((x *b) * a n ) = hx{(x * a n ) * b) 

C h x ((x * a n ) * c) = h x {(x * c) * a n ) 

by (2.4) and (3.6), and so hxifx *c) * a ' 1 ) = hx( 0). Thus x G /t.y[c; a n ], and therefore hx[b', a n ] C 
hx [c; a n ] for all a G X and n G N. □ 

Corollary 3.20. If H x '■= {(x,hx(x)) \ x G A} is a hesitant fuzzy ideal of X, then hx[b',a n ] C 
/ix[c; a n ] for all n G N and a, b,c G A with b < c. 

The following example shows that there exists a hesitant fuzzy set U\- := {(x, hx(x)) \ x G A} 
on A" such that the set hx[b ; a n ] is not an ideal of A for some a, b G A and n G N. 

Example 3.21. Let A = {0, a, 6, c} be a BCK- algebra with the following Cayley table: 



* 


0 


a 


b 


c 


0 


0 


0 


0 


0 


a 


a 


0 


0 


a 


b 


b 


a 


0 


b 


c 


c 


c 


c 


0 



Let Hx '■= {(x, hx(x)) \ x G A} be a hesitant fuzzy set on A defined by 

ffx={(0,|0,i]),(a,|0,i]),(M0,i|),(c, [0, ||)}. 

Then Hx '■= {(x,hx(x)) \ x G A"} is a hesitant fuzzy set (moreover, hesitant fuzzy ideal) on A 
and hx[cc,c] = {x G A | h x ((x * a) * c) = hx(0)} = {0, a, c} which is not an ideal of A since 
b * a = a G hx[a] c] but b ^ hx[a', c]. 

We now consider conditions for a set hx[b] a n ] to be an ideal of A. 

Theorem 3.22. Let H x := {(x, hx{x)) \ x G A"} be a hesitant fuzzy set on a positive implicative 
BCK -algebra X in which hx is injective. Then hx[b',a n ] is an ideal of X for all a,b G A and 
n G N. 
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Proof. Let a,b,x,y G X and n G N be such that x * y g hx[b]a n ] and y G hx[b]a n ]. Then 
h x ((y *b) * a n ) = hx( 0), which implies that (y *b) * a n = 0 since hx is injective. Hence 

h x { 0) = h x (((x * y) * b) * a n ) 

= h x ((((x *y) *b) * a) * a n_1 ) 

= h x ((((x *b) * (y * b)) * a) * a"^ 1 ) 

= hx(((((x *b) * a) * (( y * b) * a)) * a) * a n ~ 2 ) 

= hx(((x *b) * a n ) * ((y * 6) * a n )) 

= h x (((x *b) * a n ) * 0) 

= h x ((x *b) * a n ), 

which shows that x G hx[b ; a n ]. Therefore a n ] is an ideal of A" for all o, 6 G A and n G N. □ 

Theorem 3.23. Let H x ■— {(a;, hx(x)) \ x G A"} be a hesitant fuzzy set on a positive implicative 
BCK -algebra X such that 

(Vx, y G X) (h x (x) C h x (0), *y) = h x {x) n h x {y)) ■ (3.7) 

Then hx[b ; a n ] is an ideal of X for all a,b G A and n G N. 

Proof. Let a,b,x,y G A" and n G N be such that x * y E hx[b’,a n ] and y G hx[b’,a n ]. Then 
hx((y *b) * a n ) = hx( 0), which implies from (3.7) that 

h x { 0) = h x (((x * y) * b) * a n ) 

= /ix((((x *y) *b) * a) * a n_1 ) 

= h x ((((x *b) * (y * b)) * a) * a"^ 1 ) 

= /ix(((((x *b) * a) * ((y * 6) * a)) * a) * a n ~ 2 ) 



= hx(((x *b) * a n ) * ((y * 6) * a n )) 

= hx((x *b) * a n ) D h x ((y * b) * a n ) 

= h x ((x *b) * a n ) D hx(0) 

= hx((x *b) * a n ). 

Hence x G hx[b] a n ], and therefore hx[b: a n ] is an ideal of A for all a, b G X and n G N. □ 

Since every implicative BCK -algebra is positive implicative, we have the following corollary. 

Corollary 3.24. Let Hx {(x,hx(x)) \ x G A"} be a hesitant fuzzy set on an implicative 
BCK-algebra X in which the condition (3.7) is valid or hx is injective. Then hx[b]a n \ is an 
ideal of X for all a,b G X and n G N. 
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Corollary 3.25. Let H x {(x, h x {x )) | x G A} be a hesitant fuzzy set on a BCK-algebra A , 



where X satisfies any one of the following conditions: 

(Vx, y G X) ( x *y = (x*y)*y) , (3.8) 

(Vx, y G X) (( x * (x * y)) * (y * x) = x * (x * (y * (y * x)))) , (3.9) 

(Vx, y £ X) (x * y = (x * y) * (x * (x * y))) , (3.10) 

(Vx, y G X) (x * (x * y) = (x * (x * y)) * (x * y)) , (3.11) 

(Vx, y G A") ((x * (x * y)) * (y * x) = (y * (y * x)) * (x * y)) . (3-12) 



If H x := {(x,h x (x)) | x G A"} satisfies the condition (3.7) or h x is injective, then h x [b]a n } is 
an ideal of X for all a,b G A" and n G N. 

Proposition 3.26. Let H x {(x, h x (x )) | x G A"} be a hesitant fuzzy set on X in which hx is 
injective. If J is an ideal of X , then the following assertion is valid. 

(Vo, b G J) (Vn G N) {h x [b] a n } C J) . (3.13) 

Proof. For any a, b G J and n G N, let x G hx[b ; a n ]. Then 

h x (((x *b) * a"^ 1 ) * a) = h x ((x * b) * a n ) = /ix(0) 

and so ((x *b) * a n_1 ) * a = 0 G J because hx is injective. Since J is an ideal of X, it follows 
from (b2) that (x * b) * a" -1 G J. Continuing this process, we have x * b G J and thus x G J . 
Therefore h x [b] a n ] C J for all a, b G J and n G N. □ 

Theorem 3.27. Let Hx '■= {(x,hx(x)) \ x G A} be a hesitant fuzzy set on a BCK-algebra X. 
For any subset J of X, if the condition (3.13) holds, then J is an ideal of X . 

Proof. Suppose that the condition (3.13) is valid. Not that 0 G hx[b',a n ] C J. Let x, y G X be 
such that x * y G J and y G J . Taking b x *y implies that 

h: v((x *b)* y n ) = h x {{x * (x * y)) * y n ) 

= h x (((x *(x* y)) *y)* ?/ n_1 ) 

= h x (((x *y)*(x* y)) * 7/ n_1 ) 

= h x (0*y n ~ 1 ) = h x { 0), 

and so x G h x [b: y n ] C J with b = x * y. Therefore J is an ideal of X. □ 

Theorem 3.28. If H x := {(x,h x (x)) \ x G A"} is a hesitant fuzzy ideal of X, then the set 

H a := (xG X | h x {a) C h x {x)} 

is an ideal of X for all a G X. 

Proof. Let x,y G X be such that x * y G H a and y G H a . Then hxifl) C h x (x * y) and 
h x (a) Q h x (y)- It follows from (3.3) that 

h x (a) C h x (x *y)n h x (y ) C h x (x) C h x ( 0) 
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and so that 0 G H a and x G H a . Therefore H a is an ideal of X for all a G X. □ 

Theorem 3.29. Let a G X and let H x ■— {(x,h x (x)) \ x G A"} be a hesitant fuzzy set on X. 
Then 

(1) If H a is an ideal of X, then Hx {(x,h x (x)) \ x G X} satisfies: 

(Vx, y G X) ( h x (a ) Qh x (x*y) n h x (y) =► h x (a) C h x (x)) . (3.14) 

(2) If H x '■= {(x,h x (x)) | x G A"} satisfies the condition (3.14) and h x (x) C h x { 0) for all 
x G X , then H a is an ideal of X . 

Proof. (1) Assume that H a is an ideal of A" and let x, y G X be such that h x (a ) C h x (x*y)Dh x (y). 
Then x * y G H a and y G H a , which imply that x G H a , that is, h x (a ) C h x (x). 

(2) Let H x \= {(x,h x (x)) \ x G X} be a hesitant fuzzy set on X in which the condition (3.14) 
holds and h x (x) C h x ( 0) for all x G X. Then 0 G H a . Let x,y G X be such that x * y G H a 
and y G H a . Then h x (a) C h x (x * y) and h x (a ) Q h x (y), and so h x (a ) C h x (x * y) n h x (y). It 
follows from (3.14) that h x (a ) C h x (x), that is, x G H a . Therefore H a is an ideal of X. □ 

4. Conclusions 

We have introduced the notions of hesitant fuzzy subalgerbas and hesitant fuzzy ideals of 
BCK/BCI- algebras, and have investigated their relations and properties. We have considered 
characterizations of hesitant fuzzy subalgerbas and hesitant fuzzy ideals of BC K / BC /-algebras. 
Given a special set, we have provided conditions for this set to be a hesitant fuzzy ideal. Future 
research will focus on applying the notions/contents to other types of ideals in BCK/BCI- 
algebras and related algebraic structures. 
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Abstract 

In this paper, we study a class of fractional g-integrodifference equations with nonlocal fractional 
g-integral boundary conditions which have different quantum numbers. Some new existence and 
uniqueness results are obtained by using fixed point theorems. Both cases the single- and multi- 
valued are considered. Some examples illustrating our results are also presented. 

Keywords: fractional g-difference equation; boundary value problem; existence; fixed point theorems 
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1 Introduction 

In this paper, we will study the existence and uniqueness of solutions of a class of fractional q- 
integrodifference equations with nonlocal fractional g-integral conditions which have different quantum 
numbers. In the first part, we deal with the following nonlocal fractional g-integral boundary value 
problem of nonlinear fractional g-integrodifference equation 

r c D«x(t) = t e (0, T), 

l ( 1 . 1 ) 

[ qc) = g(x), \I%x{ri) = I?x{£), 0 <C<» 7 <£<T, 

where 0 < p,q,r,z < 1, 1 < a < 2, (3, 7 , 6 > 0, A € K are given constants, £)“ is the fractional 
g-derivative of Caputo type of order a, is the fractional (/(-integral of order ip with <p = p,r, z and 
ip = /3, 7, J, / : [0, T] xRxR->R and g : C([0, T], R) — > R. are continuous functions. 

The study of g-difference equations, initiated by Jackson [20, 21], Carmichael [12], Mason [24] and 
Adams [1] in the first quarter of 20th century, has been developed over the years, for instance, see 
[14, 17, 22]. In recent years, the topic has attracted the attention of several researchers and a variety 
of new results can be found in the papers [3], [4], [5], [6], [7], [8], [13], [15], [16], [18], [19], [23]. 

The case £ = 0,g = 0 was studied recently in [2], where existence and uniqueness results are proved 
by applying Banach’s contraction principle, Krasnoselskii’s fixed point theorem and Leray-Schauder’s 
Nonlinear Alternative. 

* Corresponding author 
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Nonlocal conditions were initiated by Bitsadze [9]. As remarked by Byszewski [10, 11], the nonlocal 
condition can be more useful than the standard initial condition to describe some physical phenomena. 
For example, g(x) may be given by g(x) = Y^=i c i x {ti) where Ci,i = 1 ,p, are given constants and 
0 < ti < . . . < t p < T. 

In Section 3 we give some sufficient conditions for the existence and uniqueness of solutions and for 
the existence of at least one solution of problem (1.1). The first result is based on Banach’s contraction 
principle and the second on a fixed point theorem due to D. O’Regan [25]. Concrete examples are also 
provided to illustrate the possible applications of the established analytical results. 

In the second part we consider the multi-valued analogue of problem (1.1) given by 



c D a q x{t) G F(t,x(t),I s z x(t)), t G (0, T), 

x{0 = g{x), \i^x{n) = i?x(£), o<c <??<£<t, 



(1.2) 



where F : [0, T] x HR x R. — > "P(R) is a multivalue map, 'P(R) is the family of all nonempty subset of R. 

We give an existence result for the problem (1.2) in the case when the right hand side is convex 
valued by using the Nonlinear Alternative for contractive maps. 

Note that there are four different quantum numbers and the boundary condition of (1.1) does not 
contain the value of unknown function x at the right-side of boundary point t = T . One may interpret 
the q-integral boundary condition in (1.1) as the q-integrals with different quantum numbers are related 
through a real number A. 

The paper is organized as follows: In Section 2, for the convenience of the reader, we cite some 
definitions and fundamental results on ( 7 -calculus as well as the fractional (/-calculus. An auxiliary 
lemma, needed in the proofs of our main results is presented in Section 3. In Section 4 we prove our 
main results for single- valued case and in Section 5 we prove our main results for multi-valued case. 



2 Preliminaries 

To make this paper self-contained, below we recall some known facts on fractional (/-calculus. The 



presentation here can be found in, for example, [7], [16], [26]. 

For q G (0, 1), define 

[a] q = \ , sGi (2.1) 

1 - (1 

The (/-analogue of the power function (1 — b) k with k G No := {0, 1,2,.. .} is 

k - 1 

(1 — 6 ) (0) = 1, (l- 6 )( fe ) = 11(1 — 6 ^), k G N, &GR. (2.2) 

2=0 

More generally, if 7 G R, then 

< 2 - 3 > 

i= 0 1 

We use the notation = 0 for 7 > 0. The (/-gamma function is defined by 

(1 — qA(* e— b 

Fg(a: ) = (1 -q) X ~* ’ (2-4) 

Obviously, r g (x+ 1) = [x\ q T q (x). 

The (/-derivative of a function h is defined by 

( D q h){x ) = ^ ^ for xffQ and (D q h)(0) = lim (D„/i)(x), (2-5) 

(1 — q)x 

and (/-derivatives of higher order are given by 

(D° q h){x) = h(x) and {D k q h){x) = D q (D k ~ l h){x), k G N. (2.6) 
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The g-integral of a function h defined on the interval [0, b } is given by 

pX 00 

(I q h)(x) = / h(s)d q s = x(l — q) \\ h(xq l )q\ a: €[0,6]. 

J o i= o 

If a € [0,6] and h is defined in the interval [0, 6], then its integral from a to 6 is defined by 

pb pb pa 

/ h(s)d q s = / h(s)d q s — / h(s)d q s. 

J a J 0 J 0 

Similar to derivatives, an operator I q is given by 

(I° q h)(x) = h(x) and (I k q h){x) = I q {I k q - 1 h)(x), he N. 

The fundamental theorem of calculus applies to these operators D q and I q , i.e., 

(■ D q I q h){x ) = h(x), 

and if h is continuous at x = 0, then 

(• I q D q h)(x ) = h(x) - 6(0). 



(2.7) 



(2.8) 

(2.9) 

(2.10) 

( 2 . 11 ) 



Definition 2.1 Let v>Q and h be a function defined on [0,T]. The fractional q-integral of Riemann- 
Liouville type is given by ( I q h){x ) = h(x) and 

(I q h)(x)= 1 j (x - qs) {v ~ l) h{s)d q s, ^>0, x £ [0,T\. (2-12) 

1 q\y) Jo 

Definition 2.2 The fractional q-derivative of the Riemann-Liouville type of order v > 0 is defined by 
(D°h)(x) = h(x) and 

(D^h)(x) = (D^I^- v h)(x), ^>0, (2.13) 

where [v\ is the smallest integer greater than or equal to v. 

Definition 2.3 The fractional q-derivative of the Caputo type of order a > 0 is defined by 

{ c D a q h){x) = (lW- a DWh)(x), a > 0, (2.14) 

provided that Df^hfx) exists on [0, T]. 

Lemma 2.4 [27] Let a, (3 > 0 and f be a function defined in [0,T]. Then, the following formulas hold: 

(1) (Iffif)(x) = (I° +0 f)(x), 

(2) (D q I q f)( X ) = f(x). 

Lemma 2.5 [28] Let a > 0 and v be a positive integer. Then, the following equality holds: 



12-1 



r Ct-l2-\-k 



(I q D q f)(x) = (Dqlq f)(x) - ^ , ^ (^/)(0)- 



k - 0 



T q {a + k — v + 1) 



(2.15) 



Lemma 2.6 [29] Let a € R + \ N and a < x. Then, the following formula is valid 

[“l -1 (nk f)( a ) 

(IZ c D°f)(x) = f(x) - ^ o)W. 



k—0 



T q (k + 1) 



(2.16) 
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Definition 2.7 For any m,n > 0, 

B q (m,n)= [ u (m_1 ^(l — gu) (n_1) rfqU 
Jo 

is called the q-beta function. 

The expression of q- beta function in terms of the g-gamma function can be written as 

P /„ _ r g(m)r 9 (n) 

B q (m, n) — . 

i q {m + n) 

Lemma 2.8 [2] Let a, (3 , 7 > 0 and 0 < p, q, r < 1. Then we have 
f'V t-x rV 

/ 0 Jo Jo 



(2.17) 



[ f f (v~Px) (a 1] {x-qy) ( ' 3 1 } ( y-rz ) (7 1 } d r zd q yd p x 

Jo Jo Jo 



1 



= (3 + 7 + 1 )B q (0 , 7 + 1 )if +0+ T 

Vl\r 



(2.18) 



3 An auxiliary lemma 



Lemma 3.1 Let ft, 7 > 0, A £ i and 0 < p,q,r < 1. Then, for y £ C([0,T],K), the unique solution of 
boundary value problem 



c D q x{t) = y(t), te(0,T), 1 < a < 2, 

subject to the nonlocal fractional condition 

x{Q=g{x), MpX(v) = I?x(€), 0<C<?7 <f<T, 

is given by 



(3.1) 



(3.2) 



x{t) = 



f* (' t — qs)( a ^ 

Jo r g (a) 



y(s)d q s 



** ^ ( f (£ — rs )^ 7 V(s-qu) (a 1 ^y(u)d q ud r s 

Jo Jo 



DT q (a) [T r ( 7 ) Jq J 0 
\ rv r s 



r M 



[ f (V -ps)^ 3 x) ( s-qu ) (a l) y{u)d q ud p s 
Jo Jo 



(3.3) 



P\h>) jo Jo 



tA - il 



where 



and 



[ ( C~Qs) a 1 y(s)d q s + ^ g{x), 

DT q {a) J 0 



D = (^-n^ 0 , 



S 2 = 



\rf +1 C 7+1 



'!' = 









T p (f3+2) r r ( 7 + 2)’ T p (P + l) r r ( 7 +l)' 



(3.4) 



(3.5) 



Proof. From 1 < a < 2, we let n = 2. Using the Definition 2.3 and Lemma 2.4, the equation (3.1) can 
be expressed as 
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From Lemma 2.6, we have 



?(f) — Ci t + C 2 + 



r* ( t-qs 

L r <?(«) 



y{s)dq 



for some constants Ci, C2 G R. It follows from the first condition of (3.2) that 



ciC + c 2 = g{x) - 



K _ gr S )(a 1) 



y(s)d q 



Jo r g (a) 

Applying the Riemann-Liouville fractional p-integral of order /3 > 0 for (3.6) we have 



Ip X (t) = 



rt (t-psY 0 1 ) f f s (s - qu)( a 1) , , ■ 

' CIS + c 2 + / ^ / ^ y(u)d q u d p s 



' 0 x P 

rt 



r P m 



lo 



r,(a) 



Cl 



Tp(/3) 



^sdpSA (t-ps) (l3 1) d. i 



1 



= Ci 



r P (/3)r g (a) Jo Jo 

t 0+1 t 0 



f f (; t-ps ) (/3 ^(s-quY 01 ^ y(u)d q ud p s 

Jo Jo 



F P (/3 + 2) ' C2 r p (/3+l) 



1 



P 

t ps 



r p (/3)r,(a) Jo Jo 



[ [ (■ t-psY 0 1 } ( s-quY a VyivjdqUdpS, 

Jo Jo 



since 



nt 00 

/ (t-psY 0 ~ 1) sdpS = (1 -q)t^2,q n {t-qtq n Y P ~ 1) tq n 

n= 0 

oo 

= (l-q)t 0+1 ^q n (l-qq n Y 0 ~ 1) q n 

n—0 

= t 0+1 [\l - qsY^sdpS = t 0+1 B p (/3, 2) = t 0+1 Fp(/3) 

Jo 



r P (/3 + 2 ) : 



with r p (2) = 1. 

In particular, we have 



q 0+1 r] 0 






(3.6) 



(3.7) 



[ f (y-psY 13 1 \s-quY “ ^yivjdqudps. (3.8) 

Jo Jo 



T p (P)T q (a)Jo Jo 

Using the Riemann-Liouville fractional r-integral of order 7 > 0 and repeating the above process, we 
get 

£7+1 £7 

IJx(0 = d— — + C 2 



r r (7 + 2 ) r r (7 + i) 

£ r s 



qy- 1 ) Jo Jo 

The second nonlocal condition of (3.2) implies 

1 /■£ r s 



+ r 7 f 7 t / / (?-rs ) (7 1] (s-quY a 1] y{u)d q ud r s. 
r r (7)r 9 (a) Jo Jo 



(3.9) 



Cifl + C2^' = 



r r ( 7 )r,(a) Jo Jo 



f f ((; — rsY 1 1) ( s — quY° l ^y{u)d q ud r s 
Jo Jo 
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A 



r„(/?)r,(a) Jo Jq 

By solving the system of equations (3.7), (3.10) we find 

f c (C-gs)^ , ^ 

Cl = pi 9{x)-l y{s)d q s 



[ [ (V -ps) (/i 1} (s-gw) (a l) y(u)d q ud p s. (3.10) 

Jo Jo 



and 



o r g (a) 

' nr (\r ( \ l / (£ ~ rs) (7 ^ 1} (s - gu) (a_1) y(u)d,ud r s 
Dr r (7)r 9 (o;) J o J o 

- nr ,t r 7 x / / (j?-ps) (/i_1) (s - qu^-^y^dqudpS, 

p(p)l ij(ci) jo jo 



C2 = -^ff(x)- 

c 



K (^- gs )(«-l) 
'o r g(a) 

■« r s 



2/(s)rfq 



[ [ (£ — rs)^ 7 11 (s — gw)^“ VyiujdqUdrS 

Jo Jo 



DTrh)Tq(a) Jo Jo 
- nr 7 v / / (??-ps) (/3_1) (s-gw) (aJa) i/(«)^wrfpS. 

•C'l p(P)l g( a ) JO JO 

Substituting the values of ci and C 2 in (3.6), we get the desired result in (3.3). 



□ 



4 Existence results for single- valued problem (1.1) 

In this section, we denote by C = C([0, T], M) the Banach space of all continuous functions from [0,T] 
to R. endowed with the norm defined by ||x|| = sup tg r 0 T ] |a;(t)|. In view of Lemma 3.1, we define an 
operator V : C — > C by 



(vxm = 



(t — qs)( a 



f(s,x(s),I z x(s))d q s 
? r s 



I o r «(a) 

DTq{a)\T r 

~ T \{3) J J o ( r l-ps) {l3 ^ 1) (s-qu) {a ^ 1) f(u,x(u),I s z x(u))dqud p s\ (4.1) 



TA [ [ (?-cs) (7 ^(s-qu)^ 1} f(u,x(u),I z x(u))d q ud r s 
(7) jo Jo 



m-ci r c 

DT q (a) J 0 



(C -qs) a 1 f(s,x{s),l s z x(s))dqs+ m D ^ gix), 



where fl / 0 is defined by (3.4) and Cl, if are defined by (3.5). It should be noticed that problem (1.1) 
has solutions if and only if the operator V has fixed points. 

Let us define V \ ,2 : C — > C by 



(Vix){t) = f ^ f(s,x(s),I s z x(s))d q s 

Jo r Jo) 



J J (£-rs) (7_1) (s- quf a ~ 1] f(u,x(u),llx(u))d q ud r s 



t-c 

DT q (a) 

r~h\ l l (y - - qu) {a ~ 1} f(u,x(u), I z x(u))d q ud p s 

1 p\P) Jo Jo 

/ (C-Qs) a ~ 1 f(s,x{s),I^x(s))d q s, t G [0,T], 
DTq(a) J 0 



(4.2) 
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(V 2 x)(t) = m D — g(x), t G [0, T\. 

Clearly 

(Vx)(t) = (Vix)(t) + {V 2 x)(t), t G [0, T]. 

For convenience we introduce the notations: 

T“ T+ C J a+ ^B r ( 7,a+l) 

Po: - r,(a + i) + |£>|r r ( 7 ) r,(a + i) 

|A|(T+C) ri a+ f } B p {P,a+ 1) T\F\ + \Q\ C 
\D\T p (/3) r,(a+l) DT q (a) r,(a + l)’ 



(4.3) 

(4.4) 



(4.5) 



_T a+s B q {a,S + 1) T+ C ^ +s B q (a,S + l)B r ('y,a + 6+l) 

r g (a)r z (<5 + 1 ) + |£>|r r ( 7 ) r,(a)r z (<s + i) 

|A| (T + C) v a+0+S B q (a, S + 1 )B P {(3, a + <5 + 1) 

+ \D\T P (J3) T q (a)T z (S + l) 

Tl^l + |Q| C a+S B q (a,S+ 1) 

DT q (a) r,(a)r z (<5 + l) ’ 

; . t\*\ + \q\ 



Theorem 4.1 Let f : [0, T] x M x R. — > R. be a continuous function. Assume that 



(4.6) 



(4.7) 



(Ai) \f(t,w 1 ,w 2 )-f(t,wi,w 2 )\ < L 1 \w 1 -wi\+L 2 \w 2 -w 2 \,\/t G [0, T], L 1 > 0, L 2 > 0, w 1 ,w 1 ,w 2 ,w 2 G 
R/ 



(A 2 ) g : C([0,T],R) — > R is a continuous function satisfying the condition : 



I g(u) - g(v)\ < I\\u - u||, l < k 0 \ Vk,dG C([0,T],R), t > 0; 



(vl 3 ) k Lipo + L 2 q 0 + t ko < 1. 

TTien t/ie boundary value problem (1.1) has a unique solution. 

Proof. For x,y G C and for each t G [0,T], from the definition of V, assumptions (AQ, (A 2 ) and 
Lemma 2.8, we obtain 



\(Vx)(t) - ^ ^ S ) , \f(s,x(s),I 5 z x(s)) - f(s,y(s),I 5 z y(s))\d q s 



1 0 



F,(a) 



T+ C 



1 



« r s 



(f~rs) (7 - 1) (s-qu) (a ~ 1) 



|D|r,(a)[r r ( 7 )y 0 Jo 

x\f(u,x(u),I 5 z x(u)) - f(u,y(u),I z y(u))\d q ud p s 
x| f(u,x(u),I z x(u)) - f(u,y(u),I z y(u))\d q ud p s 

J 

rC 



T|tt| + |Q| 
DT q (a) Jo 
T|tf| + |0| 

\D\ 



[ ( C~Qs) a 1 \f(s,x(s),I*x(s)) - f(s,y(s),I s z y(s))\d q s 
Jo 

I g{x) - g(y) I 
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< 



< 



+ 



* ( t — gs)^ Q ^ 

r» 

T + C 
|D|r r ( 7 )r,(a) J 0 Jo 



f s (s — zv)^ ^ 

Li\\x - y\\ + L 2 \\x - y\\ — . . d z v ) d„s 

Jo r 2 (d) 

€ r s 



[ /’ S (5-rs) (7 - 1) (s-g M ) (a - 1) 
Jo Jo 



( r (u-zv)^ 

x \ Li\\x - y\\ + L 2 \\x - y\\ / ,, ' d z v ) d a ud r s 

\ Jo r 2 (<*) 

, ia|(t+o r 

\D\T p (P)r q (a) Jo Jo 



x — y\\ +L 2 \\x-y\\ 

T|tf| + |fi| f c 



r f^- P s)^(s-q^ 

Jo Jo 

(u-zv)^~ 1 '> 



r*(*) 



d q udpS 



DT q (a) Jo 
T|tf| + |0| 

\D\ 



(C -qs) a 1 [Li\\x- 2/II + L 2 \\x- y\\ 
\g{x)-g{y)\ 



(s-zv^-V 

r*(< 5 ) ' 



d q S 



A T a _ T a+S B q (a, 5+1) 

\ x ~ V II fT~7 ~TT L\ + , ypT7T~TT ^2 

^rg(a + i) r 9 (a)r 2 (c) + 1) 

T + C f r +7 Hr(7,a + l)^i r +7+ ^,(«^ + l)-Br(7,a + ^+l)^2 

|£>|r r ( 7 ) [ r,(a + i) r,(a)r z (<y + i) 

|A|(T + C) \ ij a+l3 B p (/3, a + l)Li r] a+ d+ s B q (a, S + 1 )B p (fi, a + 8+ 1 )L 2 



+ 



|^|r p (/3) [ r,(a + i) 
t|^| + |o| 



r g (a)r 2 ((5 + i) 



C“ , . C q+ 5 s 9 (m + i) 

r,(a + i) 1 r,(a)r z (5 + i) 2 



\D\T q {a) 

{Lipo + T 2 g 0 + k 0 Z)\\x - y II . 



\D\ 



■~y II 



Hence 

IKPx) - (Vy)\\ < k\\x — y\\. 

As k < 1 by (A3), the operator V is a contraction map from the Banach space C into itself. Hence the 
conclusion of the theorem follows by the contraction mapping principle (Banach fixed point theorem). 

□ 



Example 4.2 Consider the following nonlocal problem of q-integrodifference equation 

c D\x{t) = —— — -j=— ■ H t + -7f ar(t) + -, t € (0, 1/2), 

2 2(t + v5) 2 1 + fI 2 s 2 



1 f 3 

= 15* ( " 



\iU(\ 

5 5 \ 4 



= Iix 



(4.8) 



Here, a = 3/2, q = 1/2, <5 = 5/2, z = 3/8, T = 1/2, < = 1/8, A = 2/5, (3 = 7/3, p = 2/5, ry = 1/4, 
7 = 5/4 , r = 2/3, £ = 1/3, g(x) = (l/15)x + (2/3) and f(t, x, I s z x) = (e _3t |x|)/(2 (t + Vb) 2 (l + |ar|)) + 
(1/2 )I^j 2 x + (3/2). By using the Maple program, we find that H = —0.04119212, 'll = —0.22035718, 
D = 0.01364747, p 0 = 1.57981377, q 0 = 0.02586708 and fc 0 = 11.09148475. 

As \f(t,wi,W 2 ) - f(t,w 1 ,w 2 )\ < (1/10) |u;i - toil + (l/2)|to 2 -to 2 | and | g(x) - g(y)\ < (l/15)|ar - y\, 
therefore, (Ai) and (A 2 ) are satisfied with L\ = 1/10, L 2 = 1/2 and Z = 1/15 < 1/11.09148475 = k^ 1 , 
respectively. Hence k = Li Po + L 2 q 0 + Zko = 0.91034723 < 1. By the conclusion of Theorem 4.1, the 
nonlocal problem (4.8) has a unique solution on [0,1/2]. 

Our next existence result relies on a fixed point theorem due to O’Regan in [25]. 
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Lemma 4.3 Denote by U an open set in a closed, convex set C of a Banach space E. Assume 0 £ U. 
Also assume that F(U) is bounded and that F : U — > C is given by F = F\ + F 2 , in which F\ : U — > E 
is continuous and completely continuous and F 2 : U — > E is a nonlinear contraction (i.e., there exists 
a nonnegative nondecreasing function (j> : [0, 00 ) — > [0, 00 ) satisfying f>{z) < 2 for z > 0, such that 
W^ix) — F 2 (y)\\ < (f>(\\x — y\\) for all x,y £ U). Then, either 

(Cl) F has a fixed point u £ U ; or 

( C2) there exist a point u £ dU and A £ (0, 1) with u = XF(u), where U and dU, respectively, represent 
the closure and boundary of U. 

Let 

Ll r = {x £ C([0,T],K) : ||a;|| < r}, 
and denote the maximum number by 

M r = max{\ f(t,x,y)\ : ( t,x,y ) £ [0,T] x [~r,r] x [~r,r]}. 

Theorem 4.4 Let f : [0, T] x K. x R — > I be a continuous function. Suppose that ( A 2 ) holds. In 
addition we assume that 

(A 4 ) g{ 0) = 0; 

(A$) there exist a continuous nondecreasing function if : [0, 00 ) — > (0, 00 ) and a function p £ C([0, T], R + ) 
such that 



(A 6 ) sup 



\f(t,wi,w 2 )\ < p(t)'tp(\wi\) + \w 2 \ for each (t,wi,w 2 ) £ [0,T] xl 2 ; 

1 



> 



re(0,oo) Poif(r ) ||p|| 1 - k 0 £ - q 0 

respectively, and hoi + qo < 1. 



, where po, qo and ko are defined in (4-5), (4-6) and (4-7), 



Then the boundary value problem (1.1) has at least one solution on [0,T], 
Proof. By the assumption (AL 6 ), there exists a number r 0 > 0 such that 

^ > I . 

Potf(ro)\\p\\ l-k 0 £-q 0 



(4.9) 



We shall show that the operators V\ and V 2 defined by (4.2) and (4.3), respectively, satisfy all the 
conditions of Lemma 4.3. 

Step 1. The operator V\ is continuous and completely continuous. We first show that V\{Ft ro ) is 
bounded. For any x £ f l ro , we have 



11^1*11 < 



\f(s,x(s),I*x(s))\d q s 
« r s 



< 



'* ( t — qs)( a ^ 

1 r g (a) 

inirVir ( \ f / (£ ~ rs) (T “ 1) (s - gu) ( “" 1) |/(u,x(u),/fx(u))|d ? ud r; 
\ D Arh)Tq{a) J Q Jo 

inlr^fflW A / / (?? -ps) (/3_1) (s - gu) (a " 1) |/(u,a;(u),7fa;(u))|d ? udp 
IWpiPWqW Jo Jo 

T|^| + |Q| f C 

DT q (a) Jo 

'* ( t — gs)^ a_1 ^ 



[ ((~qs) a 1 \f(s,x{s),I s z x{s))\d q s 

JO 

( s — zv)( s ~^ 



+ 



r,(«) 

T+C 



(INI) + INI 



|D|r r ( 7 )r,(a) Jo Jo 



f r^-rs^is-qu)^ 

Jo Jo 



dqS 
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x ( p(u)ip(\\x\\) + ||x|| j ^ U d z v ) d q ud r s 

r ■n r s 



+ 



jAKT+Q 

\D\T p (P)T q (a) J 0 J 0 



f [ (v-ps^-Vis-qu^-V 

Jo Jo 



x (p{u)ip{ ||x||) + ||x|| ^ d z vj d q udpS 

1 ^ + 101 ~ qs )“- 1 (p(sm\x\\) + ||x|| f (S ~J V )J~ 1) d z v ) d a s 



< 



DT q {a) J o V Jo r zb) 

\\pMr 0 )T a r 0 T«+ s B q (a,6 + 1) 

r,(a + i) r g (a)r z (<5 + i) 

T+C / r +7 ^(7^ + l)|bHV>(r 0 ) r 0 Z a +i +s B q (a, S + l)B r (j, a + 6 + 1) \ 

|^|r r ( 7 )V r a (a + i) + r ? (a)r z (<5 + 1 ) J 

|A|(T + C) / 7f +l3 B p ((3,a + l)|b|[V>(r 0 ) r 0 p a+f3+s B q (a, S + 1 )B p (f3, a + 5 + 1) \ 

\D\r p (0) 'v r,(« + i) r,(a)r,(j + i) J 

T|vl/| + |0| /|b||bbo)C“ , roC a+s B q {a,6+l)\ 



+ 



DT q (a) ^r 9 (a + l) + r g (a)r z (<5 + l) J 



= lbllb(To)po + r 0 qo ■■= G. 

Thus the operator V\((l r 0 ) is uniformly bounded. For any t\,tz € [0,T],fi < <2, we have 



< 



rt2 b 2 -gs) (a_1) 



\f(s,x(s),I 5 z x(s))\d q s 



I f(s,x(s),I*x(s))\d q s 



+ 



1 0 ^q( a ) 

[ H (ti - 

J 0 r g (a) 

in ip 2 / 4wr t [ [ {£-rs)^- 1 \s-qu) {o ‘- 1) \f(u,x(u),I*x(u))\d q ud r s 
l £) l r r(7)r g (a) Jo Jo 

JplJ 1 ) \ / / (r?-ps) (/3_1) (s- 5w) ( “" 1) |/(u,x(w),/fa:(u))|dquJpS 
l^bp(p)r 9 (a) Jo Jo 

1^11*2 -*i| />C 



[ (C~qs) a 1 \f(s,x(s),I^x(s))\d g s 
./0 



< 



|£>|r,(a) Jo 

t2 |(<2 - gs) (a_1) - (ii - gs) (a-1) | 



/ 0 r«(a) 

/ t2 (tr - 



fp(s)bdbll) + Ibll f ( S S V )„ d z v ) d„s 



r Z (S) 



{s-zv)( 5 ~ 1 '> 



d z v d a s 



r , x , p(s)b(lbll) + INI , r (z . 

It 1 rg(a) V Jo r *b) 

+ , n ,p 2 ~r l r 1 r r^-rs^is-qu)^ 

|£>|r r (7)r,(a) Jo Jo 

X (W)bdMI) + INI ^ d q ud r s 

+ i A ii f 2 - ii r r ( ) (/3-i) (s _ da-i) 

+ l £) |r p (/3)r 9 (Q;) Jo Jo ps) (s 
X ^(u)b(lbll) + INI ^ ^ <4^ JgUJpS 

+ wpsr (>’ ( ‘ WW) + 11*11 1 ( ‘bw ’ *") <J «*' 

which is independent of a: and tends to zero as £2 — ii — > 0. Thus, Pi is equicontinuous. Hence, by the 
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Arzela-Ascoli Theorem, V\{Ll ro ) is a relatively compact set. Now, let x n ,y n C O ro with \\x n — ar|| — s- 0 
and || y n — y\\ — > 0. Then the limits || x n (t) — a;(t)|| — > 0 and || y n {t) — y{t) || — > 0 are uniformly valid on 
[0,T]. From the uniform continuity of f(t,x,y ) on the compact set [0,T] x [— ro,r 0 ] x [— ro,ro], it follows 
that || f(t,x n (t),y n (t)) — f(t,x(t),y(t))\\ — > 0 is uniformly valid on [0,T]. Hence \\V\X n — V\x\\ — * 0 as 
n —* oo which proves the continuity of V\. This completes the proof of Step 1. 

Step 2. The operator V 2 ■ O ro — > C([0,T],R) is contractive. This is a consequence of (A 2 ). Indeed, 
for x,y £ C([0,T],R), we have 



\V 2 x(t) -V 2 y(t)\ = 



< 

< 



tF - O 



D 

t|t| + \n\ 

\D\ 



\ 9 {x)-g{y) | 

I g(x) -g{v) I* 



k 0 I\\x - y ||, 



which, on taking supremum over t £ [0, r] , yields 

\\V 2 x - V 2 y\\ < L 0 \\x - y\\, Lq = k 0 £ < 1. 



This shows that V 2 is a contraction as L 0 < 1. 

Step 3. The set V(Ll ro ) is bounded. The assumptions (A 2 ) and (A 4 ) imply that 

\[Pi{x ) || < k 0 ir 0 , 

for any x £ Q ro . This, with the boundedness of the set V\(Ll ro ) implies that the set V(Cl ro ) is bounded. 

Step 4. Finally, it will be shown that the case (C2) in Lemma f.3 does not hold. On the contrary, 
we suppose that (C2) holds. Then, we have that there exist 9 £ (0, 1) and x £ dfl ro such that x = OVx. 
So, we have ||a:|| = ro and 

x(t) = f ^ f(s,x(s),I*x(s))d q s 

J 0 r ?(a) 

{fvb Si l i( ~ ra)<T ' ll(s “ ,ud r s 

~fl]3)J 0 J 0 ( 7 ? _ ^ s ) (/3_1) ( s_ « u ) (a_1) /( u > a; ( u ), / z a; ( u )) d 9 ud P s | 

~ 7 JrTA f (C -qs) a ~ 1 f(s,x{s),I s z x{s))d q s+ m ^ g(x), t £ [0,T]. 

DT q {a) Jo D 

Using the assumptions (A 4 ) — (A 6 ), we get 

To < Pofp{ro)\\p\\ + r 0 qo + k 0 Ir 0 . 



Thus, we get a contradiction: 

^ < I . 

Po^(To)|b|| 1-koJ-qo 

Thus the operators V\ and V 2 satisfy all the conditions of Lemma 4.3. Hence, the operator V has at 
least one fixed point x £ Q r „, which is the solution of the problem (1.1). This completes the proof. □ 



Example 4.5 Consider the following nonlocal problem of q-integrodifference equation 



7 t 2 + 1 / 

c Dix(t) = -j±- (ja| + 



N + 1 \ 
\x\+ 2 J 

1/f 

10 B 



II X, 

7 




t £ (0,1/2), 




(4.10) 
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Here, a = 7/4, q = 1/5, <5 = 3/4, z = 2/7, T = 1/2, < = 1/7, A = 1/10, (3 = 4/3, p = 1/6, 77 = 3/10, 7 = 
4/7, r = 1/2, £ = 2/5, g(x) = (1/12) sinx and /(f,x,/£x) = /2,b){\x\+{{\x\+l) / {\x\+2)))+ll^x. 

By using the Maple program, we find that = —0.18824514, 41 = —0.62150021, D = 0.09945940, 
po = 0.92752573, q 0 = 0.37709650 and k 0 = 5.01707462. 

As | g(x) — g(y)\ < (l/12)|x — y\ with £ = (1/12) < (1/5.01707462) = k ^ 1 and g( 0) = 0, therefore, 
(A 2 ) and (A 4 ) are satisfied, respectively. Since |/(t, Wi, u; 2 )| = |((t 2 + l)/35)(|wi| + ((|tfi| + l)/(|wi| + 
2)))+w 2 | < ((f 2 + l)/35)(w^+3|wi| + lj+|w 2 |, we choose p(t) = (t 2 + l)/35 and t/(|wi|) = ic 2 + 3|wi| + 1. 
We can show that 



sup — „ = 6.03756836 > 4.88247997 = 
re(o,co) PoV{r)\\p\\ 



1 

1 - k 0 £ - q 0 ' 



Therefore, by Theorem 4.4, the boundary value problem (4.10) has at least one solution on [0,1/2]. 



5 Existence results for multi-valued problem (1.2) 

Let us recall some basic definitions on multi-valued maps [30, 31]. 

For a normed space (X, || • ||), let P c i(X) = {Y € V{X) : Y is closed}, Pb(X) = {Y € V(X) : 

Y is bounded}, P cp (X ) ={7e P{X) : Y is compact}, and P cPtC (X) = {Y € V(X) : Y is compact and convex}. 
A multi-valued map G : X — » V{X) is convex (closed) valued if G(x) is convex (closed) for all x € X. 

The map G is bounded on bounded sets if G(B) = LbgsG^x) is bounded in X for all B G Pb{X) 

(i.e. sup a;6B {sup{|y| : y € G(x)}} < oo). G is called upper semi-continuous (u.s.c.) on X if for each 
x 0 G X, the set G(x 0 ) is a nonempty closed subset of X, and if for each open set N of X containing 
G(xo), there exists an open neighborhood Af 0 of Xo such that G(A/q) C N. G is said to be completely 
continuous if G(B) is relatively compact for every B G Pb(X). If the multi-valued map G is completely 
continuous with nonempty compact values, then G is u.s.c. if and only if G has a closed graph, i.e., 
x n — > x*, y n —7 y*, y n G G(x n ) imply y* G G(x*). G has a fixed point if there is x G X such that 
x G G(x). The fixed point set of the multivalued operator G will be denoted by FixG. A multivalued 
map G : [0; 1] — > P C /(K) is said to be measurable if for every j/GK, the function 

1 1 — > d(y, G(t)) = inf{|y — z\ : z G G(t)} 



is measurable. 



Definition 5.1 A function x G AG 1 ([0, T], R) is a solution of the problem (1.2) ifx(Q = g(x), \I p x(r() = 
lfx(0, an d there exists a function f G L 1 ([0,T],K) such that f(t ) G F(t,x(t), /fx(t)) a.e. on [0,T] 
and 

rt (t-qsY a ~ lS > 



x(t) = 



'o ^q( a ) 

t-c f i 



-f(s)d q S 



DT q (a) 

A 



Tp(/3) Jo Jo 
tA> - Q 
DT q (a ) J 0 



L So (£ -rs ) (7_1) ( s- gw) (a_1) /(«)d g ud r s 

J J (??-ps) (,3_1 ) (s- qu) ( - a ~ 1) /(u)d g ud p s| 

(C ~ qs) a ~ 1 f(s)dqs + ^ D n g(x). 



(5.1) 



Here AG 1 ([0,T],M) will denote the space of functions x : [0,T] — > K that are absolutely continuous and 
whose first derivative is absolutely continuous. 



Definition 5.2 A multivalued map F : [0, T] x R x M — > 'P(M) is said to be Caratheodory if 
( i ) 1 1 — > F(t, x, y) is measurable for each x, y G R; 

(ii) (x,y) i — > F(t,x,y) is upper semicontinuous for almost all t G [0,T],- 
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Further a Caratheodory function F is called L 1 — Caratheodory if 
(Hi) for each a > 0, there exists ip a G L 1 ([0,T],K + ) such that 

\\F(t,x,y)\\ = sup{H : v G F(t,x,y)} < <p a (t) 
for all ||a;|| , ||y|| < a and for a.e. t G [0,T]. 



For each x,y € C([0, T\, K), define the set of selections of F by 

Sf,x, v '■= { y e -£' 1 ([0,T],M) : v(t) G F(t,x(t),y(t)) for a.e. t G [0 ,T]}. 

The following lemma will be used in the sequel. 

Lemma 5.3 ([32]) Let X be a Banach space. Let F : [0, T] xl 2 -t V cp ,c(X) be an L 1 — Caratheodory 
multivalued map and let 0 be a linear continuous mapping from L 1 ([0, T], X, X) to C([0,T], A, X). 
Then the operator 

QoS f :C([ 0,T),X,X) ^V cp , c (C([0,T], X,X)), x h- (© o S F )(x) = Q(S F , x , y ) 

is a closed graph operator in C([0, T], X, X) x <I7( [0, T], X, X). 

To prove our main result in this section, we use the following form of the Nonlinear Alternative for 
contractive maps [33, Corollary 3.8]. 



Theorem 5.4 Let X be a Banach space, and D a bounded neighborhood of 0 G A. Let Z\ : X — > 
Vc P AX) and Zi : D — > V cp ,c(X) two multi-valued operators satisfying 

(a) Z\ is contraction, and 

(b) Z 2 is u.s.c and compact. 

Then, if G = Z\ + Z 2 , either 

(i) G has a fixed point in D or 

(ii) there is a point u G dD and A G (0, 1) with u G A G(u). 

Theorem 5.5 Assume that. (A 2 ) holds. In addition we suppose that: 

(Hi) F : [0,T] xRxI-j F cp ,c(^) ts L 1 — Caratheodory multivalued map; 

( H 2 ) there exists a continuous nondecreasing function if : [0, oo) — » (0,oo) and afunctionp G C([0,T],K + ) 
such that 

II F(t, x , y) ||-p := sup{|w| : v G F(t, x, y)} < p(t)if(\\x\\) + \y\ 
for each ( t , x, y) G [0, T\ x M x K; 

(H 3 ) there exists a number M > 0 such that 



(1 - fc 0 l - q 0 )M 
ip(M)p 0 \\p\\ 



ko i + go < 1, 



(5.2) 



where po, qo, ko are defined in (4-5), (4-6) and (4-7) respectively. 
Then the boundary value problem (1.2) has at least one solution on [0,T]. 
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Proof. To transform the problem (1.2) to a fixed point, we introduce an operator AT : C([0, T], 1 
P(C{[0,T),R)) defined by 



( ft€C([0,T],R): 

r f l {t — qs) ( '°‘~ 1 ' > 



J\f{x) = { 



h(t) = < 



/ o r </(?) 

t-C 
DT q (a) 

A 



f{s)d q 



Tp(/3) jo Jo 



{f Jy) J 0 J 0 (£~ rs ) (7 1 } (s- 9 w) ( “ 1 ) /( u)d q ud r s 

J J (r?-ps) (/ 3 _ 1 ) (s- qu)^-^ f(u)d q ud p s\ 



{ DTg(a) J 0 



(C - qs)° 1 f(s)d q s + 



tty - 0 



D 



g{x), 



for / G S FtX . 

Now, we define two operators A : C([0,T],R) — > C([0,T],K) by 



... tty - ft , . 
Ax(t) = — — — g{ x), 



(5.3) 



and a multi-valued operator B : C'([0,T],K) 

( heC([0,T],R): 

f* (t - gs)^" 1 ) 



V(C([0,T),R)) by 



B(x) = { 



Tq{a) 

t-c 



f{s)d q 



h(t) = < 



DT q (a) 
A 



{rTl )/ Jo ^~ rs ^ h 1 } (s-?u) ( “ 1 } f(u)d q ud r s 



(5.4) 



T (P) L Jo 1) ( S_ 9 M ) ( “ 1} f(u)d q ud p sj 

I TTA 7~T [ ( C-Qs) a ~ 1 f(s)d q s . 
y DT q (a) J o 

Observe that A/ - = j4 + B. We shall show that the operators A and B satisfy all the conditions of 
Theorem 5.4 on [0,T]. The proof consists of several steps and claims. 

Step 1: We show that A is a contraction on C([0,T],R). The proof is similar to the one for the 
operator Qi in Step 2 of Theorem 4.4. 

Step 2: B is compact and convex valued and it is completely continuous. This will be established in 
several claims. 

Claim I: B maps bounded sets into bounded sets in C([0, T], R). Let Br = {i£ C'([0,T],K) : ||ir|| < R} 
be a bounded set in C([0, T\, R). Then, for each h G B{x),x G B pi there exists / G S F , X such that 



t - C 



h(t) = I J7 n f(s)d q s - . - . 

DT q {a) | T r (7) J o J o 



r 4 ( t-qs ) ( “" 1} 

/o r g (a) 



(£ — ts )^ 7 ^(s — qu )^ 01 ^ f(u)d q ud r s 



r P ((d) 



n s 1 tty — O /A 

(?7-ps) (,J_1) (s-gu) ( “ _1) /(u)(i g MrfpS > - J q (C - gs)“ _1 /(s)d g s. 



Then, for t G [0,T], we have 



IM0I < 



+ 



(t — gs)^“ ^ 

r,(a) 

T+C f 1 



1/00 K 



[ [ (?-rs) (7 ^(s-gu)^ 1) |/(u)|d g ud r s 
Jo Jo 



l^|T,(a) r r ( 7 ) 7o 7o 
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+ 



Jo 1} 0-9u) ( “ 1} \f(u)\d g ud p S 

T|\t r | + |0| 



[ (C-qs) a 1 \f(s)\d q s 
JO 



< 



l^|r,(a) Jo 

\\pH(R)T a RT a+s B q (a,6 + 1) 

r,(a + i) r,(a)r s (5 + i) 

T + C ( ^Bri^a+QM^R) Re +1+S B q (a,5 + l)B r ( 7 ,a + 6 + l) 

l-D|r r (7) V r,(a + i) r,(a)r z (5 + i) 

|A|(T + C) ( ri a+ t } B p (0,a+l)\\p\\il>(R) Rif+^B^a, S + 1 )B P (0, a + (5 + 1) 
^ \D\r p ( 0 ) V r,(a + l) r 9 (a)r 2 (5+l) 

T\v\ + Jgl ( \\pMR)C a R( a+5 B q (a,S + l) \ 

\D\T q (a) \ r,(a + l) T 9 (a)r 2 (<5 + 1) y 



Thus, 



< ip(R)p olbll + Rq 0 - 



Claim II: B maps bounded sets into equi-continuous sets. Let t\,t 2 € [0, CT] with t\ < 1 2 and x € B r. 
Then, for each h £ B(x), we obtain 



\h(t 2 ) - h(ti)\ < 



f 4 2 (t 2 -qs)^- 1 '! 



p / \ f( s )dq s I 

r g(aO Jo 



4l (t\ — gs)^“ ^ 

r>) 



f{s)d q 



\t'2 ~ tl 



+ 



, n , r , vUTA l f (^ _rs ) (7 1 ) (s-?u) ( “ 1 } | f(u)\d q ud r s 

|£>|T r ( 7 )r,(a) Jo Jo 

t [ [ (v — ps) (/3_1) (s — qu)^ 01 - 1 ^ \f (u)\d q ud p s 
|D| r p(/ 3 ) r g (Q:) Jo Jo 

mh-h\ y 

\D\T q (a) J 0 



[ ( <-qs) a 1 1 /(^) I d q s 
Jo 



< I 12 l{h qS)(a . {tl qS)ia ~ l)] ( P(sm\x\\) + INI / " ^ d z v ) d qS 



/ 0 r ?(«) 

f t2 (h - qs)^- 1 ') 



f s ( s — zv)^ ^ 

/o W 



p( s MII*ll) + 11*11 






l tl r q (a) r ni ™ "i 0 r Z (S) 

|*2 -*l| f€ rS 



d z v d a s 



f f (5-rs) (7 - 1) (s-gn) ( “- 1) 

Jo Jo 



|£>|T r ( 7 )r,(a) Jo Jo 

( f u (u - zvY 5 ~^ 

x ( p( u MII*ll) + 11*11 d z V ) dqUdrS 

rv r s 



|A||*2 - h\ 



r [\'i-p»r ^(s-qu) 0 ' 1} 

Jo Jo 



\D\T p (p)T q (a) Jo Jo 

x ^(u)V’(||*ID + 11*11 ^ r ~^ d z vj dqudpS 

+ WTT / C (C-« a ) a_1 (p(®WII*ll) + 11*11 f {s ~ zv ( ) ^ 1) d z v)d a s. 
IWqia) Jo V Jo r A< 5 ) 



Obviously the right hand side of the above inequality tends to zero independently of x £ B p as t 2 — t\ — > 
0. Therefore it follows by the Ascoli-Arzela theorem that B : C([0, T], HR) — » V{C{[ 0, T], R)) is completely 
continuous. 

Claim III: B has a closed graph. Let x n — » x* , h n € B(x n ) and h n —> h *. Then we need to show that 
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h* € B(x*). Associated with h n € B(x n ), there exists f n £ Sf,x„ such that for each t £ [0,T], 

K(t) = / ^ fn(s)d q s - ^ / / ((-rs) (7 “ 1) (s-?ti) (a “ 1) /n(«)rf,«4s 



JO Fq( a ) 

x n 
W) 



DT q (a) 1 r r ( 7 ) 



0 Jo 



n s 1 /\T> _ Q /*C 

(77 — ps)^ _1) (s - gu) (a-1) f n {u)d q ud p s > - ^ ^ J ^ (C - <?s ) a_1 f n (s)d q s. 

Thus it suffices to show that there exists /* £ Sf,x, such that for each t £ [0,T], 

MO = / ^ f*(s)d q s — ^ / f (^-rs) (7_1) (s-gu) (a_1) /»(u)d g ud r s 



Jo r g (a) 

a r 

"MM 



^r g (a) 1 r r ( 7 ) 



0 Jo 



n s 1 f\T/ _ Q /*C 

(7?-ps) (/3_1) (s- gu) (a_1) /*(u)d g ud p s > - (C - gs) a_1 /*(>)M- 



Let us consider the linear operator 0 : Id([0,T],M) — > C([0,T],K) given by 



/^0(/)(t) = [ ^ f(s)d q s- A, [ f (£-rs) (T 1} (s - gw) ( “ 1} f(u)d q ud r s 

J 0 do 



/ 0 r 9 (a) 

A P 



I>r,(a) 1 r r ( 7 ) 



r P (/3) 



Jo Jo ^~ pS ^' J 1] ( s -9u) (a l) f{u)d q ud p s^ - tpY (a) J Q ^ ~ qs ^ V( S K 



Observe that 

IIM*) - ft* (Oil < 



(t — qs)( a H 



(/n(s) - f*{s))d q S 



0 r,(a) 

^ ^ [ [ (^-rs) (7 " 1) (s-gu) ( “ _1) (/„(u)-/*(u))d g Md r . 

Jo Jo 



OT «?(^)\ r r(7) JO JO 

J 0 J 0 _ p0 (/?_1) ( s - 9«) ( “ _1) (/n(w) - f*(u))d q ud p s 

~7^rT~\ f (C- 9s)“ _1 (/«(s) - f*(s))d q s 
DTJa) J o 



0, 



as n — > 00 . Thus, it follows by Lemma 5.3 that 0 o SV is a closed graph operator. Further, we have 
h n (t) £ 0(Sf,x„)- Since x n — > x», therefore, we have 



Mt) = 



(t — qs)( a 



*-c f 1 /* r 



Jo r g (a) 

A 



f*(s)d q S . . „ , , 

Z?r 9 (o;) 1 r r (7) jq j q 



M/3) 



[ f (pn) (l 1 } (s-^) (a l) f*{u)d q ud r s 
JO JO 

Jo Jo ( 7? ~ p O (/3 ~ 1) ( s ~g M ) (a ~ 1) /*W d g Md P s | ~ nr (a) J 0 qs )°‘~ 1 f*( s ) d Q s 



for some /* € Sf,x*- Hence £> has a closed graph (and therefore has closed values). In consequence, the 
operator B is compact valued. 

Thus the operators A and B satisfy all the conditions of Theorem 5.4 and hence its conclusion 
implies either condition (i) or condition (ii) holds. We show that the conclusion (ii) is not possible. If 
x £ 9A{x) + 9B{x) for 9 £ (0, 1), then there exists f £ Sf,x such that 

x(t) = f ^ ' f(s)d q s - * f j —7 [ [ (, £-rs)(' r - 1 '>(s-qu) < -°‘- 1) f(u)d q ud r s 

Jo r 9 (a) DT q (a) I Pp) J 0 J Q 
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~Tj/3) J 0 J Q ^~ ps ^' 3 1} (s-9w) ( “ 1} f(u)d q ud p sj 

— nr 7 ^1 f (C ~ qs)°‘- 1 f(s)d q s + W Q g (x), te[0,T]. 

JJl q\OL) J o U 

Following the method for proof of Claim I, we can obtain 

11*11 < V>(IMI)Po|bH + 9o||*|| + kot ||*||- (5-5) 

If condition (ii) of Theorem 5.4 holds, then there exists 9 £ (0, 1) and x £ dB r with x = 9Af(x). Then, 
a; is a solution of (1.2) with ||x|| = M. Now, by the inequality (5.5), we get 



(1 - kpl - q 0 )M 
ip(M)p 0 \\p\\ 

which contradicts (5.2). Hence, A f has a fixed point in [0,T] by Theorem 5.4, and consequently the 
problem (1.2) has a solution. This completes the proof. □ 



Example 5.6 Consider the following nonlocal problem of q-integrodifference inclusion 
c Dlx(t)£F(t,x,llx ), t £ (0,1/2), 

l*(l/16)| 



X . 6 / 60(1 + |x(l/16)|) 






where F : [0, 1/2] xl 2 -» 'P(R) is a multivalued map given by 
x — > F(t, x, I lx) = 



t\x\{\ + cos 2 4x) , r | m {t + l)(|x| + l)e 3a: , r | M 

' 1 3 • 2 o \ ' 1 3 X 



12(1+|*|) 



16(1 + sin 2x) 



(5.6) 



Here, a = 5/3, q = 2/9, 5 = 5/6, 2 = 3/7, T = 1/2, < = 1/6, A = 2/3, f3 = 7/4, p = 1/3, p = 1/5, 
7 = 4/3, r = 3/5, £ = 3/8, g(x) = (l/60)(|x|/(l + |x|)). By using the Maple program, we find 
that Q = -0.04690826, T = -0.20641547, D = 0.01250568, p 0 = 1.95003166, q 0 = 0.58637355 and 
k 0 = 12.00382078. 

As \g(x)—g(y)\ < (l/60)|x— y\, therefore, (A 2 ) is satisfied with t = (1/60) < (1/12.00382078) = kff 1 . 
For f £ F and x, y £ R, we have 



|/| < max 



/i|x|(l + cos 2 4x) (t + l)(|x| + l)e 3x2 
y 12(1 + |x|) 16(1 + sin 2 2x) 



< ^(1*1 + 1) + \y\- 



Thus 

\\F(t,x,y)\\ v := sup{|u| : v £ F(t,x,y)} < p{t)if{\\x\\) + \y\, x,y £) R, 

with p(t) = (t + 1) / 16 and ^>(||x||) = ||x|| + 1. By computing directly, we found that there exists a 
constant M > 5.94574011 such that 

(1 - fcpl - q 0 )M 
if{M)p 0 \\p\\ 

Clearly, all the conditions of Theorem 5.5 are satisfied. Hence, the nonlocal boundary value problem 
(5.6) has at least one solution on [0, 1/2]. 
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Abstract 

In this paper, by using Leray-Schauder fixed point theorem, we obtain existence of at least one symmetric 
solution for a multi-point second order boundary value problem. We give an example to demonstrate our 
main result. 

2010 Mathematics Subject Classification: 34B10, 34B18, 39A10. 
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1 Introduction 

The study of multi-point boundary value problems for linear second-order ordinary differential equations 
were initiated by Il’in and Moiseev [7]. Motivated by the study of Il’in and Moiseev [7], Gupta [4] studied 
nonlinear three-point boundary value problems for nonlinear ordinary differential equations. Since then, the 
more general nonlinear multi-point boundary value problems have been studied by many authors. We refer 
the reader to [5, 8, 10, 13, 16]. 

On the other hand, the existence of symmetric positive solutions of second order boundary value problems 
have been studied by some authors, see [1, 6]. Most of the study of symmetric positive solution is limited to 
Dirichlet boundary value problem, Sturm-Liouville boundary value problem and Neumann boundary value 
problem. However, there is not so much work on symmetric positive solutions for second-order m-point 
boundary value problems see [2, 9, 12]. 

Young and Tisdell [14], studied the following singular boundary value problem (BVP) 

| \py ) = t e (o,t), 

coupled with various forms of the following boundary conditions: 

f -ay(0) + /3 lim p(t)y (t) = c, 

< «->o+ 

j Dy{T) + 6 lim p(t)y (t) = d. 

f i->T- 

Tliey established the existence of solutions to second-order singular boundary value problems by using Leray- 
Schauder fixed point theorem. 

We notice that a type of symmetric problem has received much attention, for instance, [5, 8, 15], and the 
references therein. Jiang et al. [8] studied the following a singular system 



~x"{t) = ai{t)f{t,x{t),y{t)), t £ (0, 1), 

~y"{t) = a 2 (t)g(t,x(t),y(t)), t € (0, 1), 

m m 

< z(o) = a *y(&)» a ’( 1 ) = 

i = 1 i = 1 

m m 

y( 0 ) = '52Pix(.Vi), 2 /( 1 ) = ^2Pix(ffi). 

. i=l i = 1 

By using a fixed point theorem in a cone, they obtained at least one or two symmetric positive solutions. 



1 
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Motivated by this results mentioned above, in this paper, we consider the following second order multi- 
point boundary value problem 

f ( P(t)u{t ))' = f(t,u(t),u'(t)), t G (a, 6), 

I m — 2 m — 2 

j u ( a ) = a iP(Vi) u = ^2 a iP(&) u (&)• 

l 2=1 2=1 

Throughout this paper we assume that following conditions hold: 

(Cl) / G C([a, b\ x K™ x R ra ,R n ) and f(t, 0,0) ^ 0 for t G [a, 6], p G C'([a, 6],K) with p > 0 on (a, 6) and 
fa < + 00 anc ^ / symmetric function on [a, b] such that f(b + a — t,u,v) = f(t,u,v), and p 
antisymmetric function on [a, 6] such that p(b + a — t) = —pit) and / is an even function in v, i.e., 
f(t,u,v) = f(t,u,-v). 

(C 2) a,/3 G [0, oo ) , on G [0, oo), &, ip G (a, 6) such that £, = b + a — ry for * G {1, 2, ...,m — 2} . 

By using Leray-Schauder fixed point theorem, we get the existence of symmetric solution for the BVP (1.1). 

This paper contains three sections besides the Introduction. In Section 2, we present some necessary 
preliminaries that will be used to prove our main result. In Section 3, we obtain the existence of at least one 
symmetric solution for the BVP (1.1). Finally we give an example to illustrate our result in Section 4. 

To the best of our knowledge, there is no earlier literature studying this problem. This paper attempts 
to fill part of this gap in the literatures. 

As for notation, if y, z G R, then (y, z) denotes their usual inner product and ||z|| denotes the Euclidean 
norm of z. We adopt the standart norm for elements u of C ([a, 6],R n ), namely 

||it(t)||o := max{ max ||u(£)||, max ||u (t)|||. 

t£[a,b] t£[a,b] 

For all t G (a, 6), we have 

( u{t),p{t)u'(t )) = (u(t),(p(t)u'(t))’) + (u(t),p(t)u'(t)) 

= (u(t),f(t, u(t),u'(t))) +p{t)\\u (£)|| 2 . 

The above identity will be needed in the proof of our main result and our technique is based on a priori 
bound. We refer the reader to the papers [11, 14] and the references therein. 



2 Preliminaries 



In this section, we will employ several lemmas to prove the main result in this paper. When n = 1, (1.1) 
reduces to the scaler equation. 



Lemma 2.1 Suppose the condition D 
on [a, b], the BVP 




-——ds ^ 0 hold. 
p{s) 



Then, for h G C([a, 6],M"), and symmetric 



{p(t)u (£))' = h(t), t G (a, b), 

m—2 m - 2 

M ( a ) = X! a iP(Vi) u (Vi), u ( b ) = ^2 a iP(&) u (&)> 

i = 1 i = 1 



has a unique solution u 
r b 



m—2 



pO " L * no 

u{t) = / G(t, s)h(s)ds + ^2 a i / Gt^irji, s)h(s)ds, 

J a i—1 ^ a 

where G t ^{t, s) = p(t)G t (t, s) and G(t,s) be the Green’s function for (2.1) is given by 



If 9(t)(p(s), a < t < s < b, 
D \ 9{s)ip{t ), a < s < t < b, 



2 



(2.2) 
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where 9(t) and cp(t) are given by 



m = L ik dT ' 

v(,) = / W) dT ’ 



(2.3) 



(2.4) 



respectively. 
Proof. u(t) = 



1-0 m—2 

/ G(t,s)h(s)ds + a.j / Gt^{r]i, s)h(s)ds be a solution of (2.1), then we have that 
J a i—1 ^ a 

u(t) = tt / 0(s)ip(t)h(s)ds + [ 9(t)ip(s)h(s)ds 

D J a D Jt 

m—2 

+ ^2 o.i / Gt^(r\i, s)h(s)ds, 

Ja 



and 



Since 



1 



1 



P(t)u(t) = p{t)ip(t) — 9(s)h(s)ds + p(t)9 (t) / — p(s)h(s)ds 



D 



D 



(p{t)u (t)) 



u(a) = 



G t ^(t, s)h(s)ds, 



(p{t)2 (t))' f ^9(s)h{s)ds + p{t)<p (t)^9{t)h(t) 



+ (p(t)9 (t)) J —ip(s)h(s)ds-p(t)9(t) — <p(t)h(t) 
P(t)<fi (t)^9{t)h{t) - p{t)9 {t)-^cp{t)h(t) 



Pit) 

D 

= h{t). 



<p ( t)9(t ) — 9 {t)ip(t) h(t ) 



yr f 9(a)ip(s)h(s)ds + '^2 a i [ G t ^\r]i,s)h(s)ds 
U J a i—1 ^ a 

m—2 

= X! / Gt [1] iVi,s)h{s)ds 

i=i Ja 
m—2 

= ^ a iPiVi) u (Vi), 



and 



3 
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-i pb 2 pb 

i(b) = — / 9(s)ip(b)h(s)ds + ^2 at / G t m (r]i, s)h(s)ds 

^ J a i=l ^ a 

m—2 . b 

= / G t [1 \ili,s)h(s)ds 

i = i Ja 

m—2 „ ??i ^ m—2 ^ 

= ^2 (XiPMv (Vi) —0(s)h(s)ds + ^2 a iP(Vi)Q (Vi) I D<p(s)h{s)ds 



i= 1 u i—l 

m—2 ^ m—2 pb ^ 

= - a?; / Yj0(s)h(s)ds + ^2 a i / j.F( s )H s ) ds 

a D i=1 Jr)i D 



fVi 1 

a i 

i — 1 

m—2 



* /■» | 

= ~^2 ai / — 9{b + a — s)h(b + a — s)d(b + a — s) 

i=l Jb+a—r}i L) 
m—2 „ b -\-a—r]i ^ 

+ '^2 a i / — <p(b + a — s)h(b + a — s)d(b + a — s) 

i = l D 

m—2 „b y m—2 ^ 

= -J2 ai m(- < ^( s )) /i ( s ) ds + ai / m(~ d ( s )) h ( s ) ds 

i= 1 ■'fi i=l 

m—2 

= ^ aiPte)u'(^)- 



We are able to obtain the boundary value conditions. 

Lemma 2.2 For t,s € [a, 6], we have G(b + a — t,b + a — s) = G(t, s). 

Proof. In fact, if t < s, then 1 — t > 1 — s. In view of (2.2) and the assumption (Cl), we get 



□ 



G{b + a — t,b + a — s) = — 



i I r b+a ~ s 1 



P(r. 

1 



-dr 




1 



D \J b p(b + a- t ) 



b+a-t p(t ) 



d(b + a — r) 



dr 



t p(b + a-r) 



d(b + a — t) 



1 



1 



■dr 



D \Js P{t) J \Ja Pi?) 
= G(t, s ), a < t < s < b. 




1 



dr 



Similarly, we can prove that G(b+a — t, b+a — s) = G(t, s), a < s < t < b. We have G(b+a — t, b+a — s ) = 
G(t,s) for all (t,s) € [a, b] x [a, b] , i.e., G(t,s) is symmetric function on [a, b] x [a, b]. □ 

rb | 

Lemma 2.3 For t, s G [a, 61 , we have max |G(t, s)|< / — - dt max s)|. 

(t,s)e[a,6]x[a,6] J a p(t) (t,s)e[o,b] x [a, 6] 



Proof. We apply (2.2), we get that for t G [a, 6] 
G(t, s) 



G t m (t,s) 



= < 



p(t)9'(ty 

Fit) 

{ p{t)<p'{ty 



a < t < s < b. 



a < s < t < b. 



6(t), a < t < s < b, 

—(p(t), a < s < t < b, 



(2.5) 



pb 

Then we obtain that from (2.5), max( t s i e r a w x r a w \G(t, s)| < / —r^dt max |G t W(t, s)| for t G [a, 61. 

’ Ja P{t) (t,s)e[o,6]x[a,6] 



4 
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Let B = C ([a,b];TZ n ) then B is a Banach space with ||w(f)|| 0 
define a cone P C B by 



max{ max ||it(£)||, max ||tt (t) || }, and 

t(z[a,b] t(z[a,b] 



P = {u £ B : u(t) is symmetric on [a,b] } . 

We define the integral operator T : P — >- B by 

pb i m 2 pj) 

Tu(t) = / G(t,s)f(s,u(s),u'(s))ds + - V] a* / Gt [1 \ip, s)f(s, u(s), u'(s))ds, 

Ja a f-f J a 

where G(t,s) is given by (2.2) and G t ^(t, s) = p(t)G t ( t,s ). 

Lemma 2.4 Let ( C1)-(C2 ) hold. Then T : P -A P is completely continuous. 

Proof. For all u € P, using that f(t,u(t),u'(t)) is symmetric on [a,b], and p(t) is antisymmetric on [a,b] 
and by Lemma 2.2, we have 



Tu{b + a — t) = 



pb 2 pb 

/ G[h + a - t, s)f(s,u(s),u'(s))ds + - ^ a z / G t m {ri i ,s)f(s,u(s),u(s))ds 
J a ^ J a 

[ a 

= / G{b + a — t, b + a — s)f(b + a — s, u(b + a — s), u'(b + a — s))d(b + a — s) 

Jb 

. m—2 ..b 

+ ~y2 a i G t [1 \ri l ,s)f{s,u(s),u'(s))ds 

/ b -i vn 2 pjj 

G(t,s)f(s,u(s),vf(s))d(s) + - ^2 a i / G t [1 \r]i,s)f(s,u{s),u\s))ds 

a i= l Ja 

= Tu(t), 

for every t € [a, 6]. This implies that Tu(t) is symmetric on [a, b]. So, Tu £ P and then Tu C P. Next, by 
standard methods and Arzela-Ascoli theorem, one can easily prove that operator T is completely continuous. 
□ 



3 Main result 

In this section, we discuss the existence of at least one symmetric solution for the problem (1.1). The 
following fixed point theorem is fundamental and important to the proof of our main result. 

Lemma 3.1 (See[3]). Let B be a Banach space with PCS closed and convex. Assume U is a open subset 
of P with 0 £ U and T : U — > P is a continuous and compact map. Then either 

(i) T has a fixed point in U, or 

(ii) there exists u £ dU and A £ (0, 1) such that u = A Tu. 

Lemma 3.2 Let f £ C([a,b] xR"x R”,R n ) and let (C'1)-(C2) hold with 



Go := max 

(£,s)E [a,b] X [a, b] 




G\ := max 

(t,s)G [a,b] X [a,b] 



G[{t,s) |, 



M :=max{GoW(b— a),GiW(b — a)}. 

If there exist non-negative constant V and W such that 

\\f(t,u,v)\\ < V [(u(t),f(t,u(t),v(t))) +p(f)|H| 2 ] + W, (3.1) 

5 
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for all ( t,u,v ) £ [a, b] x K n x R". Then all solutions u = u(t) to the BVP (1.1) satisfy 

IK*) Ho < m , 

for all t £ [a, b]. 

Proof. Let u = u(t) £ P be any solution to the BVP (1.1). From Lemma 2.1, we get 

nb -t 2 /»& 

u(t)= / G{t, s)f(s,u(s),u'(s))ds + - cti / Gt [1] {m,s)f(s, u(s), u'(s))ds. 
Ja at J a 



Then 



< . , max | G(t.,s) \ ( \\f(s,u(s),vf(s))\\ds 

(t,s)S[a,5]x[a,6] J a 

I ™~ 2 r b 

+ , ^ ^ r I \ | |/( s i u ( s ); u '( s ))l 

(£,s)£[a,b]x[a,6] CX J a 



and 



We have 



< 



< 

< 

< 

< 

< 

< 



max 

(£,s)6 [a, 6] X [a, b] 



G t [1] (t,s) 



r b i m — 2 

-jrrdt+- V 
X P(t) a 




||/(s,«(s),« , (s))||ds 



Go [ (V [(u(s),f(s,u(s),u'(s))) +p(s)||u'(s)|| 2 ] + W) ds 

J a 

GoV f [(u(s),f{s,u(s),u'(s))) +p(s)||u'(s)|| 2 ] ds + G 0 W(b~- a) 

J a 

GqV f (u(t),p{t)u'(t)) ds + G 0 W(b - a) 

J a 

GoV [{u(b),p(b)v! (b)} - (u(a),p{a)u'{a))] + G 0 W(b - a) 

G 0 V [(u(b),p(b)u'(b) - p{b)u'{b))\ + G 0 W(b - a) 

G 0 W(b-a), 



u (t) = f G t (t, s)f(s,u(s),u' (s))ds, 






< 

< 

< 



max 

(£,s)(E [a, 6] X [ a,b ] 



G t (t,s) | / ||/(5, u(s),u'(s))\\ds, 



Gi / (V[(u(s),f(s,u(s),u , (s)))+p(s)\\u'{s)\\ 2 ]+W)ds, 
J a 

G\W(b — a). 



||'u(t)||o := max{ max ||u(i)||, max ||u (t) || }, 

te[a,b] te[a,b] 

< max{GolF(6 — a), G±W(b — a)}, 
M. 



Thus our claimed a priori bound has been obtained. □ 

Theorem 3.1 Under the condition of Lemma 3.2, the BVP (1.1) has at least one symmetric solution. 

Proof. Let u be a possible solution of (1.1). Lemma 3.2 implies that | |xt(t) | |o < M for all t £ [0,6]. We now 
apply the priori bound result to has the existence of solution. 

Let fl := {u £ P : ||w(f)||o < M+l}. By Lemma 2.4, we know that the operator T : P — > P is completely 
continuous. Since all possible solutions of (1.1) satisfy ||w(i)||o < M. It follows that there isn’t u in <9f l and 
A £ (0, 1) such that u = XTu. We conclude that (ii) of Lemma 3.1 does not hold. Therefore, the operator 
T has a fixed point in U , which is a symmetric solution of (1.1). □ 



6 
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4 Example 

Example 4.1 We consider the following multi-point second order boundary value problem with n = 2, m = 

3, 

[ (p(t)u (t))' = f{t,u{t),u (t)), te ( o,i), 

{ »(0) = ip(i)»'(ij,„(l) =!„(!)»(!), (41) 

where p(t) and / : [0, 1] x R 2 4 R 2 are given by 

pit) = Q-t), 

= (t(l — t)ui + ufu 2 > ^(1 — t)u 2 + U 2 U 1 ), 

and f not depending on«. It is easy to see that f(t,u ) = /(I — t,u) and p{t) = —p( 1 — t). We claim that 
the above f satisfies the condition of Lemma 3.2, (3.1). Note that for all (t,u) € [0, 1] x R 2 we have 

\\f(t,u)\\ < \fi(t,u 1 ,u 2 )\ + \f 2 (t,u 1 ,u 2 )\ 

< t( 1 - t)|«i| + |ui| 3 M 2 + *(1 - t) |r^ 2 1 + \u 2 \ z u\. 

If we choose V = 1 and W = 4 then, for all ( t , Ui, u 2 ) G [0, 1] x R 2 , 



V{u{t),f(t,u(t))} + W 



= [f(l — t)u\ + u\u\ + t( 1 — t)u\ + W 2 u l] + 4 

> [t(l - t)|ui| - 1 4- \u\\u% - 1 + t(l - t)\u 2 \ - 1 + \u 2 \ 3 iif 

> t( 1 - t)\U!\ + \u\\u\ + t( 1 - t)\u 2 \ + \u 2 \ 3 u\ 

> ll/(M)ll- 



1] +4 



So, f(t, u ) satisfies Lemma 3.2. Then, Theorem 3.1 hold. The BVP (1.1) has at least one symmetric solution. 
□ 
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Cascadic Multigrid Method for The Elliptic 
Monge- Ampere Equation* 
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Abstract 

The elliptic Monge- Ampere (M-A) equation is a fully nonlinear partial differen- 
tial equation, which originated in geometric surface theory and has been widely 
applied in dynamic meteorology, elasticity, geometric optics, image processing 
and others. The numerical solution of the elliptic Monge- Ampere equation has 
been a subject of increasing interest recently. In this paper, the cascadic multi- 
grid method (CMG) is used to solve numerically the M-A equation. Before the 
application of CMG method, an equivalent form of M-A equation is given. On 
each successive refinement level, weak formulation of this equivalent form can 
be written and finite element methods can be used successfully. We analyze the 
convergence and computational complexity for the cascadic nrultigrid method. 
And we find that the CMG method is optimal with respect to the energy norm. 
Finally, numerical experiments confirm the efficiency and robustness of CMG 
method. 

Keywords: Cascadic multigrid, Finite element methods, Interpolation, 

Monge- Ampere equation 

2000 MSC: 65F10, 65N30, 65N55, 35J60 



1. Introduction 

In this paper, we will introduce a cascadic nrultirid method for the fully 
nonlinear elliptic partial differential equation 

det (D 2 u(z)) = f(z), ( 1.1) 

where 3 has n independent variables, and D 2 u is the Hessian of the function u. 
When restricting it to domains C K 2 , we can rewrite the equation as 

(uxxUyy - u 2 xy )(x, y ) = f(x, y). ( 1.2) 



^This work was supported by the Science Foundations of Ningxia University (No.ZR1413). 
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The equation comes with Dirichlet boundary conditons 

u(x,y) = g(x,y), on (1.3) 

and the additional convexity constraint 

u(x,y) is convex, (1.4) 

which is required for the equation to be elliptic. Here 11 C l 2 is a bounded 
domain with boundary dft and / : 12 — > K is a non-negative function. The 
equation (1.2) (along with boundary conditions and convexity constraint) is 
called the elliptic Monge- Ampere equation. 

The elliptic M-A equation is a fully nonlinear partial differential equation, 
which originated in geometric surface theory and has been widely applied in 
dynamic meteorology, elasticity, geometric optics, image processing and others 
[17, 18, 25, 26]. And the numerical solution of the elliptic M-A equation has 
been a subject of increasing interest recently. The early paper introducing the 
numerical solution of the elliptic M-A equation is written by Oliker and Prussner 
[24]. They presented a discretization that converges to the generalized solution 
in two dimensions. Subsequently, other excellent methods also are used to solve 
the M-A equation. For the finite difference methods, it has been proved that 
consistency, stability and monotonicity are the convergence criterion for (1.2)- 
(1.4) in [2], But narrow stencils won’t be monotone and even consistent, and 
establishing a wide scheme requires more works [3, 12, 13, 23]. The implemen- 
tation and the convergence theory of finite element methods for the elliptic M-A 
equation is less understood. Feng et al. [11] considered a fourth order problem 
by adding a small multiple of the biharmonic operator to (1.1). Brenner et al. [5] 
introduced C° penalty methods for the elliptic M-A equation. The crux of both 
methods is putting the essential boundary condition (1.3) into a weak form by 
addition and penalization techniques respectively. However, it will become very 
difficult to prove the solvability and convergence for new perturbed problems. 
Dean and Glowinski [7, 8, 9, 10, 14, 15] presented an augmented Lagrange mul- 
tiplier method and a least squares method for the elliptic M-A equation. The 
convergence of these methods still remains an open problem. Liu and He [21] 
introduced meshfree method for the elliptic M-A equation. Although meshfree 
method is easy to implement, its convergence theory still remains open. Con- 
sequently, developing efficient discretizations still is challenging for the elliptic 
M-A equation. 

In this paper, we will solve numerically the M-A equation by cascadic multi- 
grid method. Firstly, we will provide an equivalent form of M-A equation and 
write its variational form. Then, the M-A equation can be solved by finite 
element (FE) methods based on successive refinement levels and interpolation 
techniques. We will analyze the convergence and computational complexity of 
CMG method. 

The rest of paper is organized as follows. In Section 2, we design the cascadic 
multigrid algorithm for M-A equation. The convergence of CMG method will 
be proved in Section 3. In Section 4, some numerical experiments are presented 
to demonstrate the effectiveness of CMG method. 
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2. CMG method for M-A equation 



We know that a function u is convex is equivalent to 



'U'XX — 0, U yy A 0, U xx Uyy 'U'xy — 

And we have 


(2.1) 


(An) — (n-xx “b ^yy) — ^xx ^yy ~b 2 Uxx^yy i 
or 

u xx Uy y = —((An) — u xx — u yy ). 

By substituting (2.3) into (1.2), we have 


(2.2) 


(2.3) 


(Am) 2 - u 2 xx - u 2 yy - 2u 2 xy = 2 f(x, y). 
According to (2.1), we can choose a convex solution 


(2.4) 


Am = yj2f(x,y) +u% x Tm^ +2u% y . 
So, the equation (1.2)-(1.4) can be rewritten as 


(2.5) 


Am = ^2 f(x, y) + u 2 xx + u\ y + 2 u% y , in Cl 


(2.6) 


u = g(x,y). on OCl 


(2.7) 



Following, we design the CMG algorithm for equation (2.6)-(2.7). 



2.1. Algorithm 

Let j = 0,1," -,L be a sequence of grid levels, where j = 0 denotes the 
coarsest grid and j = L is the finest grid level. Corresponding to the sequence of 
grid levels, we have a nested family of partition (Tj) f—Q (triangles or rectangles) 
and the spaces of linear finite elements (Ay)j- _ 0 . 

Then we can design the CMG algorithm as following: 

(1) First, the following equation is discretized by FE method on level j = 0. 

A u = y/2 f(x,y), in Cl ( 2.8) 

u = g(x,y). on dCl (2.9) 

Then the resulting discrete system is solved by mo smoothing steps with any 
initial value (or by direct methods). 

(2) For j = l,--;L 

First, obtaining the approximation of u, u xx ,u yy , u xy on j level. This can be 
finished by interpolation techniques. We remark them as u? ,u 3 xx ,u° yy and u J xy 
respectively. Then following equation can be discretized by FE method. 

A u = \j 2 f(x, y) + (uix) 2 + (u J y y) 2 + 2(u J xy ) 2 , in Q (2.10) 
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u = g(x,y). on dCl (2.11) 

With initial value v? , the discrete system is solved by rrij smoothing steps. 
Remarks: (1) The linear finite elements spaces can be defined by 

Xj = {« e C(Cl) : u\ e £ P\{e) Me €Tj, u|an = 0}, 

where Pi(e) denotes the linear polynomial on the triangle or rectangle e. Clearly, 
we have 

i 0 ciic--ci L c h£{CI). 

(2) The equation (2.6)-(2.7) is inhomogeneous. We let u be a function which 
coincides with g on the boundary of Cl. That is to say, there exists Rg £ H 1 ( Cl) 
with Rg\on = g and ||Rg||i < C\\g\\ H i/ 2 (ny Then we can write the variational 
form of (2. 10)-(2.11) as following: 

Let Wj = Uj — Rg , find Wj £ H,\ (Cl) such that 

a(wj,vj) = F(vj), vj £ Xj, ( 2.12) 



where 



a(wj,Vj) 



/ Vwj ■ X i’j, 

J n 



Hvj) 




\J 2 /(a:, y) + {vlx ) 2 + ( u 3 yy ) 2 + 2 (u J xy ) 2 



V Rg ■ Wvj. 



2.2. Approximate to u, u xx , u yv , u xy 

Indeed, constructing effective interpolation is challenging in multigrid meth- 
ods. [1, 19, 20] designed kinds of interpolation operators to transfer error residu- 
al from coarse grid to fine grid. But it is missing to construct the approximation 
of derivative functions, especially higher derivative functions. How to construc- 
t the approximation of u xx , u vy and u xy on j level through information on 
j — 1 level? For simplicity, in this subsection we only consider nested uniform 
rectangle grids. In future work, we will construct the approximation of higher 
derivative functions on other finite elements. 

In Figure 1, we show two grid levels j — 1 and j. Here, blue lines denote 
grid on j — 1 level and red lines denote uniform refinement. And all nodes on 
j level are divided into cases (b)-(f). We want to approximate the values of u, 
u xx , u V y and u xy at each black node for each case. 

Let the meshsizes be H for j — 1 level and h for j level. u H denotes value of 
u restricted on j — I level and u h denotes the value on j level. Then applying 
Taylor expansion we have following expressions. 

For case (b), 

u 7 = u 7, 

= ^(uf + uf -2uf), 

= 4J2 -2uf), 
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Figure 1: Two grid levels: j — 1 and j. 
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( v-xyh = + «? - “ u 3 )• 

For case (c), 

u 7 = \( U 2 + u 3 + u 6 + u 8 )■> 

( U xx)7 = gj^( U 9 + uf + uf + uf - 2 uf - 2wf ), 

( U to) 7 = ^( u f + ^ 2u ? - 2u 6 )> 

0* y )7 = -uf -uf). 

For case (d), 

u 7 = + u 2 + + u ?)> 

= ^2 ( U f + + wf - wf - 2uf - uf ), 

( U to) 7 = 4^2 ^ + 2u ? + U 2 - - 2u f - U 6 )> 

( u xy)7 = ^2 (uf+ltf -lt?-U?). 

For case (e), 

4 = + wf), 

( U L) 7 = gp(«f + uf + uf + wf - 2 uf - 2uf ), 

0*4,) 7 = ^2 ( “? + “ U 2 - wf ), 

(4 y )7 = gp( u ? +«?-«?-“?)• 

For case (f), 

«7 = + uf), 

(wDt = 4p ( M ? + w f “ 2u f ). 

(* 4/) 7 = 8^2 ( u ? + + u 6 + u 8 - 2u 2 - 2 wf ), 

( u xy)7 = ^2 ( U ?+ U f-«f -«?)• 
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3. Analysis of convergence 

In this section, we prove the convergence of CMG method which is introduced 
in above section. C denote positive constants in this section. First, following 
Lemma provides the existence and uniqueness theory for variational problem 
( 2 . 12 ). 

Lemma 3.1. Let M-A equation (1.2)-(l-4) be uniquely solvable for all f € 
L 2 (Ll). If there exists Rg € H 1 ( LI) with Rg\on = 9 and, ||I?.g||i < C\\g\\ H i/ 2 ^, 
then variational problem (2.12) has a unique solution Uj = Wj + Rg. 

Proof. We have 



a( w j,Vj) - (Vt Vj,Vvj) < IKHilMi,. 



and 

a i v j, v j) = \ v i\l> C \\vj\\l for Vj&Xj. 

In addition, 

\ F (vj)\ < W\Jy{x,y) + («k ) 2 + ( u vv ) 2 + 2 Ky) 2 llolKllo + HVfi.gllollV^llo 

< [\\\j^f{x,y) + (Ui x ) 2 + ( U 3 yy ) 2 + 2(uly) 2 || 0 + 1 1 1 1 1 ^ IN|l 

< c ^11^/2 f(x,y) + ( u 3 xx ) 2 + (u J yy) 2 + 2(uly) 2 \\o + \ \ 9 1 (fi) ) INIi- 

F is bounded because u J xx , u 3 yy and u? xy are known. According to Lax-Milgram 
Lemma, variational problem has a unique solution. 

The variational form of (2.6)-(2.7) can be given by (3.1). 

Find w = u — Rg , u € -ffg(fl), such that 

a(w,v)= I -vJ 2 f{x, y) + u 2 xx + u 2 + 2 u 2 xy - I VRg-Wv (3.1) 
Jn v Jn 

for all v e Hq(TI). 

Hence, for all v £ Xj we have following error equation: 

a(uj — u, v) = 

y) + u 2 xx + u 2 yy + 2 u 2 xy - \J 2/ (x, y) + ( u 3 xx ) 2 + (u 3 vv ) 2 + 2 (ui v ) 2 , . 

Lemma 3.2. Assume M-A equation (2.6)-(2. 7) has unique solution u € H 2 (Ll) 
for f € L 2 (Ll), anduj is finite element solution of equation (2.10)-(2.11). Then 
we have 

I Uj - u|i < Chj\\u\\ 2 , 

where, hj is the meshsize on level j . 
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Proof. Step (1) We prove a(uj — u,v) < C/ij||t;||i for all v £ Xj. 
a(uj — u, v) 

< W\J^f{x,y)+ ul x +u 2 yy + 2u 2 xy - ^2f(x,y) + ( u 3 xx ) 2 + (u J yy ) 2 + 2(u J xy ) 2 || 0 |M| 0 . 

We have 

II \J 2 f(x, y) + u 2 xx + u 2 yy + 2 u 2 xy - ^2f(x,y) + ( u ° xx ) 2 + (u J yy ) 2 + 2(u J xy ) 2 \\ 0 

IK^xx + u xx)( u xx ~ u xx) + ( u yy "P u yy)(. u yy ~ u yy) ~P 2(Wxy + u xy)( u xy ~ u a:y)||o 
II y) + + 2u% y + 2 f(x, y) + ( u 3 xx ) 2 + (wyy) 2 + 2(u^) 2 || 0 

\\ u xx + Wxxl|o||Wxx ~ w x®l|o + ll u yy + w yyl|o|| M yy ~ u yyl|o ”P 2||Wxy “P u xy 1 1 0 1 1 u xy ~ M xy ||o 

W\J u lx + u l v + 2u ly + \j ( u xx) 2 + ( U 3 yy ) 2 + 2{vixy ) 2 1 1 0 



By Cauchy inequality 

||WxxTWxxllo||Wxx — U xx\\o~^\\ u yy~^ u yy llol|Wyy — u yy llo+2||'U a; j / +rt^,.y||o||Ua:y — U 3 xy ||o < I+I— 

1+ = ( ll^xx + W-xxllo "P II u yy “P Wyyllo "P 2||Wxy + u xy\\o)^ ; 

I- = (||uxx ~ w^xllo "P II u yy ~ u yy II o "P 2||u X y — u J xy || 0 ) 5 • 

By Minkowski inequality 



”P Uyy "P 2u xy “P 



J ^ + «) 2 + 2 ( 4 y ) 2 ||0 



> 



“P U^x) 2 ~P (Uyy “P Uyy) 2 “P 2 (u X y “P Uxy) 2 ||o- 



Then we have 



a(wj — u,v) < 7_|M|i. 



By the construction of u 3 xx , we have 



|Mxx(fc)-< x (fc)| < Chj, 



k denote all nodes on j level. Similar estimate can be found for and u 3 . 

u yy x y 

Hence, a(v,j — u,v) < C'/i.,||v||i for all v £ Xj. 

Step (2) H 1 semi norm of error. 

Let Vj £ Xj , with the fact Uj — u £ TLg(fl) we have 



K- 



it| 2 = a(uj — u, Uj — u ) 

= a(uj — it, Uj — Vj) + a(uj — u, Vj — u) 

< CxhjWuj - VjWi + C 2 \uj - u 1 1 1 1 v j - u||i 

< C\hj\uj — u\\ + {C\hj + C 2 \uj — u|i)||uj 



“Hi- 
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If C 2 \uj — it|i < C\ hj . then we have the assertion directly. Otherwise, 

\uj — u\i < Cihj\uj — u\i + C 3 \uj — u\i\\vj — u\\i. 

After dividing by | Uj — tt|i, we get 

\uj — u\i < C\hj + C 3 inf ||i7j — it||i. 

vjeXj 

Then, the result follows immediately from interpolation error estimate. This 
completes the proof. 

In addition, we have following approximation property by the Aubin-Nitsche 
technique. 

Lemma 3.3. If Uj- 1 and uj are the finite element solutions on levels j — 1 and 
j respectively , then we have 



1 1 Ai — 1 1 1 0 ^ Chj\ Uj Uj — 1 1 1 , j 1 ; * * * 3 L . (3.2) 

Denoting the cascadic procedure on j level by operator Pj, mj , CMG algorithm 
can be rewritten as: 

(1) Uq = uo (by direct methods) 

(2) j = 1,- • -,L : u* = P jtmj u*_ 1 . 

Here Pj, mj contains two processes: interpolation and smoothing ( mj steps). 
The smoothing can be several basic iteration methods such as Gauss-Seidel and 
SSOR. 

As in [4] , we consider following type of basic iterations started with € Xj : 

Uj — Pj^mjU® = Rj^ mj {Uj — u°). ( 3.3) 

We are accustomed to call the basic iteration an energy reducing smoother, if 
it satisfies following smoothing properties: 



\Rj,rrij Vj |l ^ C r ||^j||o? 


(3.4) 


m- 




\Rj t rrijVj\l ^ \ v j\li 


(3.5) 



for \/Vj £ Xj with parameter 0 < r < 1. Here, m.j is the number of steps of 
smoothing applied on level j. 



Lemma 3.4. The symmetric Gauss-Seidel, SSOR and the damped Jacobi iter- 
ation satisfy (3-4)-(3.5) with r = 



Proof. See [16]. 



Then, general algebraic error of CMG method can be estimated by following 
Theorem. 
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Theorem 3.1. If the basic iteration is an energy reducing smoother in CMG 
method, then the algebraic error can be estimated by 




Proof. 



\ul-u* l Ji = 



< 



I Ul — PL,m L u *L - ill 

\PL,m L ( u L — u L—l) |l 

I RL,m L ( u L - UL- l)|l + | R-L,m L {UL-l - «L_i)|l 



/l _1 

< C— 'fr\\u L - «L-l||o + \u L -l - 

m L 

By Lemma 3.3 and Lemma 3.2, 






< c — —\ul — UL-l\l + \ul- 1 — U* L _ 1 \i 
™ L 




Let the basic iteration in CMG method be one of energy reducing smoothers 
with r = i. In order to ensure optimal accuracy, we select parameters in 
accordance with the following method. 

(i) Meshsize hj satisfy 

2L ' kL < hj < C2 L ~ j h L . 

C 

(ii) Number of smoothing steps nij satisfy 

mj = [4 tol = |~m*L 2 ]. 



Theorem 3.2. 

algebraic error 



and complexity 



When select parameters in accordance with (i)-(ii), we have 



hL 



K-<|i<c^N| 2 



L 

y^nijUj < Cm*n L ( 1 + log n L ) 3 , 

3 = 1 



where nj = dim Xj . 
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PROOF. The conclusion follows directly by Lemma 3.4 and Theorem 3.1. 
Comparing Lemma 3.2 with Theorem 3.2, we have 

| U L ~ u\i ss I u L -u * L |i = 0(h L ), 



and 

amount of work = 0{ni,)- 

Consequently, the CMG algorithm is optimal with respect to the energy norm. 
4. Numerical experiments 

In this section, to demonstrate the effectiveness of the CMG method, we 
present some numerical experiments. We consider solving the M-A equation 
(1.2)-(1.4) using CMG method in the domain [0,1] 2 with exact solution u = 
exp( x 2 ). On each grid level, the given equation is discretized by Q\ finite 

element methods. We let m* = 10, and choose SSOR as the basic iteration. 

Table 1 shows the relative error of H 1 semi-norm, L 2 norm and Max norm on 
six levels respectively. We observe that the CMG algorithm is fast and robust. 
The numerical results coincide with Theorem 3.2. 

Figure 2 shows the error u — u* on these six levels. 



( 1 ) ( 2 ) 




Figure 2: The error on each level. 
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Table 1: Relative error on j = 0, • • •, 5 levels. CPU time= 240.17 seconds. 



j 


hj 


\U-U*\! 


\\ u ~ u j llo 




Mi 


IMIo 


Moo 


0 


1/3 


8.35E-02 


2.06E-02 


2.92E-02 


1 


1/6 


3.95E-02 


7.53E-03 


9.20E-03 


2 


1/12 


1.96E-02 


3.19E-03 


3.72E-03 


3 


1/24 


1.01E-02 


1.49E-03 


1.65E-03 


4 


1/48 


5.27E-03 


7.53E-04 


8.15E-04 


5 


1/96 


2.97E-03 


5.17E-04 


5.62E-04 



5. Conclusions 

The elliptic Monge- Ampere equation is a fully nonlinear partial differential 
equation which has a wide range of applications. In this paper, we provided an 
cascadic multigrid method for the M-A equation. We proved the convergence 
of CMG method. And we found that the CMG method is optimal with respect 
to the energy norm ( H 1 semi-norm). Finally, some numerical experiments were 
presented to demonstrate the the efficiency and robustness of CMG method. 
But we still have a lot of work to do in future work. For example, how to 
construct the approximation of derivative functions (especially higher derivative 
functions) on unstructured or adaptive grid levels is not understood. 
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Abstract 

In this paper, we introduce two new iterative algorithms (one implicit and one explicit) for finding a common 
point of the set of zeros of an accretive operator and the set of fixed points of a nonexpansive mapping 
in a real uniformly convex Banach space having a uniformly Gateaux differentiable norm. Then under 
suitable control conditions, we establish strong convergence of sequence generated by proposed algorithm to 
a common point of above two sets, which is a solution of a ceratin variational inequality. The main theorems 
develop and complement some well-known results in the literature. 
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1. Introduction 



Let E be a real Banach space with norm || • || and the dual space E* . The value of x* € E* 
at y € E is denoted by (y,x*) and the normalized duality mapping J from E into 2 E is 
defined by 

J(x) = {x* G E* : (. x,x *) = ||x||||x*||, ||x|| = ||x*||}, Vx € E. 

Recall that a (possibly multivalued) operator A C E x E with the domain D{A) and the 
range R{A) in E is accretive if , for each x, G D(A) and yt € Axi (i = 1, 2), there exists 
a j € J{x i — X 2 ) such that (y\ — y r 2,j) > 0. (Here J is the normalized duality mapping.) 
In a Hilbert space, an accretive operator is also called monotone operator. 

Interest in accretive operators stems mainly from their firm connection with evolution 
equations. It is well-known that many physically significant problems can be modeled by 
initial- value problems of the form 

< ^p-+Ax{t)3 0, x(0) = x 0 , (1.1) 



1 
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where A is an an accretive operator in a ceratin Banach space. Typical examples where 
such evolution equations occurs can be found in the heat, wave, or Schrodinger equations. 
If in (1.1), x(t) is independent of t, then (1.1) reduces Az 3 0 whose solutions correspond 
to the equilibrium points of system (1.1). Consequently, the iterative algorithms of Halpern 
type, Mann type, and Rockafellar type have extensively been studied over the last forty 
years for constructions of zeros of accretive operators (see, e,g., [1-17] and the references 
therein). As an original one, the following iterative algorithm in Hilbert spaces or Banach 
spaces was considered by many authors: for resolvent J Tn of m-accretive operator A, 

2-n+l — Jr n Xni ^Tl Y 0, 

where the initial guess xq € E is chosen arbitrarily (see, e.g., [4,5,12] and the references 
therein). In particular, in order to find a zero of a monotone operator A, Rockafellar 
[13] introduced a powerful and successful algorithm which is recognized as Rockafellar 
proximal point algorithm in Hilbert space H : for any initial point xq € H, a sequence 
{x n } is generated by 

Xn- i-i — Jr n (x n T e n ), Vn Y 0, 

where ,J r = (I + rA)~ 1 , for r > 0, is the resolvent of A and {e n } is an error sequence in H . 

Xu [18] in 2006 and Song and Yang [19] in 2009 obtained the strong convergence of the 
regularization method for Rockafellar’s proximal point algorithm in a Hilbert space H : for 
any initial point xq € H 



Xn+l — Jr n (^R/a T (1 QLn)X n Y e n ), Y 0, 
where {a n } C (0, 1), {e n } C H and { r n } C (0, oo). 

On the other hand, in 2011, He et al. [20] studied the following iterative algorithm for 
finding a common point of the set of zeros of accretive operator A such that A~ 1 0 ^ 0 and 
D(A) cCc Hr>o + r A) and the set of fixed points of a nonexpansive mapping S in 
a real reflexive Banach space E having a weakly sequentially continuous duality mapping: 

bo = X € C, (12) 

[_21n+l — OLnf(Xn) Y finXn Y J r n Xrii 'tffl Y 0, 

where {a n } and {/3 n } C [0, 1], lim n _ ) . 00 r n = r and / : C — > C is a contractive mapping. 
Under the suitable conditions { a n } and {/3 n }, they also showed that the sequence { x n } 
generated by (1.2) converges strongly to a common point in F(S) D A^ 1 0, which is a 
solution of a certain variational inequality. 

Inspired and motivated by the above-mentioned results, in this paper, we introduce new 
implicit and explicit algorithms for finding a common point of the set of zeros of accretive 
operator A and the set of fixed points of a nonexpansive mapping S in a real uniformly 
convex Banach space E having a uniformly Gateaux differentiable norm. Under suitable 
control conditions, we prove that the sequence generated by proposed iterative algorithm 
converge strongly to a common point in A” 1 0 D F(S ), which is a solution of a certain 
variational inequality. The main results develop and supplement the corresponding results 
of He et al. [20] as well as Xu [18] and Song and Yang [19] and the reference therein. 



2 
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2. Preliminaries and Lemmas 



Let E be a real Banach space with norm || • || and let E* be its dual. Let C be a nonempty 
subset of E. The value of / G E* at x € E will be denoted by (x,f). When {x n } is 
a sequence in E, then x n — >• x (x n — *• x) will denote strong (weak) convergence of the 
sequence {x n \ to x. For the mapping S : C — >• C, F(S) will denote the set of fixed point 
of S; that is, F(S) = {x € C : Sx = x}. 

A Banach space E is said to be uniformly convex if for all s € [0,2], there exists d e > 0 
such that 



1 implies 



x + y || 
2 



< 1 — S £ whenever \\x 



V II > £■ 



Let l > 1 and M > 0 be two fixed real numbers. Then a Banach space is uniformly convex if 
and only if there exists a continuous strictly increasing convex function g : [0, oo) — >• [0, oo) 
with g( 0) = 0 such that 



II A* + (1 - X)y\\ l < A||x|| z + (1 - X)\\y\\ l - u;(A)s(||x - y||), (2.1) 

for all x, y € %( 0) = {x € E : ||x|| < M}, where cv(A) = A*(l — A) + A(1 — X) 1 . For more 
detail, see Xu [21]. 



The norm of E is said to be Gateaux differentiable if 



lim 

i ->0 



x + ty\\ 
t 



x 



(2.2) 



exists for each x, y in its unit sphere U = {x € E : ||x|| = 1}. Such an E is said to 
be smooth Banach space. The norm is said to be uniformly Gateaux differentiable if for 
y € U, the limit is attained uniformly for x € U. The space E is said to have a uniformly 
Frechet differentiable norm (and E is said to be uniformly smooth ) if the limit in (2.2) 
is attained uniformly for (x,y) € U x U. It is known that E is smooth if and only if 
the normalized duality mapping J is single- valued. Also, it is well-known that if E has a 
uniformly Gateaux differentiable norm, J is norm to weak* uniformly continuous on each 
bounded subsets of E. The following property of the normalized duality mapping J is 
well-known: J(—x) = —J{x) for all x € E ([22]). 



An accretive operator A is said to satisfy the range condition if D(A) C R(I + rA) for all 
r > 0, where I is an identity operator of E and D(A) denotes the closure of the domain 
D{A ) of A. An accretive operator A is called m-accretive if R(I + rA ) = E for each r > 0. 
If A is an accretive operator which satisfies the range condition, then we can define, for 
each r > 0 a mapping J r : R(I + rA) — >• D(A) defined by ,J r = (I + rA) -1 , which is called 
the resolvent of A. We know that J r is nonexpansive (i.e., || J r x — J r y|| < ||x — y||, Vx, y G 
R{I + rA)) and A -1 0 = F(J r ) = {x € D{J r ) : J r x = x} for all r > 0. For these facts, see 
[ 22 ]- 



We need the following lemmas for the proof of our main results. We refer to [22] for Lemma 
2.1, Lemma 2.2, and Lemma 2.3. 



3 
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Lemma 2.1. If E be a real smooth Banach space, then one has 

\\x + y\\ 2 <\\x\\ 2 + 2(y,J(x + y)), \/x, y <E E, 

where J is the normalized duality mapping of E. 

Lemma 2.2 (The Resolvent Identity). For A > 0, /x > 0 and x € H , 

J\x = •/,, + ^1 - j'j Jxx'j . 

Lemma 2.3. Let E be a real Banach space having a uniformly Gateaux differentiable 
norm, let C be a nonempty closed convex subset of E, and let {y n } be a bounded sequence 
in E. Let LIM be a Banach limit and q £ C . Then 

LIM||x/ n — £/|| 2 = minLIM||x n — x\\ 2 

x£C 

if and only if 

LIM(x-g, J{y n ~q)) < 0, ViGC, 
where J is the normalized duality mapping of E. 

The following lemma is given in [23]. 

Lemma 2.4 ([23]). Let {s n } be a sequence of non-negative real numbers satisfying 

Sn+l (1 A n)Sn T A n5n T r )ni V Tl F 0, 
where {A n } ; {<5 n } and {7 n } satisfy the following conditions: 

(i) {A n } C [0, 1] and K = oo; 

(ii) limsup, woo 5 n < 0 or Y^=o A n |hn| < oo; 

(hi) 7n > 0 (n > 0), In < oo. 

Then lirn^oo s n = 0. 

Finally, we will use the next lemma which is of fundamental importance for our proof. 

Lemma 2.5 ([24]). Let {-s n } be a sequence of real numbers that does not decrease at 
infinity, in the sense that there exists a subsequence {s ni } of {s n } such that s ni < s ni+ i 
for all i > 0. For every n > no, define the sequence of integers {r(n)} by 

r(n) := max{fc < n : s^ < Sfc+i}- 

Then {r(n)} n > no is a nondecreasing sequence verifying 

lim r(n) = oo, 

n— >■ oo 

and, for all n > no, the following two estimates hold: 

St(ti) — ^r(n)+l) &n — ®r(n)+l" 

4 
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3. Iterative algorithms 



Throughout the rest of this paper, we always assume the following: 



• E is a real Banach space; 

• J is the normalized duality mapping of E; 

• C is a nonempty closed convex subset of E\ 

• A C E x E is an accretive operator in E such that A _1 0 ^ 0 and D{A) C C C 

flr>o -^(-f + 

• J r is the resolvent of A for each r > 0; 

• S' : C — >• C is a nonexpansive mapping with F(S) n A~ 1 0 / 0; 

• / : C — >• C is a contractive mapping with a constant k £ (0, 1). 



In this section, we introduce the following algorithm that generates a net {a?t}te(o,i) i R an 
implicit way: 

x t = Jritfxt + (1 - t)Sxt). (3.1) 

We prove strong convergence of {xt} as t -> 0 to a point q in n F(S) which is a 

solution of the following variational inequality: 

((I-f)q,J(q~p))> 0, Vpe^On^S). (3.2) 

We also propose the following algorithm which generates a sequence in an explicit way: 

Xn+l — Jr-ni^nf Xn T (1 < T rl )Sx n ), Wl ^ 0, (3-3) 

where {a n } C (0, 1), {r n } C (0, oo) and .To € C is an arbitrary initial guess, and establish 
the strong convergence of this sequence to a point q in J 4 _1 0nT’(S), which is also a solution 
of the variational inequality (3.2). 



3.1. Strong convergence of the implicit algorithm 



Now, for t € (0, 1), consider a mapping Q t : C — >• C defined by 

Qtx = J r (tfx + (1 — t)Sx), Vx € C. 

It is easy to see that Qt is a contractive mapping with constant 1 — (1 — k)t. Indeed, we 
have 

II Qtx - Q t y || < t\\fx - fy\\ + ||(1 - t)Sx - (1 - t)Sy || 

< tk\\x — y\\ + (1 — t)||x — y\\ 

= (!- (1 - k)t)\\x-y\\. 

5 
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Hence Qt has a unique fixed point, denoted xt, which uniquely solves the fixed point 
equation (3.1). 

We summary the basic properties of {xt} and {yt}, where yt = tfxt + (1 — t)Sxt for 

*€( 0 , 1 ). 

Proposition 3.1. Let E be a uniformly convex Banach space. Let the net {xt} be defined 
by (3.1), and let {yt} be a net defined by yt = tfxt + (1 — t)Sxt for t G (0, 1). Then 

(1) {.ty} and {yt} are bounded for t G (0, 1); 

(2) xt defines a continuous path from (0, 1) in C and so does yt; 

(3) lim^o || y t - Sx t \\ = 0; 

(4) lim t _> 0 || yt~ J r yt || = 0; 

(5) lim t _x) || x t - y t || = 0; 

(6) lim^o \\y t - Sy t \\ = 0; 



Proof. (1) Let p G F(S) O A 1 0. Observing p = Sp = J r p, we have 

|| X t ~P || = || Jriffxt + (1 - t)Sx t ) - JrP\\ = || J r yt - JrP\\ 

< ht-p\\ 

= II Kfx t - fp) + t{fp - p) + (1 - t){Sx t - Sp)|| 

< tk\\x t - p\\ + t\\fp - p\\ + (1 -*)||x t -p||. 

So, it follows that 

n n ^ ||/P-P|| j M M / Wfp-P\\ 

II x t - P\\ < 1 __ k and || y t - p\\ < : _ fc ■ 

Hence {xt} and {yt} are bounded and so are {fxt}, {-Sait}, {5^}, and {J r yt}- 
(2) Let t. to G (0, 1) and calculate 



xt - Xt 0 \\ = II Jr(tfx t + (1 - t)Sx t ) - Jr{tofxt 0 + (1 - to)-S'®t 0 )ll 

< ||(* - t 0 )fx t + t 0 (fx t - fx to ) 

-{t- to)Sx t + (1 - to)Sx t - (1 - t 0 )J r x to \\ 

< \t - tolWfxtW + t 0 k\\x t - x to || 

+ \t- folHSxtll + (1 - t 0 )\\x t - X t Q || . 



It follows that 



i_ „ ii / ll/*tll + \\Sx t \\ u * , 
|x ‘~ x, “ 11 - tod -k) 



This show that xt is locally Lipschitzian and hence continuous. Also we have 






6 



693 



Jong Soo Jung 688-706 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.4, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC 



and hence yt is a continuous path. 

(3) By the boundedness of {fxt} and {Sty} in (1), we have 

|| Vt ~ SxtH = || tfx t + (1 - t)Sx t - Sx t \\ 

< t\\fxt — S'.TfH — >• 0 as t — > 0. 



(4) Let p G A : 0n F(S). Then, it follows from Lemma 2.2 (Resolvent Identity) that 

Jr'IJt = Jr Q yt + ~ J rVt 



J §( \ yt + \ JrVt ) ~ p 



< 



Then we have 

\\J r yt-p\\ = 

By the inequality (2.1) (/ = 2, A = |), we obtain that 

n 

\\JrVt ~P \\ 2 < 



J (yt ~p) + 7 )[ Jr'IJt - P 



J ,[\yt + \ J ryt ) - p 



< 



\{yt-p)+\ \ J rVt - P 



1, 



< ^ht-pf + \\\JrVt -pf - * g(\\yt - J r yt\ 

< \ht ~p\\ 2 + \ht-p\\ 2 - g(\\yt - JrVtW) 
= ht-pf - \g{ht - J r yt\\) 



(3.4) 



Thus, from (3.1), the convexity of the real function tp(t) = t 2 (t € (— 00 , 00 )) and the 
inequality (3.4), we have 



\xt-pf = || JrVt ~pf 



1 



<\\yt~p\\ - -g{\\y t - JrVtW) 

= \\t(fx t -p ) + (1 - t){Sx t -p) || 2 - ^g(\\yt - J r yt\ 
< t\\fx t -p\\ 2 + (1 - t)\\x t -p\\ 2 - \gi\\vt ~ JrVtW) 



and hence 



^giWvt - J r yt\\)) < t{\\fx t -p\\ 2 - ||x t -p|| 2 ). 



By boundedness of {fxt} and {xt}, letting t — >• 0 yields 

\™g(\\yt ~ JrVtW ) = 0. 

t—t 0 

Thus, from the property of the function g in (2.1), it follows that 



Jim II Vt - JrVtW = 0. 
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(5) By (4), we have 

II x t - y t \\ < || x t - J r yt\\ + || J r yt - yt\\ = || J r yt - yt\\ 0 (t -y 0). 



(6) By (3) and (5), we have 



yt ~ Sy t \\ < || y t - 5x t || + \\Sx t - Sy t \\ 

< \\y t - Sx t \\ + \\x t - y t \\ -Y 0 (t -Y 0). 



□ 



We establish the strong convergence of the net {xt} as t — Y 0, which guarantees the 
existence of solutions of the variational inequality (3.2). 

Theorem 3.2. Let E be a uniformly convex Banach space having a uniformly Gateaux 
differentiable norm. Let {oy} be a net defined by (3.1), and let {yt} be a net defined by 
yt = tfxt + (1 — t)Sxt for t £ (0, 1). Then the nets {xt} and {yt} converge strongly to a 
point q £ A _1 0 n F(S) as t — Y 0, which is the unique solution of the variational inequality 
(3.2). 

Proof. By (1) in Proposition 3.1, we see that {oy} and {yt} are bounded. Assume t n — Y 0. 
Set x n := xt n and y n := yt n ■ We use the so-called optimization method (see [25]). Define 
4> : C — >• M by 

4>(x) = LIM||y n - x|| 2 , x £ C, 

where LIM is a Banach limit on l°°. Since (j> is continuous and convex, 4>{z) -Y oo as 
||z|| — Y oo and E is reflexive, 4> attain its inhmum over C. Let 

K = {x £ C : (f>(x) = min LIM||y n — x\\ 2 }. 
xGC 

It is easily seen that K is a nonempty closed convex bounded subset of E. Moreover, K is 
invariant under J r . Indeed, since || yt — J r yt II — >• 0 by (4) in Proposition 3.1, it follows that 
for each z £ K 

<f>(J r z ) = LIM||y n — J r z\\ 2 = LIM 1 1 J r y n ~ Jrz\\ 2 < LIM||y n — z || 2 = <j>{z), 

so that J r K C K. By the fixed point property for nonexpansive mappings of a uniformly 
convex Banach space E (cf. Theorem 5.1 in [26]), J r has a fixed point, say q, in K. Also 

by (6) in Proposition 3.1, K is invariant under S, that is, SK C K. Also S has a fixed 

point q in K. By uniform convexity of E, we have q = q (cf. Theorem 2.9.11 in [22]) and 
hence q £ A _1 0 fl F(S). By Lemma 2.3, we obtain 

LlM(x — q,J(y n -q))<0, Vx £ C. (3.5) 

Since 

yt~ q = t(fx t -q) + { 1 - t)(Sa y - q), 

we have 

II yt - qf = t(fx t - q,J(y t ~ q)) + (1 - t)(Sx t - q,J(y t - q)) 

< t(fx t - q,J(yt ~ q)} + (1 - t)\\xt - q\\\\yt - g|| 

< t(fxt - q,J{yt - q)) + (1 - t)\\yt - q\\ 2 . 
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Hence 

\\yt- q\\ 2 < (fx t - q,J{yt- q)) 

= {fx t - x,J{y t - q)) + (x - q,J(y t - q)). 

Thus, by (3.5), for 

LIM||y t - q\\ 2 < LIM (fx n - x, J(y n ~ q)) + LIM<® - q, J(y n - q)) 

= LlM(fx n -x,J (y n - q)) 

< LlM\\fx n - x\\\\y n - q\\. 

In particular, 

LIM||y n - q\\ 2 < LIM||/x n - fq\\\\y n - q\\ 

< fcLIM||x n - q\\ || y n - q\\ < kLlM\\y n - g|| 2 . 

Hence 

LIM||y n — q\\ 2 = 0, 

and there exists a subsequence which is still denoted by {y n } such that y n — >• q. 

Now assume that there exists another subsequence {y m } of {yt} such that y m — >• q G 
H _1 0 n F(S). Then, by (5) in Proposition 3.1, x m — >• q. So, it follows from (3.6) that 

\\q- q\\ 2 < (fq- q,J(q- q))- (3.7) 

Interchanging q and q. we obtain 

Ik - ?ll 2 < (fq - q , J(q - ?))■ (3-8) 

Adding up (3.7) and (3.8) yields 

2|k-L/|| 2 < (fq - fq, J{q - q)) + (q - q, J(q - q)) < (1 + k)\\q - q\\ 2 . 

Since k € (0, 1), this implies that q = q. Hence yt — > q as t — >• 0 and by (5) in Proposition 
3.1, also xt — >• q as t — > 0. 



Finally, we show that q is the unique solution of the variational inequality (3.2). To this 
end, noting 



yt - f x t = - - Sx t ) 



t 

1 -t. 



t 



(x t - Sx t ) + ( i - - ) (yt - x t ), 



and ((I—S)xt—(I—S)p,J(xt—p)) > 0 by nonexpansivity of S', we have for p £ A i 0nF(S'), 
(yt - fx t ,j(x t -p)) = s)x t - (i — s)p, j (x t — p)) 

+ ^ (yt - x t , J (x t - p)) 

< ^ \\yt - xt\\\\x t -p\\ 

< I \yt - x t \\\\x t - q\\. 
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Since xt, yt q and fxt — > fq as t — >• 0, by (5) in Proposition 3.1, letting t — >• 0 yields 

((!- f)q,J{q-p)) < o. 

This implies that q is a solution of the variational inequality (3.2). If q E A _1 0 n F(S) is 
other solution of the variational inequality (3.2), then 

((I-f)q,J(q~q))< 0- (3.9) 

Interchanging q and q, we obtain 

((I-f)q,J(q~q))< 0. (3.10) 

Adding up (3.9) and (3.10) yields 

(1 - k)\\q- q\\ 2 < 0. 

That is, q = q. Hence q is the unique solution of the variational inequality (3.2). This 
completes the proof. □ 

Corollary 3.3. Let if be a uniformly convex and uniformly smooth Banach space. Let 
{, xt } be a net defined by (3.1), and let {yt} be a net defined by yt = tfxt + (1 — t)Sxt for 
t E (0, 1). Then the nets {xt} and {yt} converge strongly to a point q € A _1 0 n F(S) as 
t — > 0, which is the unique solution of the variational inequality (3.2). 



3.2. Strong convergence of the explicit algorithm 



Now, using Theorem 3.2, we show the strong convergence of the sequence generated by 
the explicit algorithm (3.3) to a point q E A -1 0 D F(S), which is the unique solution of 
the variational inequality (3.2). 



Theorem 3.4. Let E be a uniformly convex Banach space having a uniformly Gateaux 
differentiable norm. Let {a n } € (0, 1) and {r n } C (0, oo) satisfy the conditions: 

(Cl) lilll,, >oc OL n = 0/ 

(C2) E“=o «n = oo; 

(C3) |a n+ i — a n \ < o(a n+ i) + a ni Yl^=o (J n < oo ( the perturbed control condition); 

(C4) r n >e>0forn>0 and Y^=o \ r n+i ~ r n \ < oo. 

Let xq = x G C be chosen arbitrarily, and let {.x n } be a sequence generated by 

Xn- 1-1 — Jr n {pt n f X n T (1 CX n ) Sx n ) , Vfl ^ 0. (3.11) 

Let {y n } be a sequence defined by y n = a n fx n + (l — a n )Sx n . Then {x n } and {y n } converge 
strongly to q € A -1 0 D F(S), where q is the unique solution of the variational inequality 
(3.2). “ 
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Proof. First, we note that by Theorem 3.2, there exists the unique solution q of the 
variational inequality 



((I-f)q,J(q-p))< 0, VpeA^OnFiS), 

where q = lim^ox* = lim^oyt being defined by xt = J r {tfxt + (1 — t)Sxt ) and yt = 
t.fxt + (1 — t)Sxt for 0 < t < 1, respectively. 

We divide the proof into several steps. 

Step 1. We show that \\x n — p\\ < max{||a?o — p ||, jz^Wfp — p\\} for all n > 0 and all 
p € A -1 0 n F(S), and so { x n }, {y n }, {J rn x n }, {Sa^}, { J r „yn}, {Sy n } and {fx n } are 
bounded. Indeed, let p € A -1 !) n F(S). From A _1 0 = F(J r ) for each r > 0, we know 
p = Sp = J rn p . Then we have 



\\x n +i -p II < Wlln p\\ = || a n (fx n -p) + (1 - a n )(Sx n - Sp ) || 

< a n \\fx n -p || + (1 - a n )\\x n -p\\ 

< «n(|| fx n - fp\\ + \\fp~p\\) + (1 - OL n )\\x n — p\\ 

< oc n k\\x n — p\\ + a n \\fp-p\\ + (1 - a n )\\x n -p\\ 

= (!-(!- k)a n )\\x n -p\\ + (1 - k)arM ^~ — 



< max 



-pH. 



1 - k 



Wf(p)-P\\ 



Using an induction, we obtain 



-p|| < max ||x 0 - 



1 - k 



Wfp-P\\ 



Hence {x n } is bounded. Also for p e A x 0 n F(S), we get 

hn- p\\ < Oi n \\fx n - fp\\ + (1 - a n )\\Sx n - Sp\\ + a n \\fp-p\\ 

< a n k\\x n -p\\ + (1 - a n )\\x n - p\\ + a n \\fp-p\\ 

= (1 - (1 - k)a n ) \\x n -p\\ + (1 - k)a n ^ 

< max | \\x n — p\\, ^ j, 



and so {y n } is bounded, and so are {y n }, {</ r „y n }, {<Sxn}, {Sy n } and {fx n }. Moreover, it 
follows from condition (Cl) that 

I \y n ~ -S'xnll = a n \\fx n - 5x n || < a n (||/x n || + \\Sx n \\) -5-0 (n-> oo). (3.12) 



Step 2. We show that lim n ||x n +i — x n || = 0. First, from Lemma 2.2 (Resolvent 
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identity), we observe that 



II Jr-aUn Jr-n-iVn—lW 

= Jr„- 1 ^ — “ Un + ^ JrnVri'j ~ Jr n -iUn—l 

< —l In +(l~ —) Jr n yn ) ~ Vn— 1 

r n \ r n J J 



(3.13) 



< || Vn - Vn - ill + 1 “ 



Vn— 1|| T H'A’nJ/n Un— 1 



^ \\ II, r n T n _ i 

< Wljn - Vn- ill + Ml, 



where Mi = sup n > 0 {|| J Tn y n - y n _i|| + ||y n - y n -i||}- Since 

j Un — Qnf(%n) “I - (1 (^n)Sx n , 

\yn-i = a n -if{x n -i) + (1 - a n -i)Sx n - 1 , Vn > 1, 
by (3.13), we have for n > 1, 

ll-Tn+l %n\\ — ll^rriVn •^r n _ 1 2/n— ill — || Un Vn— 1|| T “ — M\ 

= ||(1 - a n )(Sx n - Sx n -l) + a n (fx n - fXn-l) 

+ (a n - a n -i)(fx n -i - 5x n _i)|| + — — M x 

— (1 ^n)||^n %n— 1|| %n— 1|| 

+ |c»! n — a n -i\M2 +1 M\ 

r n 

< (1 - (1 - k)a n )\\x n - x n -i\\ + | a n - a n -i\M 2 + 1 Mi, 

where M 2 = sup{||/(x n ) — 5x n || : n > 0}. Thus, by (C3) we have 

||x n+ i - x n \\ < (1 - (1 - k)a r )\\x n - x n —\ || + M 2 (o(a n ) + <r n _i) + Mi 1 — 
In (3.14), by taking s n+ i = ||x n +i - x n ||, A n = (1 - k)a n , X n S n = M 2 o(a n ) and 

Af r n ~ fn—l ,, 

7 n = Mi + M 2 a n - 1, 



(3.14) 



we have 

®n+l — (I X n )s n T A n 5 n T 7 n- 

Hence, by the conditions (Cl), (C2), (C3), (C4) and Lemma 2.4, we obtain 

lim ||x n +i - x n || = 0. 



Now, in order to prove that lim n _ > . 00 ||x n — q\\ = 0, we consider two possible cases as in [8] 
and [16]. 
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Case 1. Assume that {||x n — g||} is a monotone sequence. In other words, for n o large 
enough, {\\x n — #||} is either nondecreasing or nonincreasing. Hence {\\x n — g||} converges 
(since {||x n — t/||} is bounded). 



Step 3. We show that lim n _>. 0O \\y n — J Vn y n || = 0. First, from Lemma 2.2 (Resolvent 
Identity), we know that 

Jr n Vt = ^ 2 U n J 2 '^ Tn Vn 

Then we have 

II JrnUn ~ Q\\ = 2^ r ' n ^ r ^j ~ Q — 

By the inequality (2.1) (/ = 2, A = |), we obtain that 

11 

1 1 Jr n Vn ~ Q 1 1 ' ^ 



Vn - q ) + 2 ( J rnVn - <7 



J^ I 2 y™ J 2 ^ rn y n J ^ 



< 



1 



o ( Vn Q ) + n ( JrnVn Q 



— 2 II Q 1 1 "" J 2 ^ ^ ' Tn y n ^11 4 9 ( 1 1 Vn Jr n Vn \ 

< \hn - oil 2 + |l|y„ - oil 2 - \a(hn - J r ,y„ II) 

= \\Vn ~ qW' ~ ’ ~7 9 (\\Vn ~ Jr„Vn\\) 



(3.15) 



Thus, from (3.11), the convexity of the real function t ) = t 2 (t € (— 00 , 00 )) and the 

inequality (3.15), we have 



ll^n+l <?|| — II Jr n Vn (ill 



1 



<\\Vn-q\\ - - A 9{hn - JrnVn 



1 



= || OL n {fx n ~ q) + (1 - u n ){Sx n - <?)|| - -g(||y„ - J rn y n ||) 

— a n\\f x n q\\' + (1 ~ ' < T)o)||^n (/|| T^dlZ/n — Jr n Vn\\) 



and hence 

^ffdli/n — Jr n Vn\\)) ~ a n\\f x n q || ^ ll^n ~ <7 1 1 — ll^n+l — 9 1 1 • 

Since {||x n — q ||} converges, by condition (Cl), we obtain 

lim g(\\y n - JrnVnW) = 0. 

n— )■ oo 

Thus, from the property of the function g in (2.1), it follows that 

lim ||y n - JrnVnW = 0. 

n— >-oo 
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Step 4. We show that lim n _ ) , 00 \\x n — y n \\ = 0. Indeed, from Step 2 and Step 3, it follows 
that 

|| %n Vn || ^ || %n + 1 1 1 T H^n-l-l Vn || 

< \\x n - X n+ i|| + || J rn y n ~ Vn\\ 0, (n ->• OO). 



Step 5. We show that lim, woo ||y n — Sy n \\ = 0. In fact, by (3.12) and Step 4, we have 

|| Vn 'Sj/nll — || Vn *S'T' n || T S4/n|| 

< ||y n - Sx n \\ + ||.x n - y n || -> 0 (n — >• oo). 



Step 6. We show that linin^oo ||y n — J r y n \\ = 0 for r > 0. Indeed, from Lemma 2.2 
(Resolvent identity), we obtain 



I Jr n Vn «^r2/n|| — 
< 
< 



r It 

Jr ( 1 In T ( 1 ) JrnVn ) JrVn 



T ( T 

Vn H“ ( 1 — ) Jr n Un ) Vn 

f n 

r 

1 

r n 



(3.16) 



~ Jr n Un || ^ 0 (n — >• OO). 



Hence, by Step 3 and (3.16) we have 

|| Vn >-^r2/n|| ^ || Vn Tj- n ?/ n || T ||<^r n ?/n <^r?/n|| t 0 ( Tl 1 oo). 



Step 7. We show that lim sup n _ ) . 00 ((/— f)q, J ( q—y n )) < 0- To prove this, let a subsequence 
{yn :i } of {y n } be such that 

limsup ((I - f)q,J(q-y n )) = lim ((/ — f)q,J(q — y nj )) 

n—Hx> J— >°o 

and y nj — “■ z for some z € E. From Step 5 and Step 6, it follows that lim^oo ||y n . —Sy nj || = 
0 and liin^oo \\y n . - J r y n . || = 0 for r > 0. 

Now let q = liiri^o x t = lirri^o Vt where yt = tfxt + (1 — t)Sxt and xt = J r yt for r > 0. 
Then we can write 

yt - y nj = t(fx t - y nj ) + (l - t)(Sx t - y nj ) 

and 

II^Y ynj || = || Jryt Vn.j || fs || yt ynj II T II Jrynj ynj II • 

Putting 

aj{t) = (1 - tf\\Sy nj - y nj \\(2\\x t - y nj || + \\Sy nj - y nj \\) ->• 0 (j ->• oo) 

and 

bj(t) = ||«7 r y nj . y nj || (2\\yt y n j || + ||T r y nj . 2/r? ^ 1 1 ) t 0 ( j > oo) 
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by Step 5 and Step 6, and using Lemma 2.1, we obtain 

I \x t - y nj II 2 < II yt - Urij II 2 + bj(t) 

< (1 - t) 2 \\Sx t - y nj \ | 2 + 2 t(fx t - y nj ,J(yt ~ y nj )) + bj(t ) 

< (! - t) 2 (\\Sx t - Sy nj || + || Sy nj - y nj ||) 2 

+ 2 t(fx t - x t ,J(y t - y nj )) + 2t\\x t - y nj || ||y t - y nj || 

< (1 - t) 2 \\xt - y n j || 2 + aj(t) + bj(t) 

+ 2t(fx t - x t ,J(y t - y nj )) + 2t\\x t - y nj || 2 + 2t\\x t - y nj \\\\yt ~ x t \\. 

The last inequality implies 

{(I - - ynj)) < f -j\\x t - y n j\\ 2 + ^ (%■(*) + bj(t)) + \\x t - y t \\\\x t - y nj II . 

It follows that 

limsup ((I- f)xt,J(yt-y nj )) < |a/ 2 + \\x t - yt \\M, (3.17) 

j — yoo ^ 

where M = sup{ — y n || : n > 0 and t € (0, 1)}. Recalling (5) in Proposition 3.1, taking 
the limsup as t — >• 0 in (3.17), and noticing the fact that the two limits are interchangeable 
due to the fact that J is uniformly continuous on bounded subsets of E from the strong 
topology of E to the weak* topology of E*, we have 

limsup {(I ~ f)q,J{q ~ y nj )) <0. 
j-> oo 



Step 8. We show that lim n _ s . 0O ||x n — g|| =0. By using (3.11), we have 

|| 2-71+1 - q II < II y n - ill = I \otn{fx n - q) + (1 - a n )(Sx n - g)||. 
Applying Lemma 2.1, we obtain 

ll*r 7+1 - if < || Vn - if 

< (1 - a n ) 2 \\Sx n - q\\ 2 + 2 a n (fx n - q,J{y n ~ l)) 

< (1 - an) 2 \\x n ~ ill 2 + 2a n ( fx n - fq,J{y n - q)) 

+ 2a n (fq - q,J(y n ~ q)) 

A (1 OL n ) ||x n q || T 2ka n \\x n q || || y n l|| 

+ 2 a n (fq - q,J(y n ~ l)) 

< (1 - a n ) 2 \\x n - q\\ 2 + 2ka n \\x n - q\\ 2 

+ 2ka n \\x n - q\\\\y n ~ x n \\ + 2 a n (fq - q,J(y n ~ l))- 



It then follows that 

lkn+i - ill 2 < (1 - 2(1 - k)a n + a 2 )\\x n - q\\ 2 

+ 2ka n \\x n - q\\\\y n - x n \\ + 2 a n (fq - q,J{y n ~ l)) 
< (1 - 2(1 - k)a n ) \\x n - q\\ 2 + a 2 n L 2 

+ 2kLa n \\y n - x n || + 2 «„((/- f)q,J(q - y n )), 
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where L = sup{ ||x n — g|| : n > 0}. Put 



A n = 2(1 — k)a n and 



Sn. = 



a n L 2 kL 



+ 



2(1 -k) (1-7) 



'in %n 1 1 + 



1 -k 



((I- f)q,J{q-yn)}- 



From (Cl), (C2), Step 4 and Step 7, it follows that have A„ — > 0, = 00 and 

lim sup n _ > , 00 S n < 0. Since (3.18) reduces to 



||x n+ i - q \\ 2 < (1 - A n )||x n - q || 2 + A n 5 n , 



from Lemma 2.4 with 7 n = 0, we conclude that lirrin^oo \\x n — </|| = 0. By Step 4, we also 
have lim n _ 5 . 00 y n = q. 



Case 2. Assume that {||x n — q\\ } is not a monotone sequence. Then, we can define a 
sequence of integers {r(n)} for all n > no (for some no large enough) by 

r(n) := max{7 € N : k < n, || Xk — q\\ < ||xfc+i — <7 1| } . 

Clearly, {r(n)} is a nondecreasing sequence such that r(n) -A 00 as n -> 00 and 



l|2 / ’r(n) Q II — ||^'r(n)+l d\\ 

for all n > no- In this case, by using the same argument as in Step 2 - Step 8 with { x T r n )}, 
{l/r(n) } > {Ay (n) J/r(n)}> {<Ay T (n)}> {& r („)}. { S y T (n)}, and {f x r(n)}, we obtain the following! 



Step 2' lim n _ ) . 00 ||z T ( n ) + i - x T ( n )|| = 0; 

Step 3' lirn^oo ||y r(n) - Jr T{n) y T (n)\\ = °- 
Step 4' lim^oo ||z T ( n ) - y T ( n) || = 0. 

Step 5' lim^oo ||y r(n) - Sy T ( n) || = 0. 

Step 6' lirn^oo ||y T ( n ) - J r y T (n) II = 0 for r > 0. 

Step 7' limsup n ^ 00 ((7- f)q,J(q - y T ( n ))) < 0. 

Step 8' lirn^oo ||z T ( n ) - g|| = 0 and lim n _ >00 ||x T(n ) +1 - g|| = 0. 
Thus, from Lemma 2.5, we have 



II Xn - q II < \\x T (n)+l - q\\- 

Therefore, liriq^oo \\x n — g|| =0. This completes the proof. □ 



Corollary 3.5. Let E be a uniformly convex and uniformly smooth Banach space. Let 
C, A, J rn , S, and f be as in Theorem 3-4- Let {a n }& (0,1) and {r n } C (0, 00 ) satisfy 
the conditions (Cl), (C2), (C3) and (C4) in Theorem 3-4 ■ Let xo = x € C be chosen 
arbitrarily, and let {x n } be a sequence generated by 

Xn- 1-1 — 'An ( a nfx n T (1 cx n ')Sx n ') , Vn P 0. 
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Let {y n } be a sequence defined by y n = a n fx n + (l — a n )Sx n . Then {x n } and {y n } converge 
strongly to q £ H _1 0 D F(S), where q is the unique solution of the variational inequality 
(3.2). “ 

Corollary 3.6. Let E, C, A, J Tn , S, and f be as in Theorem 3.f. Let {a n }£ (0,1) 
and {r n } C (0, oo) satisfy the conditions (Cl), (C2), (C3) and (C4) in Theorem 3.f. Let 
xq = x £ C be chosen arbitrarily, and let {x n } be a sequence generated by 

Xn- 1-1 — Jr-n^P^nf Xn T (1 Cy,fi)Sx n T Cn); t/n Y 0, 

where { e n } C E satisfies Ylri=o ll e n|| < co or lim n _ 5 . 00 = 0. Let {y n } be a sequence 

defined by y n = a n fx n + (1 — a n )Sx n + e n . Then { x n } and {y n } converge strongly to 
q £ H _1 0 n F(S), where q is the unique solution of the variational inequality (3.2). 

Proof. Let z n+ \ = J rn {oi n fz n + (1 — a n )Sz n ) for n > 0. Then by Theorem 3.4, { z n } 
converges strongly to a point q £ H _1 0 fl F(S) where q is the unique solution of the 
variational inequality (3.2), and 

||®n+l 2ji+l|| L \\oi n f X n T (1 a n )Sx n ((X n Z n + (1 OtffjSZn T e n )\\ 

— f Zn\\ T (1 Oin) HiSXn. 1 1 T ||Cn|| 

(1 (1 ^)o ; n)||^n Zn\\ \ C n 1 1 . 

By Lemma 2.4, we obtain 

lim \\x n - z n || = 0, 

n—> oo 

and hence the desired result follows. □ 

Remark 3.7. (1) We point out that our iterative algorithms (3.1) and (3.3) for finding 
common point in the set of zeros of an accretive operator and the set of fixed points of 
a nonexpansive mapping are new ones different from those in the literature (see [20] and 
others in References). Thus Theorem 3.2 and Theorem 3.4 develop, and complement the 
recent corresponding results studied by many authors in this direction. 

(2) If we take fx = u, Vx € C, as a constant function and Sx = x, Mx £ C, as the identity 
mapping in Corollary 3.6, then the result extends corresponding results of Xu [18] and 
Song and Yang [19] in Hilbert spaces to a Banach space setting. 

(3) The control condition (C3) in Theorem 3.4 can be replaced by the condition YlnLo \ a n+i 
— a n \ < oo; or the condition linin^oo = 1, which are not comparable ([27]). 

(4) The results in this paper apply to all L p spaces, 1 < p < oo. 
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Abstract 

In this paper, we apply a fixed point approach to derive an iterative method that converges 
to a general iteration scheme with errors in Hilbert and Banach spaces. Further, we obtain 
necessary and sufficient conditions for this sequence to converge to a common fixed point 
of two self mappings in normed spaces. Finally, we apply this iteration process to obtain a 
solution of a nonlinear equation. 



1 Introduction 

The iteration technique is a topic of great interest for a long time in the fixed point theory. 
During the last half of a century significant efforts have been applied to study fixed points by 
some iteration schemes. Indeed, such iterations based on the convergence of the sequence of 
iteration scheme and the kind of the mappings in each certain iteration. Therefore, this study 
is of a great importance for applications. This is the main motivation of the present paper and 
here in this paper, we prove some fixed point theorems using the so called, doubly G-iteration 
process with errors, then we apply this iteration to prove the existence theorem for the solution 
of a certain functional equation. 

Let A be a normed linear space, K C N . A mapping T : K — ► K is said to be strongly 
pseudocontractive if there exists t > 1 such that the inequality 

Ik - y\\ < ||(1 + r)(x - y) - rt(Tx - Ty ) || 

AMS: 47H10, 54H25 

Key words and phrases: Mann iteration, G-iteration, Fixed points. 
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holds for every x, y G K and r > 0. A mapping U with domain D(JJ ) and range R(U ) in N is 
called accretive if the following inequality 



||x — y\\ < \\x - y + s(Ux - Uy)\\ 

holds for every x, y G D(U) and for all s > 0. Browder [5] proved that T is pseudocontractive if 
and only if (/ — T) is accretive, where I denotes the identity operator. 

Let A be a real Banach space and X* its dual. For 1 < p < oo, the duality mapping J p : X — > 
2 X , is defined by 

j p {x) = {/* g x* ■. (x , n = ij*r, ii rr = in r 1 }, ® e x, 

where (.,.) denotes the generalized duality pairing between X and X* . Recall that a mapping 
A : X — > X is said to be accretive if for all x, y G D(A) there exists j p (x — y) G J p {x — y ) such 
that 

{Ax - Ay , j p (x - y)) > 0, 

and is said to be strongly accretive if A — kl is accretive where k G (0, 1) is a constant and I 
denotes the identity operator on X. Let S(T) = {x* G D(A) : Ax* = /} / 0 denote the solution 
set of the equation Ax = f. If {Ax — Ay , j p (x — y)) > 0 for all x G D(A) and y = x* G S(T), 
then A is said to be quasi-accretive. The notion of strongly quasi-accretive is similarly defined. 
A mapping T : X — > X is said to be pseudo-contractive if for all x,y G D(T), there exists 
j p (x — y) G J p (x — y) such that 

((/ - T)x - (I - T)y , j p (x - y)) > 0. 

Observe that T is pseudo-contractive if and only if A = (/ — T) is accretive. A map T is called 
hemicontractive if and only if A = (I — T) is quasi-accretive. 

Let A be a real Banach space of dimension dim A > 2. The modulus of smoothness of A is 
defined by 

, \ / \\x + y\\ + \\x-y\\ 1 ^ n 

Px{t) = sup 1 : ||x|j = 1, ||y|| = rh r > 0. 

If Px{t) > 0 for all r > 0, then A is said to be smooth. If there exists a constant c > 0 and a 
real number 1 < p < oo such that px{x) < Ct p , then A is said to /^uniformly smooth Banach 
space, then the following geometric inequality holds (see e.g., [4, 6]): 

\\x + y\\ p <\\x\\ p + p(y , jp{x + y)} + C p \\y\\ p , x,y £ A, (1) 

for some real positive constant C p > 1. If T is a self-mapping of a closed convex subset A of A 
and I the identity of A, then T is a nonexpansive if 

|| Tx — Ty || < ||x — y\\ for all x,y G E. 

Krasnoselskii [12] proved that the sequence of iteration {T n (xo)}, starting from a given point 
xq G E, does not converge necessarily to a fixed point of T, whereas the sequence {T n ^(a;o)}, 
where 

T x = (1 - A)/ + AT, 0 < A < 1, 

may converge to a fixed point of T, as shown by Krasnoselskii [12] which assumed A = E 
compact and A uniformly convex. The above scheme has been extended by means of so-called, 
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Mann iterative process (see [15]), associated with T and described in the following way: 

Let xo E E and { x n } be a sequence defined by 

Xn +1 — (1 c n )x n T c n Tx n , (2) 



for n = 0, 1, 2, , where 

(a) 0 < c n < 1, n > 0, 

( b ) lim Cn = 0, 

n—>oo 

oo 

(c) J2 c n = OO. 
n = 1 

The scheme (2) has been studied by many authors (see for example [4, 11, 13, 16, 17, 20, 23, 25, 
26, 27, 29]) and others. See also the work in double sequence setting [1, 2], 

The scheme (2) has been extended by means of the so-called G-iteration process (see [21, 22]) 
associated with a single mapping T and described in the following manner: 

Let xq E E and { x n } be a sequence defined by 

X n +1 — (/L 2 ^n)x n T A n Tx n + (1 [J, n )Tx n — i fol 71 ^ 0, (3) 

where {/in} and {An} satisfy 
(*) Ao = Ho = 1, 

( ii ) 0 < A n <1, 0 < n n < 1 such that /./ n > A n , n > 0, 

(in) lim A n = h > 0, 

n—>oc 

(iv) lim n n = 1. 

n— > oo 

We note that when fi n = 1 for all n G N, the G-iteration process reduces to Mann iteration (1). 
It should be noted that the iteration scheme (3) is called G-iteration because its more general 
than Mann iteration process. 

Let us compute the roots of equations numerically. That is, we would like to find numeric solu- 
tions to equations of one variable that can be written in the form T(x) = 0. Note that we do not 
put any restriction on the mapping T, only that it is a reasonably well-behaved mapping that 
we know how to evaluate. This kind of assumptions about the mapping turns out to be very 
important in numerical computation. In general, if we can place certain kinds of restrictions on 
the mapping, we will be able to use better and better methods to calculate its properties. A 
certain process using an algorithm for solving equations called fixed point iterations. In order 
to use fixed point iterations, we need the following information: 

1. We need to know that there is a solution to the equation 

2. We need to know approximately where the solution is (i.e. an approximation to the solution). 
However, if the numerical method involves iteration then the root can be approximated to what- 
ever accuracy we desire. One good way to measure the speed of the convergence is to use the 
ratio of the errors between successive iterations. In most cases the root must be obtained by 
numerical methods using a recipe or algorithm. 

The idea of considering fixed point iteration procedures with errors comes from practical nu- 
merical computations. This topic of research play an important role in the stability problem of 
fixed point iterations. In 1995, Liu [14] initiated a study of fixed point iterations with errors. 
Several authors have proved some fixed point theorems for some certain iterations using several 
classes of mappings (see [3, 4, 9, 7, 8, 10, 18, 19, 25, 28] and others). 

Now, we give the following iteration process with errors. 
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For xo G N and n E N U {0}, set 

%n-{- 1 = (hn A n)x n ~\~ 1Jn^nTx n + ^n(l t^n)Tx n —\ 

4“ (1 17 n)^nSx n + (1 ?7n)(l On)Sx n —\ + (1 ??n)( 1 l^n)u n (4) 

where {//„} and {An} satisfy (i), (ii),(iii) and (iv) and 0 < r/ n < 1. 

Remark 1.1 It should be remarked that the above iteration scheme (4) is more general than 
some other scheme from literature. If /.; n = 1 and i] n = 1 or rj n = 0 for all n € N, we obtain 
the Mann iteration process as defined by (2). Also, if rj n = 1 or r) n = 0, then we obtain the 
G-iteration process as defined by (3). 

2 Fixed Points in Hilbert Spaces 

In this section, we give an implicit fixed point iterations associated with general hemicontractive 
mappings in Hilbert spaces. Some examples are also given to clear the role of the conditions on 
parameters of the defined iterations. 

Definition 2.1 Let F(T ) := {x G H : Tx = x}, F(S) := {x E H : Sx = x} and let K be 
a nonempty subset of H. Two mappings S, T : K —> K are called general hemicontractive if 
F(T) n F(S) / 0 ; and 

\\Tx-Sx*\\ 2 < \\x-Sx*\\ 2 + \\x-Tx\\ 2 for all x&H,x* G F(T) f]F(S). 

In the above definition if S = I, where I denotes the identity mapping, we obtain the definition 
of hemicontractive mapping (see [24] ) . 

Theorem 2.1 Let K be a compact convex subset of a real Hilbert space H and S,T : K — > K 
be continuous general hemicontractive mappings. Let {a n } be a real sequence in [0,1] satisfying 
{a n } C [<5, 1 — d] for some 6 G (0, 1). For arbitrary xo G K and {v n } in K, define the sequence 
{x n } by 



xq G K 

Fx n — cx n x n —\ + (1 o n )(ATz/ n + (1 A )Sis n ) 

satisfying 

Y, || Su n - Sx n || < OO. 

n> 1 

Then { x n } converges strongly to a coincidence point of S, T. 

Proof: The proof is very similar to the corresponding result in [24], by using Definition 2.1, so 
it will be omitted. 

The next examples reveal that conditions on a n must be imposed for the alodiality of Theorem 

2.1. 

Example 2.1 Let (a n ) be a sequence in (0, 1) defined by a n = 1 — n [] 5 . Define a sequence (x n ) 
in K by 

1 

X0 = r 
5 

Xn — CXnXn— 1 4“ (1 ) ( AT U rij 4“ (1 A ^jSVn). 
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Let u n = l, for all n > 1. Consider that 



— ot n x n —\ T (1 ck rj )(A Tu n -T (1 \)Sv n ) 
= CXnXn— 1 4 " 1 Oin^n 



, 1 a n i 

— Oi n X n — i + — — ( 1 



n + 5 



^n— 1 + 



n + 5 



By induction, it follows that x n = g /or all n > 1. 

Example 2.2 Let V = M 2 , S,T : K x I< — > lv x K, where K = [-1, 1], Define 



T(x, y ) = (-x, -y); x,y £ K. 



Let S be the identity mapping I. Then, (0, 0) is the only fixed point of and T. 

Let (a n ) be a sequence in (0, 1). Fix 5 > 1 and define a sequence ( a n ) in K by 

^, 0 ) if n is odd 
^ , 0 ) if n is even. 

Take the initial point x\ = (1^,0). Then it is shown easily by induction that X 2 n +\ = (fejjO) 
for all n > 1. Thus, the sequence ( x n ) does not converge to (0,0). 




3 Convergence Theorem 

In this section, it is proved that for two mappings S and T which satisfy condition (5) below, if 
the sequence of iteration associated with S, T as defined in (4), then it converges to a common 
fixed point of S and T. 

The contractive condition to be used is the following: 

For all x, y £ N, 



A||r*-ry|| + (l-A)||S*-Sy|| 



< A 



a\\x - y || +P\\x - Tx || +y || y - Tx\\ + 5max{||y - Ty\\, \\x - Ty ||} 



+(1-A) 



a\\x - y\\ + (3\\x - 5x|| +y || y - 5.x|| +<5max{||y - Sy ||, \\x - Sy\\} 



( 5 ) 



where, 0 < A < 1 and a, (3 , 7 > 0 with O<a + /0 + 7 + 5<l. 

First of all we prove the following theorem: 

Theorem 3.1 Let K be a nonempty closed convex subset of a normed space N . Let S,T : K —> 
K be mappings satisfying condition (5) and the following condition: 

S' 2 = T 2 = /, where I denotes the identity mapping. ( 6 ) 

Let {x n } be the sequence of iteration as defined by (4). If the sequence {x n } converges to a point 
z £ K, then z is the unique common fixed point of S and T. 
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Proof: For each n > 0, we have 



Vn\\x n +1 ~ Tz || + (1 - 7) n )\\x n+ i - fe|| 

< VnKfl'n - A n )||x n - Tz\\ + \ n \\Tx n - Tz\\ + (1 - fi n )\\Tx n -i - Tz\\\ + rj n ( 1 - Hn)\\u n 
+ (1 - v n)[(Hn - A n )||x n - Sz\\ + A n || Sx n - Sz\\ + (1 - fJ, n )\\Sx n -i - fe||]. 

Since S and T satisfy (6), then by using (7) we have 

Vn\\Tx n - Tz\\ + (1 - rj n )\\Sx n - fell 

< a\\x n - z\\ + p(r] n \\x n - Tx n \\ + (1 - %) ||x n - Sx r 



( 7 ) 



+7yln\\z ~ Tx n || + (1 - rjn)\\z ~ Sx r 

+5^r) n max{\\z - fe||, ||x n - Tz\\} + (1 - rj n )max{\\z - fe||, ||x n - fe||} 

Therefore, we obtain 

Vn\\Xn+l ~ Tz || + (1 - J?n)||x n +1 - fe|| 

T (1 /^n)||^n|| T n A n ) (^jn \ \ Xn T Z | T (1 7n) \ \ Xn 'S'^H 



( 8 ) 



+ (1 - Mn) (^}n\\Tx n -i - Tz\\ + (1 - rj n )\\Sx n -i - fell'j 
+aA n ||x n z\\ T /?A f%||x n Tx n | T (1 ^7n)||-En Sx r 



+7 An \\z - X n || + 77n||Xn - Tx n || + (1 - %)||x n - Sx „ 



+<5A n | r] n max{\\ z - Tz ||, ||x„ - fe||} + (1 - rj n )max{\\z - fe||, ||x„ - fe||} 



(9) 



From (6), one gets 



Vn\\x n - Tx n || + (1 - Tjn) \\x n - Sx n || 

< \ [|| VnXn - X n+ i\\] + /i " f rj n \\Tx n —i |[ + (1 - Tfo) ||fe„-l \\] + >J ' U \\u n \\. (10) 

An An \ J A n 

Then, ||x n — Tx n || — > 0 and [jx n — fe n || -+ 0 as n -+ oo. Substituting (10) in (9) and letting 
n — > oo, we obtain 

A||z - fe|| + (1 - A)||z - fe|| < (1 - h( 1 - <5)) ^A||z - fe|| + (1 - A)||z - fe|| 

Since 0 < [1 — h( 1 — 5)] < 1 and 0 < A < 1, we obtain that 

A||z - fe|| + (1 - A)||z - fe|| = 0. 

Then, Tz = z and Sz = z. Hence Tz = Sz = z, therefore z is a common fixed point of S and T. 
Now using (9), we have 

Tz = z and hence, Sz = z. (11) 
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It follows that 



Sz = Tz = z 



and z is a common fixed point of S and T. 

Now to prove the uniqueness of z, let w{w z) be another common fixed point of S and T. 
Then, we have 



|z-u;|| = \\\T(Tz)-T(Tw)\\ + {l-\)\\S{Sz)-S{Tw 
< a(\\\STz - STu/|| + (1 - A )|| TSz - TSw || 



+ Py\\\STz - T 2 z II + (1 - A) II TST - S 2 z\\ 
+ 7^A||5Tu; - T 2 z\\ + (1 - X)\\TSw - S 2 z\ 
+ 5^\m&x{\\STw -T 2 w\\,\\STz-T 2 w\\} 
+ (1 — A) max{||TiS'it; — ( S ,2 u;||, || TSz — S 2 w\ 

< 7]\\z — iu\\, 



a contradiction, since 0 < q = a + 7 + c) < 1, then z = w. This completes the proof of the 
theorem. 

Now, we give an example to discuss the validity of the hypothesis and degree of generality of 
the above theorem. 



Example 3.1 Let N = M n , the set of all n-tuples i.e., 
x = (xi,X 2 , ■ ■ ■ , x n ) of real numbers and the norm ||x|| is defined by 




, x e M n . 



Further, let K = {x : ||x|| < 1, x € M n } and define the mappings S,T : K —> K such that for 
arbitrary x = (x\,X 2 ,x^, x n ) G K , 

Sx = (x 2 ,xi, 0, 0 . . . , 0), 

and 

Tx = (— aq, — x 2 , 0, 0, . . . , 0). 

Suppose {x n } be a sequence of elements of K satisfying condition (4) with u n = 0, where 



f]n — I; A n — 1 



n 



2n + 1 



and n n 



1 n + 3 

2 2n + 3 



for n > 0 . 



Consider, x\ = (0.5, 0, 0, . . . , 0) G K, then it is easy to see that 



x 2 = (0.166667, —0.333333, 0, 0, . . . , 0) and X 3 = (0.21903, —0.2810981, 0, 0, . . . , 0) etc. 



Now it is easy to see that all conditions of Theorem 2.1 are satisfied, for instance taking x = xi 
and y = x 2 then, we have 0.4713996 <a + 7 + d<l, which is true, since 0<a + 7 + d<l. 
Also, 0 = (0, 0, . . . , 0) is the unique common fixed point of S and T. 

v -v / 

n 
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4 An application 

In this section we will apply the iteration process as defined below to find the solution of the 
equation Tx = /. For this purpose we let X be a Banach space and let T : D{T ) C X — ► X 
and S : D(S) C X — > X be locally Lipschitz and strongly quasi- accretive mappings. It is 
proved that an iteration process (4) converges strongly to the unique solution of the equation 
Tx = Sx = f, f€R(T)f]R(S). 

Theorem 4.1 Let X be a real p— uniformly smooth Banach space. Also, suppose that the map- 
ping S : D(T) C X — > X and let T : D(T ) C X — * X be nonexpansive, locally Lipschitz and 
strongly quasi- accretive operators with open domains D(T ) and D(S) in X such that the equa- 
tion Tx = Sx = f has a solution x* £ D(T) f)D(S) for f £ R(T ) f)R(S) arbitrary but fixed. 
Define T\ : D(T) — X and S x : D{S) -> X by 

T\x = x — A (Tx — f) for all x £ D(T) 

and 

S\x = x — A (Sx — f) for all x £ D(S). 

Then there exists a neighborhood B of x* and a real number A £ (0,1) such that starting with 
an arbitrary xq £ B the iteration sequence {x n } generated by (4) remains in B and converges 
strongly to x* with convergence being at least as fast as geometric progression. 

Proof: Since S, T are locally Lipschitz, there is an r > 0 such that T is Lipschitz on 

B = B r (x o) = {x £ X : ||x - ®*|| < r} C D(T) 



and S is Lipschitz on 

B = B r (x o) = {x £ X : ||x — x*|| < r} C D(S). 



Let k £ (0,1) and L > l,p > 1 denote the strong accretivity and Lipschitz constant of A 
respectively. Observe that / = Tx*. Pick an arbitrary xq £ B, choose 



hX = 



L p C z 



1 

P-1 



and generate the sequence {x n }n>o as in (4). We now prove that x n £ B , for all n > 0. 
Suppose that xq £ B. Then 



ll^'n+l Y' |p — | ( Pn ^n)%n A A n TJ n Tx n -\- (1 p n )lj n {Tx n — i T U n ) 

+ (1 - Vn)KSx n + (1 - H n )( 1 - ri n )(Sx n - 1 ) - X*\\ p 
— II (Ain X r fix n T A nVn\Xn A (Tx n ./")] 

+ (1 - p n )rin[Xn - 1 - A(Tx’ n _i - /) + U n ] 

T ^n(l Vn)[^n A (SXn /) -p U n ] 

+(1 - jU n )(l - r] n )[x n - 1 - A(S'x n _i - /) + u n ] - x*\\ p 

= \\x n - AA n ^rjn(Tx n - Tx*) + (1 - rj n ){Sx n - Sx *)\ 

-(1 - p n )\(rin{Tx n - Tx*) + (1 - r]n){Sx n - Sx*)^j + (1 - Hn)u n - x*\\ p 
= \\x n - x* - (AA„ + (1 - p n )X)(r] n (Tx n - Tx*) + (1 - rj n )(Sx n - Sx*)) + (1 - p n )u n \\ p 
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Now using (1), we obtain 
\\x n+1 - x*\\ p 

< II x n - x* + (1 - H n ) U n 1 1 P 

+p[(nn ~ 1)A - AA n ] (r) n (Tx n - Tx *) + (1 - rj n )(Sx n - Sx*), J p {x n - x*)) 

+C P [ XX n + (1 - Pn)X] P h n (Tx n - Tx*) + (1 - Vn )(Sx n - Sx*) f. 

Since S and T are nonexpansive, then 

\\x n+ i - x*\\ p 

< (1 - ph.Xk + L p C p (h\) p )\\x n - x*\\ p + (1 - p n ) p(u n ,p) 

< (1 - {pk - L p Cp(hX) p ~ 1 )hX) \\x n - x*\\ p + (1 - p n ) r](u n ,p) 

= (1 - (p- ^Hj-^r^^lxn - X*\\ p + (1 - Pn)r](\\u n \\,p) < r p + (1 - p n )v{u n ,p), 

where r)(u n ,p) is a function depends on u n and p. Now, since x'o G B by choice of the initial 
guess, it follows by the inductive hypothesis that the sequence {x n } remains in B. Set 

<*= 

and observe that 5* G (0, 1) since 

, Lcj 

k < t- , where 1 < p < oo 

(P- l) 2 ^ 

Hence, we obtain 

\\x n - X*\\ P < (<5*) nJ5 ||xo - X*\\ p + (1 - Pn) v{u n ,p), 
since 5* np —> 0 as n — > oo the assertions of the theorem follows and the proof is complete. 
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